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PREFACH. 


\ HEN the Syndics of the Cambridge University Press did me the 

honour of offering to publish a collection of my mathematical papers, 
I had to consider the method of arrangement which would be most con- 
venient. A simple chronological order has been adopted in various collections 
of this kind, and this plan certainly has advantages; but an arrangement of 
papers according to subject may be more convenient. In the case of my own 
work the separation into well-defined groups of subjects was easy, and I have 
therefore adopted this latter method. I shall, however, give at the beginning 
of each volume a chronological list with a statement as to the volume in 
which each paper will be -found. 


This first volume contains papers on Oceanic Tides and on an attempt to 
measure the Lunar Disturbance of Gravity; the second will give my papers 
on Tidal Friction and on the astronomical speculations arising therefrom; the 
third will be devoted to papers on Figures of Equilibrium of Rotating Liquid 
and on cognate subjects; and the fourth will be on Periodic Orbits and on 
various miscellaneous subjects. 


Throughout corrections and additions will be marked by inclusion in 
square parentheses. 


The whole of my work on oceanic tides and the attempt made by my 
brother Horace and me to measure the attraction of the moon sprang from 
ideas initiated by Lord Kelvin, and I should wish to regard this present 
volume as being, in a special sense, a tribute to him. 


Early in my scientific career it was my good fortune to be brought into 
close personal relationship with Lord Kelvin. Many visits to Glasgow and 
to Largs have taught me to look up to him as my master, and I cannot find 
words to express how much I owe to his friendship and to his inspiration. 


(SSS 


val PREFACE. 


The following statement gives in a few words an explanation of how the 
several investigations originated, and how they are connected together. 


Part I is devoted to the consideration of OCEANIC TIDES. The advisability 
of applying to the tides a method of analysis similar to that used in the 
Lunar and Planetary Theories was first suggested by Lord Kelvin. Reports 
on the Harmonic Analysis of tidal observations were drawn up by him and 
presented to the British Association in 1868, 1870, 1871, 1872 and 1876. 
As the analysis employed in those reports needed coordination and revision, 
a new committee consisting of Professor Adams and myself was appointed in 
1882. Professor Adams left the matter very much in my hands, although I 
enjoyed the great benefit of his advice from time to time. The first three 
papers below form the first, third and fourth reports of this Committee. The 
second report being merely formal is not reproduced. Some paragraphs of a 
merely temporary interest are omitted, and a few corrections and alterations 
have been made by the light of subsequent experience. 


These papers explain the method of harmonic analysis, and its connection 
with the old method of hour-angles, declinations and parallaxes. The third 
paper shows how a tide-table may be computed from the harmonic tidal 
constants, 


The fourth paper is an Article on the Tides written for the Admiralty 
Scientific Manual, and is reprinted by permission of the Admiralty. It 
explains the method of analysing a short series of observations and the 
computation of an approximate tide-table. A small mistake in the Manual 
has been corrected. The Article would have been too long for its place of 
publication if it had contained the analytical reasoning on which the several 
rules of procedure are based, but this analysis is contained in the three 
preceding papers. 


In the fifth paper a method is devised for evaluating the harmonic 
constants from observations of high and low-water. 


The sixth paper explains the use of a sort of abacus for the harmonic 
analysis of hourly observations. 


In the seventh paper I return to the subject of the third paper, and 
show how a tide-table may be formed from the harmonic constants with any 
desirable degree of accuracy. 


PREFACE. vil 


Next in logical order would have come two papers in which Colonel 
Baird and I began a systematic collection of tidal constants for several 
ports, but these papers are not reproduced. We did not continue our 
attempt, and fortunately Mr Rollin Harris has made a large collection of 
such results in his Manual of Tides published by the U.S. Coast and 
Geodetic Survey. 

The rest of the papers in Part I are devoted to the theory of the tides. 


In Thomson and Tait’s Natural Philosophy Lord Kelvin discussed the 
correction required to make the equilibrium theory of tides true of an ocean 
interrupted by continents. The eighth paper gives the numerical evaluation 
of this correction by Professor H. H. Turner and me. 


The ninth paper is an extract of paragraphs contributed to the second 
edition of Thomson and Tait’s Natural Philosophy, in which an attempt is 
made to estimate the amount of tidal yielding to which the solid earth is 


subject. 


Laplace was of opinion that the tidal oscillations of long period might 
be adequately represented by the equilibrium theory. But Lord Kelvin 
showed that a yielding of the solid earth would produce a calculable reduction 
of the oceanic tide according to the equilibrium theory. Accordingly it 
appeared that a measurement of the actual values of the tides of long 
period would afford a measure of the elastic yielding of the earth’s mass. 
In this ninth paper an evaluation is made of the ranges of these tides at a 
number of ports; and thence an estimate is obtained of the tidal yielding of 
the earth. 

The tenth paper is on the dynamical theory of the tides, being an 
extract from an unpublished article on Tides for a new edition of the 
Encyclopedia Britannica; it is reproduced by the kind permission of the 
proprietors of that work. My article in the old edition forms the basis of 
this new article, but Mr Hough’s important addition to that theory is now 
included. 


In the eleventh paper arguments are adduced controverting Laplace’s 
opinion as to the adequacy of the equilibrium theory for discussing the tides 
of long period, and it is shown that the problem is in fact a dynamical one. 
Hence the evaluation of the amount of elastic yielding of the earth by 
means of the observed heights of these tides cannot be accepted as exact. 


‘The last paper in the first part contains the reduction of the tidal 


observations made by the officers of the ‘ Discovéry’ in the course of their 
celebrated antarctic expedition. The volumes of scientific results of the 


‘Discovery’ are not yet published. 


vill PREFACE. 


Part II contains two papers on the LUNAR DISTURBANCE OF GRAVITY. 
They were reports of a Committee to the British Association on an attempt 
to make direct measurement of the attraction of the moon. The work was 
carried on at Cambridge in 1880 by my brother Horace and me, with a form 
of instrument of which the original idea is due to Lord Kelvin. Although 
the report is written in my name, it should be explained that my brother 
took the leading part in our experiments and designed all the mechanical 
appliances used. 


The second of these papers, the fourteenth in the volume, is principally 
historical, but it contains an investigation of the results which may be 
expected to result from the varying elastic flexure of the soil under varying 
superincumbent weights. 


The matters considered in these papers have been the subject of very 
many experimental investigations during the last twenty-five years, and a 
large bibliography of seismology would be required merely to enumerate all 
that has been written on them. I therefore make no attempt to furnish 
references, and leave the work in the form in which it appeared originally. 


G. H. DARWIN. 


September, 1907. 
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OCEANIC TIDES 


1. 
THE HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. 
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vations. British Association Report for 1883, pp. 49—118.] 


CONTENTS. 
SECT. PAGE 
PreraceE—Account of Operations . 2 2 2 
1. Notation adopted in the Tidal Rerorioe (al cheduls of Notation : : 4 


2. Development of the Equilibrium Theory of Tides, with reference to Tidal 
Observations —Tide-generating Potential — Evection — Variation — Equili- 
brium Tide—[B i.] [B ii.] [B iii.] Schedules of Lunar Tides—[C] Schedule 
of Solar Tides—[D] Schedule of Speeds in Degrees per m. s. hour— 

[E] Schedule of Theoretical Importance. c : : 6 

3. Tides depending on the Fourth Power of the Moots Parallacz c : 26 

4. Meteorological Tides, Over-tides, and Compound Tides—[F] Schedule of Overs 

tides—[G] Schedule of Speeds arising out of Combinations—[H] Schedule 

of Compound Tides. . 28 
The Method of Reduction of Tidal OD ation iiernations of a B, R, é 

f, H, V+u, «—Treatment of Sidereal Diurnal, and Semi-diurnal Tides, 

K,, K,—The Tide L—The Tide M, . : 34 

6. The Method of Computing the Arguments and Geconten Dormule for 
Computing J, v, &—Mean Values of the Coefficients in Schedules [B]— 


On 


Formule for Computing f—Formule for s, p, h, py, V . . 40 
7. Summary of Initial Arguments and Factors of Eo iaeomtedal: 1] . 45 
8. On the Reductions of the Published Results of Tidal Analysis—[Schedule [J] 

omitted ] : ; 48 


9. Description of the Sannin eee Apaigsis for ie ides of Shoré 
Period—Incidence of Special Hours amongst m. s. hours—Schedule [K] 
Form for entry of Tidal Observations—Choice of Special Periods ; 
[Schedule [L] omitted]—Augmenting Factors, Schedule [M]—Arrange- 
ment of Harmonic Analysis—Schedule [N], Form for Analysis—Schedule 
[O], Form for Evaluation of ¢ R, x, H  . 48 
10. On the Harmonic Analysis for Tides of Long Datiod=citadicds: of foline 
Daily Means—Clearance from Effect of Tides of Short Period—Adams’ use 
of Tide Predicter for this end—Ten final Equations for Components of 
Tides—Schedule [P] of the Coefficients in the Ten Equations—Clearance 
of Daily Means effected in the Final Equations, Schedule [Q] of Clearance 
_ Coefficients—Treatment for Gaps in the Series of Observations. 57 
Des Method of Equivalent Multipliers for the Harmonic Analysis for the Tides 
of Long Period—Schedule [R], Form for Reduction . 
12. Auxiliary Tables drawn up under the superintendence of Major iN Wa ard 
R.E. [largely abridged, and replaced by formule] - é : 


D. I. 


2 HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. fl 


Preface. Account of Operations. 


A COMMITTEE appointed for the examination of the question of the 
Harmonic Analysis of Tidal Observations practically finds itself engaged 
in the question of the reduction of Indian Tidal Observations; since it 
is only in that country that any extensive system of observation with 
systematic publication of results* exists. 


[Early in 1883] I proceeded to draw up a considerable part of this Report, 
had it printed, and submitted it to Major Bairdt. I was not at that time 
aware of the extent to which Mr Roberts, of the Nautical Almanac office, 
co-operated in England in the tidal operations, nor did I know that he was 
not unfrequently taking the advice of Professor Adams. It was not until 
Major Baird had read what I had written, and expressed his approval of the 
methods suggested, that these facts came to my knowledge; but it must be 
admitted that it was through my own carelessness that this was so. I then 
found that Professor Adams decidedly disapproved of the notation adopted, 
and would have preferred to throw over the notation of the old Reports 
and take a new departure. The notation of the old Reports seems to me 
also to be unsatisfactory, but, seeing that Major Baird and his staff were 
already familiar with that notation, I considered that an entire change 
would be impolitic, and that it was better to allow the greater part of the 
existing notation to stand, but to introduce modifications. The fact that 
Major Baird, who was actually to work the method, approved of what 
had been written, and had already mastered it, went far to prejudge the 
question, and Professor Adams agreed, after discussion, that it would on the 


whole be best to allow the work to go on in the lines in which it had been 
started. 


It has seemed proper to give this account of our operations in order 
that Professor Adams may be relieved from responsibility for the analytical 
methods and notation here adopted. I may state, however, that although 
the Report is drawn up in a form probably differing widely from that which 
it would have had if Professor Adams had been the author, yet he agrees 
with the correctness of the methods pursued. I have been in constant 


communication with him for the past eight months, and have received many 
valuable criticisms and suggestions. 


Mr Roberts has been supervising the printing of a new edition of the 
computation forms; they have undergone some modification in accordance 


* [This refers to the year 1883.] 


+ [Now Colonel Baird, R.E., F.R.S., at that time the officer in charge at Poona of the Tidal 
Department of the Survey of India. ] 


+ [These are the Reports to the British Association for the years 1868, 1870, 1871, 1872, 1876.] 
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with this Report. He has also computed certain new coefficients [Schedule Q] 
which are required in the reductions. 


The general scope of this paper is to form a manual for the reduction 
of tidal observations by the Harmonic Analysis inaugurated by Sir William 


Thomson, and carried out by the previous Committee of the British 
Association *, 


In the present Report the method of mathematical treatment differs 
considerably from that of Sir William Thomsont. In particular, he has 
followed, and extended to the diurnal tides, Laplace’s method of referring 
each tide to the motion of an astre fictif in the heavens, and he considers 
that these fictitious satellites are helpful in forming a clear conception of 
the equilibrium theory of tides. As, however, I have found the fiction 
rather a hindrance than otherwise, I have ventured to depart from this 
method, and have connected each tide with an ‘argument, or an angle 
increasing uniformly with the time and giving by its hourly increase 
the ‘speed’ of the tide. In the method of the astres fictifs, the speed is 
the difference -between the earth’s angular velocity of rotation and the 
motion of the fictitious satellite amongst the stars. It is a consequence of 
the difference in the mode of treatment, and of the fact that the elliptic 
tides are here developed to a higher degree of approximation, that none of 
the present Report is quoted from the previous ones. 


The Report of 1876 was not intended to be a final production, and it 
did not contain any complete explanation of a considerable portion of the 
numerical operations of the Harmonic Analysis. The present Report is 
intended to systematise the exposition of the theory of the harmonic analysis, 
to complete the methods of reduction, and to explain the whole process. 


A careful survey of the methods hitherto in use has brought to light a 
good many minor points in which improvements may be introduced, but it 
has seemed desirable not to disturb the system, which is in working order, 
more than can be helped. It has also appeared that the published results 
have not been arranged in a form which lends itself to a satisfactory exami- 
nation of the whole method. This defect will, we hope, now be remedied. 


The first section refers to the notation, and contains a schedule of nomen- 
clature by initials of the several tides under examination. The schedule is 
not, strictly speaking, in its proper position at the beginning, because it 
involves the results of subsequent analysis, but the advantage gained by 
having this list in a position of easy reference seems to outweigh the want 
of logic. 7] 

* See especially the Reports for 1872 and 1876. 


+ The present method of development is that pursued in a paper in the Phil. Trans. R.S., 
Part II. 1880, p. 718. [To be included in Vol. 1. of these collected papers. ] 
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The forms for computation are privately printed for the India Office, 
and are therefore inaccessible to the public*. The type has been broken up, 
and very few copies remain, but we shall send copies to the Libraries of 
the following Societies, viz.: Royal Societies, London and Edinburgh; the 
Academies of Science of Dublin, Paris, Berlin, and Vienna, the Coast Survey 
of the United States at Washington, and the Cambridge Philosophical 
Society. 

GH? DARWIN: 


§ 1. The Notation adopted in the Tidal Reports. 


In considering the notation to be adopted, much weight should be given 
to the fact that a large mass of analysis and computation already exists 1 
a certain form. We have not thus got a tabula rasa to work on, but had 
better accept a good deal that has grown up by a process of accretion. It 
is certainly unfortunate that a dual system should have been adopted, in 
which one set of letters are derived from the Greek and another from the 
English. 


The letters y, o, n, @ are appropriated respectively to the earth’s angular 
velocity of rotation, to the mean motions of the moon, sun, and lunar perigee. 
They form the initial letters of the words yH, cednvn, Avos, and perigee. 
There is also @, derived from the obliquity of the ecliptic. In another 
category we have M, S, EH, for the masses of the moon, sun, and earth. It 
is unfortunate that the letter S should thus be connected with the moon 
ino; but it has not been thought advisable to change the notation in this 
matter. In this Report the already existing notation is adhered to, as far 
as might be without inconvenience; but it must be admitted that the 
notation is by no means satisfactory. 


It is a matter of great practical utility to have a symbol for indicating 
special tides. In the endeavour to meet this want initial letters were 
assigned in the former Reports to each kind of tide; but, except in the case 
of M and §, for the principal ‘moon’ and ‘sun’ tides, the initials had no 
connection with the tide. Although a new system of initials might be 
devised which would have a direct connection with the tides to which they 
refer, yet it has appeared best to adhere to the old initials and to introduce 
certain new initials for the tides of long period and for some tides now 
considered for the first time. 


* [Other methods of effecting the computations have been devised of which one is described 
in a subsequent paper in this volume ‘On an Apparatus, &c,” The original method is still in 
use in India. } 
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[A.] Schedule of Notation. 


Tnitials 


Speed Name of Tide 
M, y ico, ie 
M, 2(y-oc) Principal lunar series 
M; 3(y-c) 
&e. Xe. 
Ky 2y Luni-solar semi-diurnal 
N 2y—30+a0 Larger lunar elliptic 
L , SAN ie Smaller lunar elliptic 
2y+o-a 
2N 2y—4o+ 2a Lunar elliptic, second order 
v 2y — 30 —w+2n Larger lunar evectional 
r Qy- o+m-2n Smaller lunar evectional 
O y - 20 Lunar diurnal 
OO y+2o 
Ky y Luni-solar diurnal 
Q y-30+@ Larger lunar elliptic diurnal 
in aie were M, Smaller lunar elliptic diurnal 
4 yto-a@ 
y—40 +20 Lunar elliptic diurnal, second order 
y- 30 -@+2n Larger lunar evectional diurnal 
Si v4 
a : ie " Principal solar series 
&e. ke, 
ab Qy —3n Larger solar elliptic 
R 2y— 9 Smaller solar elliptic 
1e y—2n Solar diurnal 
Mm o-@ Lunar monthly 
Mf Qo Lunar fortnightly 
Sa n Solar annual 
Ssa 2n Solar semi-annual 
MSf 2 (a—n) Luni-solar synodic fortnightly 
MS 4y — 20 —2n 
p or 2MS Qy — 404+ 2n 
a oh el ra Compound tides 
MK 3y —2o 
IMK By — 40 
MN 4y—50+@ 
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In the old notation the L tide was simply the tide of speed 2y—o0-—a@. 
The values of this tide have probably been perturbed by another tide of 
speed 2y —o +a, and this tide is supposed also to be included in L. 

Where it is necessary to refer to any other tides than those contained 
in this schedule, it will be best to use the scientific nomenclature simply 
by: speed. For example, there may be a compound tide 3y—2n; and 
though this tide might be called SK, since 3y—2n=2(y—%)+¥, yet 
reference to such a tide will be so infrequent as not to make the short 
notation desirable. 


Both the old and the new initials are given in the preceding schedule [A]. 


§ 2. Development of the Equilibrium Theory of Tides with reference 
to Tidal Observations. 


The first step is the formation of the tide-generating potential of the 
moon; that for the sun may then be written down by symmetry. 


For the purpose we require to find certain spherical harmonic functions 
of the moon’s coordinates, with reference to axes fixed in the earth. 


Let A, B, C (Fig. 1) be such axes, C being the 
north pole and AB the equator. 


Let X, Y, Z be a second set of axes, XY being 
the plane of the moon’s orbit. 


Let M be the projection of the moon in her 
orbit. 


Let J = ZC, the obliquity of the lunar orbit to 
the equator. 


Let y = AX = BCY. 


Let 1 = MX, the moon’s longitude in her orbit, measured from X. 


Let M, = cos MA re : ; 
. the moon’s direction-cosines a 
M, = cos MB with reference to ABC 7" ) 
M, = cos MC 
Then M,= coslcosx+sin/ sin y cos [ 
M,=—coslsiny +sin 1 cosy cos lL} — ....scsecsscseesesens (2) 
Me aes siti 


We may observe that M, is derivable from M, by putting y + 47 in place 
of x. 
Now for brevity let 
p=cos tI, G=8M AL a. essen eee ee (3). 
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Then (2) may be written 
M, = preos (y 1) + ¢' cos (x +1) 


M,=—p sin (X—1)—Q@sin (XH) >  veceeecescsesceeeenes (4) 
M,= 2pqsinl 
Whence 
M?—M,=  p*cos 2 (y — l) + 2p¢? cos 2y + g* cos 2 (x + 1) 
—2M,M, = the same with sines in place of cosines 
M.M, = — p*g cos (y — 21) + pq (p? — q) cos x + pg? cos (x + 21)} ...- (5) 
M,M; = the same with sines in place of cosines 


4—My= 43(pt— 4p’q? + q*) + 2p’q? cos 21 
These are the required spherical harmonic functions of M,, M,, Ms. 
Let M denote the projection of the moon on the celestial sphere concentric 
with the earth, and P that of any other point. 
Let r, p be the radius-vectors of the moon and of P respectively, and let 
E, n, § be the direction-cosines of P, with reference to the axes A, B, C. 
Then p&, pn, pf are the coordinates of P, and rM,, rM,, rM, those of M. 


If M be the moon’s mass, and yp» the attraction between unit masses at 
unit distance apart, then by the usual theory the tide-generating potential 
V, due to the moon, of the second order of harmonics, at the point P, is 
given by 

M 
V= = Pico EMR) Wastes Some (6) 


But since cos PM = €M, + M,4+ EM, 


2M? — M2 
75 + 26MM, + 266MM, 


cos? PM —1=2£&)M,M,+ 2 f 5 


|g Rt 20 Me + MM? 
z 3 3 
Now let ¢ be the moon’s mean distance, e the eccentricity of the moon’s 
orbit, and let 


Then putting 
hy 2\ | 2 a 2 gt 3 
re eta) ta, ye ea a, Ze boa ee (9) 


is 
we have 
7 f— 9 Xt ¥" 
2 2 
4+ 1? — 20? X? 4+ Y*— 27° 
Te 3 3 


Vena —~ p? = 2&n XV +2 


aie + Inf VZ+2EEXZ 


+3 
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A simple tide may be defined as a spherical harmonic deformation of 
the waters of the ocean which executes a simple harmonic motion in time. 
Corresponding to this definition the expression for each term of the tide- 
generating potential should consist of a solid spherical harmonic, multiplied 
by a simple time-harmonice. 


In (10) pén, p?(€—7°), &ec., are solid spherical harmonics, and in order 
to complete the expression for V it is necessary to develop the five functions 
of X, Y, Z in a series of simple time-harmonics. 


It will be now convenient to introduce certain auxiliary functions, 
namely 


® (a) = jo = 2} cos (21 + a) 


vf Tons ef 


Then from (5) and (9) we have 
X?—-Y?= pid (— 2y) + 2wyPV (Qy) + g® (2y) 
2XY= the same with y+ 47 for y 


YZ=— pig P (— x) + pg (p — @*) V(x) + PGE P(X)> ------ (12) 
XZ= the same with xX — $0 for y 
(IE 22")= Fp — 4p'g? +9") Rpg 20) 


Thus when the functions ®, V, R are developed as a series of time- 
harmonics, the further development of the X-Y-Z functions consists in 
substitution in (12), 


It will now be supposed that the moon moves in an elliptic orbit, un- 
disturbed by the sun. The tides which arise from the lunar inequalities 
of the Evection and Variation will be the subject of separate treatment 
below. 


The descending node of the equator on the lunar orbit will henceforth 
be called ‘the Intersection.’ 


Let o, be the moon’s mean longitude measured in her orbit from the 
intersection, and w, the longitude of the perigee measured in the same 
way. It has been already defined that / is the moon’s longitude in her orbit 
measured from the intersection. 


The equation of the ellipse described by the moon is 


ede) 


‘3 =l1+ecos(l—a) 
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Hence 
R = 1 + $e? + 3ecos(l — w) + 3e cos 2(I- w,) +... 
® (a) = R cos (2/ + @) 
= (1 + $e”) cos (21 + 2) + Be [cos (81 + a—a@,) + cos(I+a+a,)] (14) 
+ $e? [cos (4 +a —2a@,) + cos (a+ 2a,)] +... 
V(a)=Reosa 
By the theory of elliptic motion 
l=o,+ 2esin(o,—a@,) + Se’sin2(o,-a@)+... 0 wees, (15) 


In order to expand ®, VW, R in terms of o, (which increases uniformly 
with the time), we require cos (2/ + a) developed as far as ¢?; cos (81+a4—2a,), 
and cos (1+ a+), as far as e; and only the first term of cos (44+a—2a ). 


Substituting for / its value (15) in terms of o,, it is easy to show that 
cos (21 + a) = (1 — 4e*) cos (2c, + a) — 2e cos (o +a+a,) + 2e cos (380,+a—a,) 
+ 2e? cos (a+ 2a,) + te? cos (40,+4—20,)+... 
cos (31 + a— a) -=cos(80,+a—-a,) 
— 8e cos (20, + a) + 3¢ cos (40,4 4-20) +... 
cos(l+a+a,) =cos(o+a+a,)+ecos(2o,+a)—ecos(a+2a,)+... 
cos (44+ a—2a,)=cos(40,+a—20,)+... 
Substituting these values in (14) we find, 
® (a) =(1 — He?) cos (20, + a) — fe cos(o, +a+a,) 
+ fe cos (80,+a—a,)+4e? cos (40,+4a—-20,)+... 
R = (1 — 3e”) + 8e cos (a, — @,) + $e? cos2(a,—a,)+... \ ceeeeeees (16) 
WV (a) =(1 — $e”) cosa + 3e[cos(o,+a—-a,)+c0s(o,-a—a@,)] 
+ $e [cos (20, +a —2a@,)+cos(2o,—a—2a,)|+..., 


Now substituting from (16) in (12), giving to a its appropriate value, 
we have 


X?’?— Y’ =(1 — te’) [pt cos 2(y—o,) + 91 cos 2(y+o,)] 
+ (1 — Ze?) 2p’q? cos 2y 
+ fe [p*cos (2x — 30,+@,) + q* cos (2x + 30,—a,)] 
— te[picos(2y—a,—a)+gicos(2y+a,4+a,)}  f  vveee ala’ 
+ $e 2p’q? [cos (2x + o,— @,) + cos (2y—0,+@,)] 
+ 42e? [p* cos (2y — 40, + 2a,) + q* cos (2x + to, —2a,)] 
+ $6? 2p’? [cos (2x + 20,— 2a,) + cos (2y — 20,4 2a,)] 


Clearly — 2X Y is the same as (17) with sines in place of cosines. Also 
since YZ is the same as X’— Y’ when y replaces 2y, —p*q replaces p‘, 
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pq (p?—@) replaces 2p?q?, and pq replaces g‘, and since XZ is the same as 
YZ with sines in place of cosines, we have from (17) 
XZ = —(1 —Afe") [p'q sin (x — 20) — pq’ sin (x + 2¢,)] 
+(1 — $e) pq (p — 9°) sin. x 
— te[p'gsin (y —30,+0,)— pq’ sin (y+ 30,—a,)] 
+ de[p'gsin(y—o,-@)—pysin(xte,t+o,)] Po ever (18) 
+ gepq (p* — @*) [sin (x +¢,- a) +sin(x—¢,+ @,)] 
— 12? [p°q sin (y — 40, + 20,) — pg’ sin (x + 40, — 2@,)] 
+ 26 pq (p? — @) [sin (xy + 2¢,— 2a,) + sin (y — 20,4 2a )] 
Lastly, 
4 (X? + VY’ — 22”) =} (pt — 4p’¢? + g*) [C1 — $e’) + 8¢ cos(o,—- @,) 
+ $6 cos 2(a,-—@,)] 
+ 2n?q?[(1 — 4?) cos 20, + Je cos (80, — w,) — $e c0s(o,+ @,) 
+ Ate? cos (40, — 2a,)] ....ce cece en ees (19) 
Hitherto no approximation has been admitted with regard to J, the 
obliquity of the lunar orbit to the equator. 


The obliquity of the ecliptic is 23° 27°3, and J oscillates between 5° 8°8 
greater and 5° 8”8 less than that value. The value of q or sin 4J, when 
I is 23° 27°3, is ‘203, and its square is ‘041, and its cube ‘0084. The 
eccentricity of the lunar orbit e = 0549; hence q? is a little smaller than e. 

The preceding developments have been carried as far as é, principally 
on account of the terms involving 4%e?, which, as e is about ;4, have nearly 
the same magnitude as if the coefficient had been te. 


It is proposed, then, to regard qg? and q’ as of the same order as e, and 
to drop all terms of the order ¢, except in the case where the numerical 
factor is large. This rule will be neglected with regard to one term for a 
special reason, which appears below; and for another, because the numerical 
coefficient is just sufficiently large to make it worth retaining, 


Adopting this approximation, we may write (17), (18), (19), thus,— 
X*— Y* =(1 — 4e?) pt cos 2 (y — a) + (1 — Se?) 2p*q? cos 2y 
+ $ep* cos (2yv — 380,+a,) 
— yep’ [p” cos (2x — 0, — w,) — 6g? cos (2y — 0, +2,)] 
+ 4e*p* cos (2y — 40, + 2a,) 
XZ=—(1 —ALe*) [pq sin (y — 20,) — pg’ sin (x + 2¢,)] (20) 
+ (1 — $e") pg (p* — @) sin x — fep*g sin (x — 30, + w,) 
+ sepq[p’ sin (x —o, — @,) +3 (p?— 9’) sin(y —¢,+a,)] 
+ 2¢pq (p* — q*) sin (x + o, — @,) — He*pig sin (y — 40, + 2a7,) 
g(X"+ VY" — 22") =} (pt — 4prq? + q') [(1 — $e) + 8e cos (o, -— o,)] 
+ 2p°q? [(1 — 4”) cos 20, + Fe cos (80,-—a@,)] 
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The terms which have been retained in violation of the rule of approxi- 
mation are that in X*—Y° with argument 2y—o,+a,, and that in 
3(X*+ Y?—2Z’) with argument 3¢,-—a,. 

The only other term which could have any importance is 

se 2p’q?cos(2y+o0,—a,) in A*—Y” 

Before proceeding to consider the tides due to lunar inequalities it will 
be well to consider two pairs of terms in the expressions (20). 

First, in X’?— Y? we have the terms 

— tep’ [p’ cos (2v — 0, — a) — 69? cos (2y —o, + @,)] 
The expression within [ —_] may be put in the form 
(p? — 64? cos 2a,) cos (2y — o, — w,) + 6g? sin 2H, sin (2x — ¢, — @,) 


sin 2a 
Aas bo cnnw oan oneniees 20! 
% cot? $7 — cos 2a, 2y) 


If then we write tan R = 
this pair of terms becomes 
— hep /{1 — 12 tan? $J cos 2a,4 36 tan‘ 4/7} cos(2y —o,-—a,— R) ...(20")* 

[If we attribute to J its mean value 23° 273 the square root becomes 
/{1:066 — 12 tan? $7 cos 2a }.] 

Secondly, in XZ we have the terms 

+ gepq [p*sin (x — o, — a) +3 (p’ — 9’) sin (x — 4, + a] 

[This is equal to 

+ tep’q [(4 — 3 tan? $/) cos a, sin (y — o,) + (2 — 3 tan? $7) sin a, cos (x — o,)] 


1—3 tan? 4/ 
If then we write tan Q=4 = tan w, 


and if we attribute to J its mean value 23° 27”3 the terms become 
ep’g /{2°311 + 1:486 cos 2a,} sin (y —o,+Q) ......0. (2034) 
where MAD Ca AS LAN GT, Pace sac cwe vane dense cesses ce (20) 


In the original paper tan?4Z was neglected, and the numbers which 
appear here as 2°311, 1436 and ‘483 were taken respectively as $, $ and 4.] 


The object of the transformations (20"), (20), which may seem 
theoretically undesirable, is as follows :— 


The numerical harmonic analysis of the tides is made to extend over 
one year, and this period is not long enough to distinguish completely 
a tide whose argument is 2y—o¢,—a,, from orfe whose argument is 
2y—o0,+a@,, nor one whose argument is y—o,—@,, from one whose 


* [The term 36 tan4 $7 ranges between } and Jj, and it is neglected in the original paper.] 
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argument is y—o,+a,. In fact, the tide with argument 2y—o,+2, (for 
which no analysis has been as yet carried out) will only produce an 
irregularity in that of argument 2y—o0,—a,, called the smaller elliptic 
semidiurnal tide; such irregularity has in fact been noted, but no explanation 
has previously been given of it. 


Again, the pair of terms with arguments y —o,+a, will appear in the 
harmonic analysis with the single argument y—o,, and the resulting 
numbers will necessarily appear very irregular, unless compared with the 
theoretical expression (20"'), 


We will now consider the terms introduced by the two principal lunar 
inequalities due to the disturbing action of the sun. 
The Evection. 
Let @ be the moon’s longitude in the ecliptic. 
s the moon’s mean longitude. 
p the mean longitude of the perigee *. 
h the sun’s mean longitude. 
m the ratio of the sun’s to the moon’s mean motion. 
Then that inequality in longitude and radius vector is represented by 
@=s$-+ lime sim ($— Zh 4p) .secsarsacecunascinse (21) 


ole). 


: 1 +-42me cos (¢ = 2h +p) <0. ited man eeetn tee (22) 


If we neglect the distinction between longitudes in the orbit and in the 
ecliptic [which is in effect neglecting a term with coefficient sin? (4 x 5° 9’)], 
we have from (21), 

L=o,+4145me sin (s — 2h + p) 
whence 
cos (21 + a) = cos (2a, + a) + 48me [cos (20, +s — 2h+p+a) 
— cos (20,—s+ 2h-—p+a)] 


And from (22) and the definitions of R, V, ® in (11), 


— pz) |3 
R= [ea] = 1 +48me cos (s = 2 py ise eles ate enamteeeonens (23) 
W (a) = cos a + 48me[cos(s — 2h+p+4)+cos(s—2h+p—a)]  ...... (24) 


P (a) = cos (26, + a) + 1%5me cos (2a, + s — 2h +pt+a) 
—1iime cos (2o,—s+2h—p+a) ...... (25) 


* p in this sense will easily be distinguished from the p used to denote cos4I which latter 
will, moreover, be shortly discarded. 
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Then substituting from (23), (24), (25), in (12), and dropping the terms 
which are merely a reproduction of those already obtained, and neglecting 
terms in q? and q’, we have 


X* — Y* =195mep* cos (2y — 20, —8 + 2h —p) 
— 15mep' cos (2yv — 20, +5 — 2h 4+ p) 


XZ=— 125mep'g sin (vy — 20, — s + 2h — p) (25) 
+ 13mep*q sin (y — 2o, +s — 2h +p) 
+ 43mepgq (p? — q*) [sin (y + s — 2h + p) + sin(y —s + 2h —p)] 
4(X? + VY? -— 2Z*) =1 (pt — 4p*q? + g*) 42me cos (s — 2h + p) 


It must be noticed that 125me arises by the addition of the coefficient 
of the Evection in longitude | to three halves of that in the reciprocal of 
the radius vector; that 12me is the difference of the same two quantities ; 
and that 42 me is ee times the coefficient in the reciprocal of radius 
vector. When the development of the lunar theory is carried to higher 
orders these coefficients differ considerably from the amounts computed 
from the first term, which alone occurs in the above analysis. Hence, 
when these coefficients are computed, the full values of the coefficients in 
longitude and reciprocal of radius vector must be introduced. According 
to Professor Adams, the full values of the coefficients are, in longitude 
‘022238, and in c/r ‘010022. 


The ratio m of the mean motions is about j4, and is therefore a little 
greater than e, hence me is somewhat greater than e. Thus we may 
abridge (25), and write the expressions thus :— 

X?_Y*= 193mep‘ cos (2y — 20, — s + 2h — p) 
— 13mep* cos (2y — 20, + 5 — 2h | (26) 
XZ = — 123mep'q sin (y — 20, -—8 + 2h=p) 


A(X? 4+ V?-227*)= 4} (pt— 4p°q? + g*) 42me cos (s — 2h + p) 


The equations (26) contain the terms to be added to (20) on account of 
the Evection. 
The Variation. 
Treating this inequality in the same way as the Evection, we have 
l=o,+41m’sin 2(s— h) 


pe 
ae 1 + m? cos 2(s — h) 


R=1+4+ 3m’ cos 2(s —h) s 


W (a) = cos a + 3m? [cos {2(s — h) + a} + cos {2 (s —h) — @}] 
® (a) =cos (20, + a) + 23m? cos (20, + 2s — 2h +a) + 4m? cos (2a, — 2s + 2h + a) 
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Whence we have to a sufficient degree of approximation, 
X?— Y? = Bmp! cos (2y — 20, -— 28+ 2h), XZ=0 

(X? 4+ VY? — 27?) =1 (pt — 4p°¢? + ¢°) 3m? cos (2s — 2h) 

In this case also the values of the coefficients are actually considerably 
greater than the amounts as computed from the first terms; and regard 
must be paid to this, as in the case of the Evection, when the values of 
the coefficients in the tidal expressions are computed. According to Professor 
Adams, the full values of the coefficients are, in longitude ‘011489, and in 
c/r 008249. 

We have now obtained in (20), (26), (27), the complete expressions for 
the X-Y-Z functions in the shape of a series of simple time-harmonics; but 
they are not yet in a form in which the ordinary astronomical formule are 
applicable. 

Further substitutions will now be made, and we shall pass from the 
potential to the height of tide generated by the forces corresponding to that 
potential. 

The axes fixed in the earth may be taken to have their extremities as 
follows: 

The axis A on the equator in the meridian of the place of observation 
of the tides; the axis B in the equator 90° east of A; the axis C at the 
north pole. 

Now &, », € are the direction-cosines of the place of observation, and if » 
be the latitude of that place, we have 

E = cos X, n= 0, C= Sy 

Thus 
E—y=cosr, &=0, nf=0, 2l=sin2a, 4(&+n?-26)=1—sin?r 

Then writing a for the earth’s radius, the expression (10) for V at the 
place of observation becomes 


remy [4.cos?A(X? — Y*)+sin 2AXZ + 3(4—sin?r)4(X? 4+ V?— 27?) 


The X-Y-Z functions being simple time-harmonics, the principle of 
foreed vibrations allows us to conclude that the forces corresponding to V 
will generate oscillations in the ocean of the same periods and types as the 
terms in V, but of unknown amplitudes and phases. 

Now let X’— 33°, XZ, 4(X’+ 3’ 2%’) be three functions, having 
respectively similar forms to those of 

At Y* XZ (X*+ Y’?—2Z”) 
—_———— , one, onl 
(2° Clases), (ley 


but differing from them in that the argument of each of the simple time- 
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harmonics has some angle subtracted from it, and that the term is multiplied 
by a numerical factor. 


Then if g be gravity, and h the height of tide at the place of observation, 
we must have 


h= ae cos? \ (X* — 99”) + sin 2AXZ + $(4 —sin?r) § (X’ + WD? — 2%’)] 


7k 
the earth’s mass. It has been so chosen that if the equilibrium theory of 
tides were fulfilled, with water covering the whole earth, the numerical 
factors in the X-39-% functions would be each unity. The alterations of 
phase would also be zero, or, with land and sea as in reality, they might be 
computed by means of the five definite integrals involved in Sir William 
Thomson’s amended equilibrium theory of tides *. 


; M (ay? : 
The factor i may be more conveniently written 3 (<) a, where # is 


The actual results of tidal analysis at any place are intended (see below, 
§ 5) to be presented in a series of terms of the form fH cos(V+u-— x), 
where dV/dt or n, ‘the speed,’ is the rate of increase of the argument per 
unit time (say degrees per mean solar hour), and w is a constant. We 
require, therefore, to present all the terms of the X¥-3)-% functions as cosines 
with a positive sign. When, then, in these functions we meet with a 
negative cosine we must change its sign and add 7 to the argument; as 
the X¥%Z functions involve sines, we must add 47 to arguments of the 
negative sines, and subtract 47 from the arguments of the positive sines, 
and replace sines by cosines. The terms in the } (X’+ 3)°— 2%”) function 
require special consideration. The function of the latitude being 4 —sin?), 
it follows that when in the northern hemisphere it is high-water north of a 
certain critical latitude, it is low water on the opposite side of that parallel ; 
and the same is true of the southern hemisphere. The critical latitude is 
that in which sin?’ =}3, or in Thomson’s amended equilibrium* theory, 
where sin?A=4(1+%). An approximate evaluation of %, which depends 
on the distribution of land and sea, given in § 848 of the second edition of 
Thomson and Tait’s Natural Philosophy, shows that the critical latitudes 
are 35° N.and 8S. It will be best to adopt a uniform system for the whole 
earth, and to regard high-tide and high-water as consentaneous in the 
equatorial belt, and of opposite meanings outside the critical latitudes. 
In this Report we conceive the function always to be written 4—sin?X, so 
that outside the critical latitudes high-tide is low-water. Accordingly we 
must add 7 to the arguments of the negative cosines (if any) which occur in 
the function 4 (X’ + 39° — 252”). 
* Thomson and Tait’s Nat. Phil., or the Report on Tides for 1876. [See also Paper 9 in this 
volume. | 
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In continuing the development, the ¥-39-% functions will be written 
in the form appropriate to the equilibrium theory, with water covering 
the whole earth; for the actual case it is only necessary to multiply by the 
reducing factor, and to subtract the phase alteration x. As these are un- 
known constants for each place, they would only occur in the development 
as symbols of quantities to be deduced from observation. It will be under- 
stood, therefore, that in the following schedules ‘ the argument’ is that part 
of the argument which is derived from theory, the true complete argument 
being ‘the argument’ — «, where « is derived from observation. 


Following the plan suggested, and collecting results from (20), (26), (27), 
we have 
X* — 33° = (1 — $e’) pt cos 2 (x — o,) + (1 + $e?) 2p*q? cos 2x 
+ Zep! cos (2y — 30,+ @,) 
+ dep ./{1:066 — 12 tan? $/ cos 2a } cos (2y —o,- a, -h+7) 
+ Le*p' cos (2yv — 40, + 2a,) 
+ 195mep* cos (2y —20,—s + 2h —p) 
+13mep' cos (2y —20,+s—-2h+pt+7) 
P2emiptcos. (ZY —2a;— 2s 2h) oS cated Nee the how nee (29) 
XZ = (1 — $2) [p'qcos (x — 20, + br) + pe" cos (x +20, ~ 47) 
+(1 + $e’) pq (p* — q’) cos (x — $77) 
+ fep*g cos (x — 30, + a, + $77) 
+ ep'g {2°31 + 1:44 cos 2a} cos (y — ¢ + Q — 477) 
+ Sepq (p’ — q°) cos (x + o,— @, — 377) 
+ Te*p'q cos (x — 40, + 2a, + t77) 
+ 1295mep'g cos (XY — 20,— $+ 2h—p thar) .....cccsccescscevessoes (30) 
4 (X* + 3D’ — 252") = 3 (p* — 4g? + ¢*) [1 + ge? + 8e cos (o,—a,) 
+ 42me cos (s — 2h + p) + 3m? cos (2s — 2h)] 
+ 2p¢? [(1 — $e") cos 20, + Ze cos (30,—a,)] se. (31) 
In these expressions 


sin 2er, 


tan: 3 = =—— a 
$ cot? 41 — cos 2a, 


, tan Q=-483 tan a, 


The next step is to express the angles x, ¢,, @,, each of which increases 
uniformly with the time, in terms of the sidereal hour-angle or of the local 
mean time, and of the mean longitudes of the moon, and of the perigee. 
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Let M be the moon in the orbit. A the extremity of the A-axis fixed 
in the earth. 
g be the sidereal hour-angle. 
N the longitude of the node &. 
v the right ascension of the intersection I. 
— the longitude ‘in the moon’s orbit’ of the intersection. 
? the inclination of the moon’s orbit to the ecliptic. 
w the obliquity of the ecliptic. 
s the moon’s mean longitude. 


p the mean longitude of the perigee *, 


M Orbit 
on N R SS 
@ eS a SES 
Je as Leliptic 
“ &. 
ee 
Fic. 2. 


Then (Fig.2) g=AY, v=I, €=T8-8I, N=T8 


Now oc, and a, have been defined above as the moon’s mean longitude 


and the longitude of the perigee, both measured in the orbit from the 
intersection I. 


Since o,—a, is the moon’s mean anomaly, we have 
s—p=0,-@, 
Let p’ be the longitude of the perigee, measured from in the ecliptic. 


If P in Fig. 2 be perigee, we have by the ordinary formula for reduction 
to the ecliptic, 


83 P=p —N+4sin?isin 2(p’ — NV) 


But p=IP=Ig+8P=78 —&+ &P 
=p —&+}sin*isin2(p' —N) 
Now p=p +t sin’7sin 2 (p’— N) 
eee re Si EE ere onerrone ety (32) 
whence C= gi rl 
Again Ng =e) WN NO oa WS EC sree cr ena nes (33) 


In this formula we suppose g to increase unifornaly from the time when 
the tidal observations begin. 


* This p will easily be distinguished from the p used above to denote cos 41. 


D1 2 


18 HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. [1 


Since in all the tidal observations local mean solar time is used, it will 
be better to substitute for g in terms of local mean solar time and the sun’s 
mean longitude. Let ¢ be local mean solar time reduced to angle, so that 
at noon t=0°.. Let h be the sun’s mean longitude; hereafter we shall write 
p, for the longitude of the sun’s perigee. 


Then we have Nia tb lye aes sande nee eee (34) 


We shall now substitute from (32) and (84) in the X-3)-% functions 
(29), (30), (81); substitute from them in (28), and express the final result 
in the form of three schedules (pp. 20, 21, 22). 


The schedules are arranged thus. First, there is the general coefficient 
3 
au @\"a which multiplies every term of all the schedules. Secondly, there 
2 \c/) 
are general coefficients one for each schedule, viz. cos?» for the semi-diurnal 
terms, sin 2X for the diurnal, and 4— sin? for the terms of long period. 
These three functions of the latitude of the place of observation are the 
values at that place of three surface spherical harmonic functions, which 
functions have the maximum value unity, at the equator for the semi- 
diurnal, in latitude 45° for the diurnal, and at the pole for the terms of long 


period. 


First, in each schedule there is a column of coefficients, functions of J and 
e (and in two cases also of p). 


In the second column is given the mean semi-range of the corresponding 
term. This is approximately the value of the coefficient in the first column 
when J=@. We forestall results given below so far as to state that the 
mean value is to be found by putting 7 =@ in the ‘coefficient,’ and when 
the function of JZ is cos‘}$/, sin cos’, sinJ sin?4/, sin? Z (in B, iil.) 
multiplying further by cos‘ $2; and where the function of J is sin? J (in B, i.) 
sin J cos J, 1—$sin’ J multiplying by 1—2sin??. 


Thirdly, there is a column of arguments, linear functions of ¢, h, s, Pp, 
v,€ In B, 1, 26+(2h— 2p), and in B, i. £+ (h—v), are common to all the 
arguments, and they are written at the top of the column of arguments. 
The arguments are grouped in a manner convenient for subsequent 
computations. 


Fourthly, there is a column of speeds, being the hourly increase of the 
arguments in the preceding column, the numerical values of which are added 
in a last column. 


Every term is indicated by the initial letter (see § 1) adopted for the 
tide to which it corresponds, except in the case of certain unimportant terms 
to which no initials have been appropriated, 
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To write down any term: take the general coefficient; the coefficient 
for the class of tides; the special coefficient, and multiply by the cosine 
of the argument. The result is a term in the equilibrium tide, with water 
covering the whole earth. The transition to the actual case by the intro- 


duction of a factor and a delay of phase (to be derived from observation) has 
been already explained. 


The solar tides. 


The expression for the tides depending on the sun may be written down 
at once by symmetry. The eccentricity of the solar orbit is so small, being 
‘01679, that the elliptic tides may be omitted, excepting the larger elliptic 
semi-diurnal tide. 


The lunar schedule is to be transformed by putting s=h, p=, 
E=v=0, c=y, l=o, e=e,, @=a,. In order that the comparison of the 
importance of the solar tides with the lunar may be complete, the same 


3 
general coefficient a> () a will be retained, and the special coefficient for 


each term will be made to involve the factor 7,/7. Here nae, S being 
1 


the sun’s mass. 
With E/M =8155, - = 46035 =~ 


The schedule [C] of solar tides is given on page 23. 
The subsequent schedules [D] and [E] give all the tides of purely astro- 


nomical origin contained in the previous developments, arranged first in 
order of speed, and secondly in order of the magnitude of the coefficient. 
In schedule [E] the tides K,, K, originate both from the moon and sun, but 
the lunar and solar parts are also entered separately. 


The coefficients of the evectional and variational tides are computed from 
the full values to those inequalities. 


In the schedule [E] the tides are marked which occur in the ‘Tide- 
predicter’ of the Indian Government in its present condition. 
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A tide of greater importance than some of those retained here is that 
referred to where the approximation with regard to J was introduced, viz. 
with speed 2y+o¢-—a; the value of its coefficient is ‘00323. There is 
also the larger variational diurnal tide, which has been omitted: it 
would have a coefficient ‘00450; also an evectional termensual tide, 
105 me 4 sin? J cos (8s — 2h +p), with coefficient of magnitude ‘00292. All 
other tides in a complete development as far as the second order of small 
quantities, without any approximation as to the obliquity of the lunar orbit, 
would have smaller coefficients than those comprised in the above list. 
Such a development has been made by Professor J. C. Adams, and the values 
of all the coefficients computed therefrom, in comparison with the above. 


Besides the tides above enumerated, the predicter of the India Office 
also has the over-tides M, and M,, of speeds 4(y—c), 6(y—o), and the 
compound tides 2MS, 2SM, MS, of speeds 2y—40+42n, 2+ 2a — 4m, 
dry — 20 — 2m, and the meteorological tides 8,, Sa, of speeds y — n, 7. 


If this schedule is worth anything, it seems probable that the India Office 
predicter would do better with some other term substituted for d. 


If further examination of the tidal records should show that the tide M, 
is in reality regular, it should be introduced. 


§ 3. Tides Depending on the Fourth Power of the Moon’s Parallaa. 


The potential corresponding to these tides is 
Y= wie? (8 cos* PM — 3 cos PM) 


We may obviously neglect the eccentricity of the lunar orbit, and it will 
appear below, when the principal terms are evaluated, that the declinational 
tides may be safely omitted. 


By these approximations we may put r=c, and M,=0, and neglect the 
terms in M,, M, which involve q®%. Following the same plan as in the 
previous development of § 2, we have, when M,=0, 


pM 


(om 


Va 


p= ¢(E — BE) (BM Me) + § (4? ~ Bp) (ht — 8M.) 


at 3 (& gi En? a 4&0?) (M1; ai M,M.”) 


+ 3 (E + 9° — 4nf?) (MPM, + M,’) 
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The four functions of &, , , in this expression are surface spherical harmonics 
of the third order, and therefore, corresponding to these four terms, there 
will be four tides of the types determined by those functions. 


Now, we have approximately 
M, = p’ cos(x—1), M,=—p’ sin (y — l) 
From which we have 
M,’ — 3M,M,’ = p* cos 3 (y — 1) 
M’+ M,M?=p'cos (x —-l) 
When 7=0; £&-3£€n?=cos*ar, & +4 Fn? — 4€02=cosr(1 —5sin?d) 


Then, following the same procedure as before, we have for the height of 
tide 


M (2 eK 


Now, cos (5 sin? — 1) has its maximum value =—~ when cosr\ = 331/15: 


Wi 
that is to say, when \ = 58° 54’; thus we may write (85) 


n=35 (2) costa (2) cos* 47. cos [8¢+3 (h—v)—3(s— &)] 


(ss) 


ean cos X (1 — 5 sin?) — fe (©) cos tT cos [t+ (=n) - (6-8) 


In this expression observe that there is the same ‘general coefficient’ 
outside [ _] as in the previous development; that the spherical harmonics 
3.157 

16 
at the equator and the second in latitude 58° 54’. The ‘speeds’ of these 
two tides are respectively 3(y—o) or 43°°4761563 per mean solar hour, and 
y—o, or 14°'4920521 per mean solar hour. 


cos’ A, cos ’(5 sin?X—1) have the maximum values unity, the first 


The coefficient of the tide 3(y—o), which is comparable with those in 
the previous schedules [B], [C], [E], is 


a , 
DoW ee 61 
(2) cos® 3 


and the mean value of this function multiplied by cos 3(y— &) is 00599; 
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also the coefficient of the tide (y—«), likewise comparable with previous 


coefficients, is 
$ 
neues (<) cos? 4] 


and the mean value of this function multiplied by cos (v — &) 1s ‘0050. 


The expression for the tides is written in the form applicable to the 
equatorial belt bounded by latitudes 26° 34’ N. and S. (viz. where sin / = 41/5). 
Outside this belt, what may be called high tide, will correspond with low 
water. The distribution of land on the earth may, however, perhaps some- 
what disturb the latitude of evanescent tide. 


It must be noticed that the y—o tide is comparatively small in the 
equatorial belt, having at the equator only about ? of its value in latitude 
58° 54’. 

Referring to the schedule [E] of theoretical importance, we see that the 
ter-diurnal tide M, would come in last but four on the list, and the diurnal 
tide M, (with rigorous speed y — ¢) would only be about a half as great again 
as the synodic fortnightly variational tide. 


It thus appears that the ter-diurnal tide is smaller than some of the tides 
not included in our approximation, and that the diurnal tide should certainly 
be negligeable. 


The value of the M, tide, however, is found with scarcely any trouble, 
from the numerical analysis of the tidal observations, and therefore it is 
proposed that it should still be evaluated. 


§ 4. Meteorological Tides, Over-tides, and Compound Tides. 


Meteorological Tides. 


A rise and fall of water due to regular day and night breezes, prevalent 
winds, rainfall and evaporation, is called a meteorological tide. 


All tides whose period is an exact multiple or sub-multiple of a mean 
solar day, or of a tropical year, are affected by meteorological conditions. 
Thus all the tides of the principal solar astronomical series S, with speeds 
y¥~-7,2(y- 1), 3(y—7m), &e, are subject to more or less meteorological 
perturbation. Although the diurnal elliptic tide, S, or y—7, the semi- 
annual and annual tides of speeds 2y and », are all probably quite insensible 
as arising from astronomical causes, yet they have been found of sufficient 
importance to be included on the tide-predicter. 


1883 | HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. 29 


The annual and semi-annual tides are of enormous importance in some 
rivers; in such cases the ter-annual tide (37) is probably also important, 
although no harmonic analysis has been as yet made for it. 


In the reduction of these tides the arguments of the S series are ¢, 2¢, 3¢, 
&e., and of the annual, semi-annual, ter-annual tides are h, 2h, 3h. As far 
as can be foreseen, the magnitudes of these tides will be constant from year 
to year. 


Over-tides. 


When a wave runs into shallow water its form undergoes a progressive 
change as it advances; the front slope generally becomes steeper and the 
back slope less steep. The most striking example of such a change is when 
the tide runs up a river in the form of a ‘bore.’ 


A wave which in deep water presented an approximately simple harmonic 
contour departs largely from that form when it has run into shallow water. 
Thus in rivers the rise and fall of the water is not even approximately a 
simple harmonic motion. From the nature of harmonic analysis we are, 
however, only able to represent the motion by simple harmonic oscillations, 
and thus to give the non-harmonic rise and fall of tide in shallow water it 
is necessary to introduce a series of over-tides whose speeds are double, triple, 
quadruple the speed of the fundamental astronomical tide. 


The only tides, in which it has hitherto been thought necessary to 
represent this change of form in shallow water, belong to the principal lunar 
and principal solar series. Thus, besides the fundamental astronomical tides 
M, and §8,, the over-tides M,, M,, Ms, and S,, S, have been deduced by 


harmonic analysis. 


The height of the fundamental tide M, varies from year to year, according 
to the variation in the obliquity of the lunar orbit, and this variability is 
represented by the coefficient cos*t/. It is probable that the variability of 
M,, M,, Msg, will be represented by the square, cube and fourth power of that 
coefficient. 


The law connecting the phase of an over-tide with the height of the 
fundamental tide is unknown, and under these circumstances it is. only 
possible to make the argument of the over-tide a multiple of the argument 
of the tundamental, with a constant subtracted. If that constant is found 
to be the same from year to year, then it will be known that the phase of an 
over-tide is independent of the height of the fundamental tide. 


The following schedule gives the over-tides which must be taken into 
consideration, the notation being the same as before :— 
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[F.] 


Schedule of Over-tides. 


Tide Coefficient Argument Speed a ec) lien : 
M, (cos*4 1)? 4¢+4 (h—-v)—4(s—&) 4y—4o 57°:9682084 
M,; (cost$ 1)? 6¢+6 (h—v)—6 (s—&) 6y —6o 86°:9523126 
Ms (cos? 47)! 8t+8 (h—v)—8(s—&) 8y — 8a 115°-9364168 
Sy 1 dt 4y — 4n 60°-0000000 
Ss 1 6¢ 6y — 67 90°:0000000 


It will be understood that here, as elsewhere, the column of arguments 
only gives that part of the argument which is derived from theory, and the 
constant to be subtracted from the argument is derivable from observation. 
It is necessary to have recourse also to observation to determine whether 
the suggested law of variability in the magnitude of the M over-tides holds 
good. 


Compound Tides. 


When two waves of different speeds are propagated in the same water 
the vertical displacement at the surface is generally determined with sufficient 
accuracy by summing the displacements due to each wave separately. If, 
however, the height of the waves is not a small fraction of the depth of the 
water, the principle of superposition leads to inaccuracy, and it becomes 
necessary to take into consideration the squares and products of the dis- 
placements. 


It may be shown that the result of the interaction of two waves is repre- 
sented by introducing two simple harmonic waves, whose speeds are the sum 
and the difference of those of the interacting waves. When the interacting 
waves are tidal these two resultant waves may be called compound tides. 
They are found to be of considerable importance in estuaries. 


A compound tide being derived from the consideration of the product 
of displacements, we may form an index number, indicative of the probable 
importance of each compound tide, by multiplying together the semi-ranges 
of the component tides. 


Probably the best way of searching at any station for the compound 
tides, which are hkely to be important, would be to take the semi-ranges 
of the five or six largest tides at that station and to form index numbers 
of importance by multiplying the semi-ranges together two and two. Since 
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these index numbers have no absolute magnitudes, we may omit the decimal 
point in forming them. Having selected as many of these combinations, in 
order of importance as may be thought expedient, the arguments of the 
compound tides are to be found by adding and subtracting the arguments 
of the components taken in pairs. 


[Theory would, however, seem to indicate (see Encyc. Brit. Art. Tides) 
that a better index of importance would be the product of the theoretical 
importance of the combining tides multiplied by the sum or difference, as 
the case may be, of their respective speeds. ] 


In the general case it is only possible to take the tides which the previous 
schedules have shown usually to be large, and to form a list of compound 
speeds, with index numbers derived from the multiplication together of the 
mean values of the coefficients of the astronomical tides. The tides selected 
here will be M,, K,,S,,O,and N; but to these we shall add M, and S,, although 
it will not be possible to affix index numbers to combinations involving 
them. 


The schedule [G] gives the speeds of the compound tides. In many 
cases it will be observed that the compound tide has itself a speed identical 
with that of an astronomical or meteorological tide. These cases are in- 
dicated by the addition of the initial after the speed in question. We thus 
learn that the tides O, K,, Mm, P, M,, Mf, Q, M,, L will be liable to 
perturbation in shallow water. 


The schedule [G] contains 36 speeds of compound tides: 9 of these fall 
into the category of astronomical or meteorological tides, 2 are repeated 
twice, and of the remaining 25 we need only consider, say, the twelve most 
important. 


If either or both the component tides are of lunar origin, the height 
of the compound tide will change from year to year, and will probably vary 
proportionally to the product of the coefficients of the component tides. 


For the purpose of properly reducing the numerical value of the compound 
tides, we require not merely the speed, but also the argument. 


The following schedule [H] gives the index of importance, argument and 
speed of the compound tides. The index of importance is the product of the 
coefficients of the two tides to be compounded. 


[But the numbers given in square brackets immediately after these 
coefficients are proportional to the product of the semi-ranges of the com- 
ponent tides, multiphed by the sum or difference of their speeds. In 
accordance with the considerations adduced above as to the theoretical 
height of a compound tide, these numbers ought to give a better index of 
importance than the simple product of the semi-ranges. } 
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As in the case of the over-tides, the law of variability of the amplitudes 
of compound tides in various years is only to be tested by observation. 


[H.] 


Schedule of Compound Tides. 


crates of | sana | Arumes | Som _| Spun in Sen 

nad MK | nae { evh, } 44°-0251728 
960 [57] MS | M,+8, dy 2 20, 58°-9841042 
960 [1] MSf S,—M, Qo—2n 1°-0158958 
peisz) 2MK a + a { Byade \ 42°9271398 
561 [25] me S4+Ky 3y—2n 45°-0410686 
400 [23] MN M,+N dyeto te 57°-4238338 
399 [18] oe S) +0 8y—20 —2n 43°-9430356 
399 [6] a S20 y+20—2, > |— 16°0569644 
= 28M S,—M, Qy-+20—4n 31°-0158958 

— _ M,+Sy 6y — 20 —4n 88°'9841042 

= 2MS M,—S, ey ae 27°-9682084 

= ss M,+8, Gyadeeion 87°-9682084 


It will be noticed that in two cases an over-tide of one speed arises in 
more than one way, and accordingly different parts of it have different 
arguments and coefficients. In these cases the utilisation of the results of 
one year for prediction in future years can only be made by dividing up 
the compound tide into several parts, according to its theoretical origin. 
In order to do this it is necessary that the law should be known which 
connects the heights of a summation and a difference compound tide. A 
like difficulty arises from the fact that MSf and 25M are also variational 
tides. 


In practice, however, the compound tide will generally be so small that 
we may probably treat it as though it arose entirely in one way: and 
accordingly it is proposed to treat the tides 3y—2o0 or MK, and 3y—4e or 
2MK, as though they arose entirely from M,+K,, M,—K, respectively, and 
MSf and 2SM as though they were entirely compound tides. 


4 
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§ 5. The Method of Reduction of Tidal Observations. 


The printed tabular forms on which the numerical harmonic analysis 
of the tides is carried out are arranged so that the series of observations 
to be analysed is supposed to begin at noon, or 0", of the first day, and 
to extend for a year from that time. It has not been found practicable to 
arrange that the first day shall be the same at all the ports of observation. 


Supposing n to be the speed of any tide in degrees per mean solar hour, 
and t to be mean solar time elapsing since 0" of the first day; then the 
immediate result of the harmonic analysis is to obtain A and B, two heights 
(estimated in feet and tenths) such that the height of this tide at the time ¢ 
is given by 

A cos nt + B sin nt 
The question then arises as to what further reductions it will be convenient 
to make, in order to present the results in the most convenient form. 


First, let us put R =/(A?+ B?), and tan €= 2 , then the tide is repre- | 


sented by 
R cos (nt — £) 

In this form R is the semi-range of the tide in British feet, and € is an 
angle such that ¢/n is the time elapsing after 0" of the first day until it is 
high-water of this particular tide. 

It is obvious that € may have any value from 0° to 360°, and that the 
results of the analysis of successive years of observation will not be com- 
parable with one another, when presented in this form. 


Secondly, let us suppose that the results of the analysis are to be presented 
in a number of terms of the form 
fH cos (V + u— x) 
Here V is a linear function of the moon’s and sun’s mean longitudes, the 
mean longitude of the moon’s and sun’s perigees, and the local mean solar 
time at the place of observation, reduced to angle at 15° per hour. V increases 


uniformly with the time, and its rate of increase per mean solar hour is the 
n of the first method, and is called the ‘speed’ of the tide. 


It is supposed that u stands for a certain function of the longitude of 
the node of the lunar orbit at an epoch half a year later than 0" of the 
first day. Strictly speaking, wu should be taken as the same function of the 
longitude of the moon’s node, varying as the node moves; but as the 
variation is but small in the course of a year, u may be treated as a constant 
and put equal to an average value for the year, which average value is taken 
as the true value of wu at exactly mid-year. Together V+w constitutes that 
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function which has been tabulated as ‘the argument’ in the schedules 


B,C. ¥,.H, 


Since V + wu are together the whole argument according to the equilibrium 
theory of tides, with sea covering the whole earth, it follows that «/n is the 
lagging of the tide which arises from kinetic action, friction of the water, 
imperfect elasticity of the earth, and the distribution of land. 


It is supposed that H is the mean value in British feet of the semi-range 
of the particular tide in question. 


f is a numerical factor of augmentation or diminution, due to the 
variability of the obliquity of the lunar orbit. The value of f is the 
ratio of ‘the coefficient’ in the column of coefficients of the preceding 
schedules to the mean value of the same term. For example, for all the 
solar tides f is unity, and for the principal lunar tide M,, f is equal to 
cos‘ 41/cos!4@ cos‘ 47; for as we shall see below, the mean value of this term 
has a coefficient cost tw cos! 42. 


It is obvious, then, that, if the tidal observations are consistent from year 
to year, H and « should come out the same from each year’s reductions. 
It is only when the results are presented in such a form as this that it will 
be possible to judge whether the harmonic analysis is presenting us with 
satisfactory results. This mode of giving the tidal results is also essential 
for the use of the tide-predicting machine. 


We must now show how to determine H and « from R and ¢. 


It is clear that H=R/f, and the mode of determination of f from the 
schedules has been explained above, although the proof has been deferred. 


If V, be the value of V at 0" of the first day, then clearly 
—€=V,+u-K 
So that Ke=C4+V,4+u 


Thus the rule for the determination of « is: Add to the value of € the 
value of the argument at 0” of the first day. 


It is suggested that it will henceforth be advisable to tabulate R and & 
so as to give the results of harmonic analysis in the form R cos (nt —€); and 
also H and x, so as to give it in the form fH cos(V +w— «), when the results 
will be comparable from year to year. 


A third method of presenting tidal results will be very valuable for the 
discussion of the theory of tidal oscillations, although it is doubtful whether 
it will’ at present be worth while to tabulate the rgsults im this proposed 
form. This method is to substitute for the H of the second method FK, 
where F is the mean value of the coefficient as tabulated in the column 
of coefficients in the schedules—for example, in the case of M, we should 


3—2 


36 HARMONIC ANALYSIS OF TIDAL OBSERVATIONS. [1 


have F=1(1 — 5e?) cost cos! 47, and in the case of S, we should have 
2 2 2 PAM) 


nT; “i . A t 3 
F=2 4 cost4@. When this process is carried out it will enable us to 


= 
compare together the several K’s corresponding to each of the three classes 
of tides, but not the several classes inter se. 

It might perhaps be advisable to proceed still further and to purify 

; ae M /a\* . : : ; 

K of the coefficient 25 (5) a, and of the function of the latitude, viz. 
cos? A, sin 2A, 4 —8 sin?A, as the case may be. Then we should simply 
be left with a numerical factor as a residuum, which would represent the 
augmentation above or diminution below the equilibrium value of the tide. 
This further reduction may, however, be left out of consideration for the 
present, since it is superfluous for the proper presentation of the results of 
harmonic analysis. 


For the purpose of using the tide-predicting machine the process of 
determining H and « from R and ¢ has simply to be reversed, with the 
difference that the instant of time to which the argument is to refer is 0? 
of the first day of the new year, and we must take note of the different 
value of w and f for the new year. Thus supposing V, to be the value of 
V at 0” of the first day of the year to which the predictions are to apply, 
and u,, f,, the values of wu and f half a year after that 0", we have 


R=fH = 
S=«—(Vit+u) 


This value of R will give the proper throw of the crank of the tide-predicter, 
and € will give the angle at which the crank is to be set. Mr’ Roberts states, 
however, that the subtraction, in the predicter of the India Office, of V,+u, 
from « 1s actually performed on the machine, one index being set at « and 
the other at V;+ 1. 


We learn also from him that one portion of the term wu, has been 
systematically neglected up to the present time: namely, that part which 
arises in the form v—€ or its multiples. If in the schedules above we were 
to write €=yv throughout we should arrive at the rule by which the tide- 
predicter has hitherto been used. 


The above statement of procedure is applicable to nearly all the tides, 
but there are certain tides, viz. K,, K,, which have their origins jointly 
in the tide-generating forces of the moon and sun; also the tides L and 
M, which are rendered complex from the fact that the tidal analysis only 
extends over a year. 


Treatment of the Sidereal Diurnal and Semi-diurnal Tides K,, K,.—The 
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expression for the whole K, tide of luni-solar origin must, as we see from the 
schedules B and C, § 3, be of the form 


M cos(t+h—4r—v—«)+Scos(tt+h—-tar—K)  .... (39) 
If now we put R=M 1+(5) + 257 cos | 
iy Lees ARR (40) 
tan vp’ = sin y 
pine osv+S/M 


these two terms may be written 
Roos (t+h—4r —v'—«k) 

If h, be the sun’s mean longitude at 0" of the first day, t+h—hy is equal 
to yt, where t is now mean solar time measured from that 0" and not reduced 
to angle. 

Hence if we write eM a oe Aree Pee ay Za eo ET Pe (41) 
the two terms become R cos (yt — &) 

But this is the form in which the results of harmonic analysis for the total 


K, tide is expressed in the first method. 


From (41) we have 
C+ (hoe am) — VU ~ wssedyevs bacesaeesow an (42) 
In this formula h, —47 is V, for the solar K, tide, and v’ is a complex 
function of the longitude of the moon’s node, to be computed (as explained 
below) from the second of (40). 
We must now consider the coefficient f. 
If M, be the mean value of the lunar K, tide, then we know that its ratio 
to M should according to theory be given by 
Mee sin J cos I 
M, sin wcos@ (1 — 3sin’?) 


The ratio of M to S should also according to theory be given by 
M_ 7(1 +e’) sinJ cosI 


Ss ~ 7, (1 + $¢,2) sin @ cos @ 


We must therefore put the coefficient 


i. + (ir) + 2.57005 | 


fa 
M, ee 
Bb TEN an inte, hoes (48) 
her So _ m1(1+3 $¢,") 72 1 == 
eo M, 7 (1+ $e) ‘(1 —4sin®2) 
S _ S, sin w cos w (1 — $sin?7) 


uM M, sin J cos I 
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f is clearly a complex function of the longitude of the moon’s node to be 
computed as shown below. 


The reversal of the process of reduction for the use of the instrument for 
prediction is obvious. 


In the case of the K, semi-diurnal tide, if we follow exactly the same 
process, and put 


sin 2p 


ane eos ASM 


ay 


Se ise le)? 
ay ee eo Nee 
[aera eae 


vher So a (Ce 32) E 1 
where M, 7(1+8é) ‘(1—$sin?2) 
S__ 8, sin?w (1 —$sin’2) 

M M, sin? [ 


the argument of the K, tide is 2t + 2h — 2v”, and f is the factor for reduction. 


The numerical value of = both for K, and K, is -46407. 
0 
The Tide UL. 


Reference to the theoretical development in § 3 shows that this tide 
requires special treatment. 


In schedule B (1.) it appears that it must be proportional to 
cos'h 7 1-066 — 12 tan? $I cos 2 (p — €) 
x cos [2¢+2 (h—v)—2(s—&)+(s—p)—R4+T] ...... (51) 


. sin 2 (p — &) 
where tan tt ea pices Gi ae) 

In this expression we must deem R to form a part of the function u, for 
which a mean value is to be taken. This is, it must be admitted, not very 
satisfactory, since p increases by nearly 41° per annum. 


Suppose, then, that P be the longitude of the perigee at mid-year, 
measured from the intersection, and that we compute R from the formula 


sin 2P 


ge 
$ cot? 4 J — cos 2P 


Then the treatment will be the same as in all the other cases, if the 
argument V+ be taken as 2¢+2(h—v)—2(s—£)+(s—p)—R+r7. 
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The factor f in this case is equal to 


cos! $ I ; : 
BOs bacos ki 7 {1-066 — 12 tan’ $7 cos 2P} 
The Tide M,. 
Reference to schedule B (ii.) shows that this tide must be proportional to 


e}sin I cos? $I 4/{2°307 + 1:435 cos 2 (p — €)} 
x cos [t+ (h—v) —(s — £)+Q—4r]...... (52’) 
where tan Q =°483 tan (p — &). 
We must here deem Q to form a part of the function u, for which a mean 


value is to be taken; but as in the case of the L tide, this course is not very 
satisfactory. 


If P as before denotes the longitude of the perigee at mid-year, measured 
from the intersection, and Q be computed from 


BAN ee ASS Gat be Klee e do ua aeeanenens (527) 
then the argument V + wu will be 
t+(h—v)—(s—£)+Q-37 
And the factor f is 


sinJcos*4JI —4/{2°307 + 1435 cos 2P} 
sin w cos? 4m cos‘ $7 /2°307 


heeees (52) 


[In the computation forms the 483 of (52”) has been taken as }, and this 
value of f has been taken as being 


sin J cos? 4J 
a - ria VG + $08 ZP) 
sin w sin? 4m cost $4 °* 


because ./($) which should have been in the denominator was accidentally 
omitted, and tan?4J was treated as zero, instead of having a mean value. It 
is clearly a matter of indifference for practical work whether or not this 
factor ./($) stands in the denominator or not. All the Indian work has 
been carried out in the form just shown, and the practice may well be 
adhered to. In so small a tide it cannot be of much importance whether or 
not tan?4J is treated as zero*.] 


It has been shown that the tide M,, in as far as it depends on the fourth 
power of the moon’s parallax, is too small to be worth including in the 
numerical analysis. ‘ 


* [See Eccles, Vol. xv1., Great Trig. Survey of India, p. 57.] 
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§6. On the Method of Computing the Arguments and Coefficients. 


In performing the reductions of the preceding sections a number of 
numerical quantities are required, which are to be derived from the position 
of the heavenly bodies. 


Formule for Computing I, v, &. 
From Fig. 2, § 3, we see that 


cot (V — &) sin V = cos N cos 7 + sin z cot 
cot vsin V=cos Ncosw-++sinwcott }...... (53) 


cos J = cos 7 cos m + sin 7 sin w cos V 


If 8 be an auxiliary angle defined by 


tan = Cate COR Wy ca. orsdess tise seen eaaatee (54) 
then cos I = cos? sec 8 cos (w + 8) 
Siti n= sill? COSEC? GINTY — eeeueoe se eae ene (55) 


sin (V — &) =sin » cosec J sin V 
The formule (53) also lead to the rigorous formule 


sin 7 cot w sin NV (1 — tan $7 tan w cos NV) 


(ANG eS ee : : 
3 cos? 47 +sin 7 cot w cos V — sin? $i. cos 2NV ; 
f Magsse.  & Pay Sonne op wastes (53’) 
tan 7 cosec w sin V 
tan vy = ; 
1+ tani cot w cos V 
But, if we treat 7 as small, (53”) may be reduced to 
; ae 1—sin’o 
tan €=7cot wsin NV — 472? sin 2N Peake 
sin? w 
: oe. COS Giant ae aera 53” 
tan vy =? cosec w sin V — 37? sin 2N — cn 
sin? @ 
cos I = (1 — 47”) cos —7sin w cos NV 


A table of values of &, v, J, for different values of NV, with w = 23° 27"3, 
¢=5° 88, may be computed either directly from (58) or from (55). 


The approximate formule (53”) will be of service hereafter. 


On the Mean Values of the Coefficuents in Schedules [B). 


In the three schedules [B] of lunar tides, ‘the coefficients’ are certain 
functions of JZ, and there are certain terms in the arguments which are 
functions of vy and € We may typify all the terms by Jcos(7'+ uw), where 
J is a function of J, and wu of v and & If we substitute for J and wu in terms 
of w, 7, V, and develop the result, we shall obtain a series of terms of which 
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the one independent of J is, say, J, cos 7’. Then J, is the mean value of the 
semi-range of the tide in question. Such a development may be carried out 
rigorously, but it involves a good deal of analysis to do so; we shall therefore 


confine ourselves to an approximate treatment of the question, using the 
formule (53”) for & and ». 


It may be proved that in no case does J involve a term with a sine of an 
odd multiple of WV, and the formnle (54) or (55) show that in every term 
of sin uw there will occur a sine of an odd multiple of V’; whence it follows 
that J sinu has mean value zero, and J, is the term independent of V in 
J cos u. 


It may also be proved that in no case does cos u involve a term in cos VN, 
and that the terms in cos 2N are all of order 2?; also it appears that J always 
involves a term in cos J, and also terms in cos 2N of order 22. 


Hence to the degree of approximation adopted, J, is equal to J, cos u, 
where J, is the mean value of J, and cos u, the mean value of cos w. 


In evaluating cos u, from the formule (53”), we may observe that where- 
ever sin? V occurs it may be replaced by 4; for sin? V=4—4cos 2N, and 
the cos2NV has mean value zero. 


The following are the values of cos u, thus determined from (53”) :— 


(a) cos2(v—&),=1 ee 
(B) cos 2y,=1—7 ons 

(y) cos (2E—v)=1—F0 & a aa) 
® moet) 
(€) cos % =1—4?? “ 

($) cos 2£,=1— 7 cot? w 


The suffix , indicating the mean value. 


Similarly the following are the J,’s or mean values of J :— 


.. Sin’ 3 @ — COS @ 
(a’) cos 4 I, = cost4@ E +472 —+—__— SS 


cos? $ 


| (8’) & (") sin? L) = sin’ w E +7 Lr 


sin’ @ 


cos 20 2cos@ 
y 7 ¢ +2 [ JL AG = ae 
sin J, cos? 4/7, = sin w cos? 4m | 1 + 472 { ——— — — ) 
(Y) U Bié 4 [ *"\sin?@  cos’4@ 
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. : .. (cos 2 2 cos w 
(8’) sin Vif sin? $1, = sin w sin? 4 o E 2 1e? (< @ )| 


si@w ~~ sin? 4@ 
(e’) sin J, cos J; =sin @ cos w [1 + $2 (cot? w — 5)] 


On referring to schedules [B], it appears that (a) multiplied by (a’) is the 
mean value of the cos‘4J cos 2 (v — &) which occurs in the semidiurnal terms ; 
and so on with the other letters, two and two. Performing these multipli- 
cations, and putting 1— 40? in the results as equal to cos‘ 42, and 1 — 3? as 
equal to 1—$%sin?7, we find that the mean values are all unity for the 
following functions, viz.: 


cos! 4 J cos 2 (v— &) sin? J cos 2 sin I cos’ } I cos (2& — v) 
cost}wcost4i ? sin? w(1—3sin’2)’ sin @ cos? 4 cos! $4 

sin I sin?4J cos (2& + v) sin I cos J cos v sin? I cos 2& 

sinw sint?dwcost4i °* sinwcosw(1—8sin?2)’ — sin?w cos42 


Lastly, it is easy to show rigorously that the mean value of 
1—$sin?J 
(1 — $sin? ) (1 — 3 sin? 7) 


is also unity. 
If we write @ =cos $wcos 47— sind@sin $1 e™ 
x =sin }@ cos 47+ cos $wsin $7 e™ 
where « stands for / —1; and let #,, «, denote the same functions with the 
sign of V changed, then it may be proved rigorously that 
cos’ 4J cos 2 (v — &) = $ (a + wy!) 
sin? J cos 2y = 2 (w«,? + @?x") 
sin [ cos’ 4J cos (2E — v) = wx + wx, 
sinJ sin? 4J cos (2E + v) = aK? + on; 
sin I cos I cos y= (we, + wk) (wa, — KK;) 
sin? I cos 2& = 2 (wx? + @2x,”) 
1—3sin?l=o’a? — 4aa\Kn, + eK, 
The proof of these formule, and the subsequent development of the 
functions of the w’s and «’s, constitute the rigorous proof of the formule, of 
which the approximate proof has been indicated above. The analogy between 


the w’s and x’s, and the p,q of the earlier developments of this Report, is 
that if 7 vanishes oa = a,=p, Kk =k, =. 


(See a paper in the Phil. Trans. R.S., Part IL. 1880, p. 713; to be 
reproduced also in Vol. 11. of the present work.) 


This investigation justifies the statements preceding the schedules [B] as 
to the mean values of the coefficients. 
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Formule for computing f. 


In the original reduction of tidal observations we want 1/f; in the use 
of the tide-predicter f is required. 


On looking through the schedules [B], we see that the following values 
of 1/f are required. 


cost $@ cost $7 sin? w (1 — $ sin®2) sin w cos? 4@ cos! $7 


Oia cos4l (2) sin? [ co) sinZco#@if  ’ 
(4) Sin @ sin* }@ cost $2 (5) sin @ cos w (1 — 3 sin??) 
sniJsin?$l ’ sin J cos I : 

sin? w cos‘ }2 (1 — $sin? @) (1 — $sin??) 
as sine (7) (1 —$sin? Z) 


And in the case of the over-tides and compound tides (schedules [ F], [H]), 
powers and products of these quantities. 


A table of values of these functions for various values of J is given in § 12. 
The functions (2) and (5) are required for computing f for the K, and K, 
tides. 


In this list of functions let us call that numbered (2) k,, and that 
numbered (5) k,; k, and k, being the values of the reciprocal of f which 
would have to be applied in the cases of the K, and K, tides, if the sun did 
not exist. 


On referring back to the paragraph in § 5 in which the treatment of the 
K, and K, tides is explained we see that for K, 


|™ 


= 46407 x k, 


b 


and therefore from (44) we see that for K, 


1 146407 xy 
f {1 + (046407 x hk, + 0°92814h, cos 2v} (56) 
peo vas sin 2y 


cos 2v + °46407k, 
And for K, the similar formule hold with k, in place of k&,, and vy in place 
of Qy*. 
Tables of 1/f and v’, 2v” for the K, and K, tides have been formed from 
(56), and are given in Col. Baird’s Manual of Tidal Observations. 
The angle J ranges from 18° 185, when it is w—1, to 28° 361, when it 
is o +1, ‘ 


* This method of treating these tides is due to Professor Adams. I had proposed to divide 
the K tides into their lunar and solar parts.—G. H. D. 
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Then in using these tables, we first extract J for any value of NV, and 
afterwards find the coefficients from the subsequent tables. 


The coefficients for the over-tides and compound tides may be found 
from tables of squares and cubes and by multiplication. 


[Algebraic formule for the several f’s are given at the end of the present 
paper; they are so simple that the auxiliary tables may be dispensed with, 
without much loss. | 


Formule for s, p, h, p,, N. 


The numerical values may be deduced from the formule given in Hansen’s 
Tables dela Lune. The following are reduced to a more convenient epoch, 
and to forms appropriate to the present investigation. 


s = 150°'0419 + [18 x 360° + 132°°67900] 7 + 13°°1764 D 
+ 0°5490165 H 
p = 240°'6322 + 40°-69035 7 + 0°1114 D + 0°:0046418 H 
h = 280°'5287 + 360°:00769 7 + 0°'9856 D + 0°:0410686 H 
p, = 280°°8748 +  0°01711 7 +.0°:000047 D 
N = 285°'9569 — 19°:34146 7 — 0°-:0529540 D 
Where 
T is the number of Julian years of 365} mean solar days, 
D the number of mean solar days, 
H the number of mean solar hours, 
after 0" Greenwich mean time, January 1, 1880. 
From the coefficients of H we see that 
o =(0°'5490165, or = 0°'0046418, 7 = 0°'0410686, ...... (58) 
whence y = 15°:0410686. 
For the purposes of using the forms for harmonic analysis of the tidal 


observations, these formulee may be reduced to more convenient and simpler 
forms. 


The mean values of NV and p, are required, and for the treatment of the 
Land M, tides the mean value of p—&, denoted by P. For determining 


these three quantities, we may therefore add half the coefficient of 7 once 
for all, and write 


N =276°2861 — 0°:05295 D —19°:34146 7 
Pr = 280°:8833 + 0°-00005 D+ O°O1711 Tp w...eee (59) 
P+£=261°0 +0°111D +4+40°69 7 


where 7’ is simply the number of years, whether there be leap-years or not 
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amongst them, since 1880, and D the number of days from Jan. 1, numbered 
as zero up to the first day of the year to be analysed. 


Now, suppose d to denote the number of quarter days either one, two, or 
three in excess of the Julian years which have elapsed since 0% Jan. 1, 1880, 
up to 0" Jan. 1 of the year in question; let D denote the same as before ; 
and let LZ be the East Longitude of the place of observation in hours and 
decimals of hours. 


Then for s), po, do, the values of s, p, h at 0" of the first day, we have 


S$) = 150°:0419 + 132°-67900 7 + 3°:29410 d + 18°1764 D — 0°54902 L 
Po = 240°°6322 + 40°69035 T + 0°:02785 d+ 0°1114 D—0°-00464 ZL} (60) 
h, = 280°5287 + 0°:00769 T + 0°24641 d+ 0°:9856 D —0°:04107 Z 


In these formule 7’ is an integer, being the excess of the year in question 
above 1880, and d is to be determined thus :—if the excess of the year above 
1880 divided by 4 leaves remainder 3, d is 1; if remainder 2, it is 2; if 
remainder I, it is 3; and if remainder zero, it is zero. For example for 1895, 
T=15, d=1; because from 0° Jan. 1, 1880 to 0° Jan. 1, 1895, 1s 15 Julian 
years and a quarter day. 


For all dates after Feb. 28, 1900, one day’s motion must be subtracted from 
So, Por ho, Pr, P + E, and one day's motion added to N. 


The terms in J may be described as corrections for longitude. 


The 13 x 360° and 360° which occurred in the previous formule for s 
and h are now omitted, because 7’ is essentially an integer. 


If it be preferred, the values of s, and N may be extracted from the 
Nautical Almanac, and h, is (neglecting nutation) the sidereal time reduced 
to angle. We may take p, from a formula given by Hansen at p. 300 of the 
Tables de la Lune. This latter course is that which is followed in the forms 
for computation. 


$7. Summary of Intial Arguments and Factors of Reduction. 


The results for the various kinds of tide are scattered in various parts of the 
above, and it will therefore be convenient to collect them together. In order 
to present the results in a form convenient for computation, each argument 
is given by reference to any previous argument which contains the same 
element. In the following schedule Arg. M, and Fac‘ M, (for example) mean 
the argument and factor computed for the tide M,. 
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[1] 


Schedule of Arguments at 0" of the first day, and Factors 
for Ensuing Year. 


Initial Arguments. Factors for Reduction. 
Vo+u | : 
Si 
Ss ZeYO unity 
Ss 
12 —hy+ $n unity 
Th —(ho—p1) unity 
M, ae Peat ee Fac, 0+ /{§ +3 cos 2P} * 
x 1 1, 
M, 2 (hy—»)—2 (sy~ 8) eae) 
M; 3 Arg. My (Fac. My)? 
My 2 Arg. M, (Fac. M.)? 
Mg 3 Arg. M2 (Fac. M,)3 
Ms 4 Arg, My (Fac. M,)* 
Qhy — 2v" ThA 5 Beall x 5 
Jt + (464 x &)?+ 928% cos 2v} 
: where tan 2v” = ELE ALC wherein sin? @ (1 3 sin? 7) 
sin? J 
ho—v'—40 1464074 
“e where tan v’= eee Tey? ee ee (se ne 
where k= #2 
sin 27 
N Arg. Mz— (8) — Po) Fac. Mz 
2N Arg. N —(59— po) Fac. My 
Arg. M,+(so i) ae : 
L whoredan = +m OP Fac. My+/1-066—12 tan? $7 cos 2P 
v Arg. Mo+ (sp — 2) + 2h — 28 Fac. My 
O ea eee te sin @ cos? $@ cos! $2 
sin J cos? $7 
00 ds eae sin @ sin? $a cost $7 
. sin J sin? $I 
Q Arg. O — (8)— po) Fac. O 
J (hy — v) + (80 — po) img 3m an 22 (Cr 2 in 
sin 2/ 


* [See § 5 above as to a more correct value of f in this case, and the reasons which have led 
to the use of the value here given. | 
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Schedule [I.] continued. 


Initial Arguments. Factors for Reduction. 
1 
Vo +U | f 
Be a fi = 2 = 
MS Arg. My Fac. M, 
2MS Arg. M, Fac. M, 
28M 2a —Arg. My Fac. M, 
MK Arg. M,+Arg. K, | Fac. M, x Fac. K, 
2MK Arg. My—Arg. K, | Fac. M,x Fac. K, 
MN Arg. M,4+Arg. N | Fac. Myx Fac. N 
MSf 2m —Arg. My | Fac. My 
(1-3 sin? w) (1 — 3 sin? 7) | 
Mm (80 — Po) ; 1-3sin?[ | 
: sin? @ cos? $7 
Mf | 2 (sp — &) er 
Sa ho . unity 
Ssa | Qho unity 


There are two tables, numbered I. and IL, given at pp. 304 and 305 of 
the Report for 1876 of the Committee of the British Association on Tidal 
Observations. The columns headed e¢ give functions which, when their signs 
are reversed, are the arguments at the epoch. To show the identity of these 
expressions with those in the above schedule [I], we must put 


f=-h, g=—-h, jy=Htv—-&, O=h, w=ptv—E&, wc=p, 

For the sake of symmetry these tables contain several entries which we have 
omitted from our schedule, because of the smallness of the tides to which 
they refer. The entries of the tides of long period, Nos. 3 and 4, are given 
with the epposite sign from that here adopted*; thus those entries require 
alteration by 180° to bring them into accordance with our schedule. 


The following corrections have to be made in Table II.: No. 8, for 2v 
read 3v; No. 15, add 4v; Nos. 17 and 19, add 2(v— &); Nos. 18 and 20, 
subtract 2 (v— &). 

The K,, K, tides, Nos. 9 and 16 of both tables, are entered separately 
as to their lunar and solar parts. The two parts of the M, tide, Nos. 7 and 
11, are entered separately. Also No. 14 only gives one part of the tide here 
entered as L. 

The reader is warned that the definition of ¢ on p. 293 is incomplete, 
and incorrect for proper reference to the equilibrium theory of tides. The 
definition of @’ on p. 302 is incorrect. 


* See the passage in § 2 between equations (28) and (29). 
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§ 8. On the Reductions of the Published Results of Tidal Analysis. 


In the Tide Tables published by the Indian Government, it is stated 
that each tide is expressed in the form Rcos(nt—e), where R is the semi- 
range in feet, n the speed of the tide, and e/n is the time in mean solar 
hours which elapses, after an epoch appropriate to the tide, until the next 
high-water of that tide. Tables are then given for R and ¢ at each station 
for each year. 

The mode of tabulation is the same as that followed in the Tidal Reports 
of the British Association for 1872 and 1876. 


It is advisable that all the results should be reduced according to one 
system, such that the observations of the several years and the values for the 
several speeds of tide may be comparable inter se. 

In § 5 it has been proposed that the tide should be recorded in the form 

fH cos (V + wu —- x) 

It appears from the statements in the Reports for 1872 and 1876 and 
from an examination of the reductions of the published results that the e 
of the tables is equal to « —u, and that the R of the tables is equal to fH. 
Thus in order to reduce the published results to proper forms, comparable 
inter se, it is necessary to add to e the appropriate wu, and to divide R by the 
proper f. Following this process we obtain certain corrections to the e’s to 
obtain the «’s. The values of 1/f by which the R’s are to be multiplied to 
obtain the H’s, are those given in the preceding schedule [I]. [But it does 
not seem worth while to reproduce the schedule of instructions for correcting 
these old results. ] 


§ 9. Description of the Numerical Harmome Analysis for the Tides of 
Short Period. 

It forms no part of the plan of this Report to give an account of the instru- 
ments with which the tidal observations are made, or of the tide-predicting 
instrument. A description of the tide-gauge, which is now in general use 
in India and elsewhere, and of the tide-predicter, which is at the India Store 
Department in Lambeth, and of designs for modifications of those instruments, 
has been given in a paper by Sir William Thomson, read before the Institution 
of Civil Engineers on March 1, 1881*, and to this paper we refer the reader. 
Our present object is to place on record the manner in which the observations 
have been or are to be henceforth treated, and to give the requisite information 
for the subsequent use of the tide-predicting instrument. 


* «The Tide Gauge, Tidal Harmonic Analyser, and Tide Predicter,” Proc. Inst. C. E., Vol. 45, 
Part 111. 
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The tide-gauge furnishes us with a continuous graphical record of the 


height of the water above some known datum mark for every instant of 
time. 


It is probable that at some future time the Harmonic Analyser of 
Professors James and Sir William Thomson may be applied to the tide- 
curves. The instrument is nearly completed, and now lies in the Physical 
Laboratory of the University of Glasgow, but it has not yet been put into 
use*. The treatment of the observations which we shall describe is the 
numerical process used at the office of the Indian Survey at Poona, under 
the immediate superintendence of Major A. W. Baird, R.E. The printed 
forms for computation were admirably drawn up by Mr Edward Roberts, 
of the ‘Nautical Almanac’ Office; but they have now undergone certain 
small modifications in accordance with this Report. The work of computation 
is to a great extent carried out by native Indian computers. The results of 
the harmonic analysis are afterwards sent to Mr Roberts, who works out the 
instrumental tide-predictions for the several ports for the ensuing year. 
The use of that instrument requires great skill and care. The results of 
the tidal reductions have hitherto been presented in a somewhat chaotic 
form, and we believe that it is only due to Mr Roberts’ knowledge of the 
manner in which the tidal results have been treated that they have been 
correctly used for prediction. It may be hoped that the use of the methods 
recommended in the present Report will remove some of the factitious 
difficulties in the use of the instrumentf. 


The first operation performed on the tidal record is the measurement in 
feet and decimals of the height of water above the datum at every mean 
solar hour. The period chosen for analysis is about one year, and the first 
measurement corresponds to noon. It has been found impracticable to make 
the initial noon belong to the same day at the several ports. It would seem, 
at first sight, preferable to take the measurements at every mean lunar hour; 
but the whole of the actual process in use is based on measurements taken 
at the mean solar hours, and a change to lunar time would involve a great 
deal of fresh labour and expense. 


If 7 be the period of any one of the diurnal tides, or twice the period 
of any one of the semi-diurnal tides, it approximates more or less nearly to 
24 m. s. hours, and if we divide it into 24 equal parts, we may speak of each 
asa T-hour. We shall for brevity refer to mean solar time as S-time. 


Suppose, now, that we have two clocks, each marked with 360°, or 
24 hours, and that the hand of the first, or S-clock, goes round once in 24 


See Appendix, Thomson and Tait’s Nat. Phil., 2nd ed. 1883, [It has not been found 
expedient to use this interesting instrument, and it is deposited in the Museum at South 
Kensington. ] 

+ [The tide-predicter was transferred to the National Physical Laboratory in 1904, 
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S-hours, and that of the second, or 7-clock, goes round once in 24 7-hours, 
and suppose that the two clocks are started at 0° or 08 at noon of the initial 
day. For the sake of distinctness, let us imagine that a 7-hour is longer 
than an S-hour, so that the Z-clock goes slower than the S-clock. The 
measurements of the tide-curve give us the height of water exactly at each 
S-hour; and it is required from these data to determine the height of water 
at each 7-hour. 


For this end we are, in fact, instructed to count 7-time, but are only 
allowed to do so by reference to S-time, and, moreover, the time is always to 
be specified as an integral number of hours. 


Beginning, then, with 0 of the first day, we shall begin counting 0, 1, 
2, &c., as the 7-hand comes up to its hour-marks. But as the S-hand gains 
on the T-hand, there will come a time when the 7J-hand, being exactly at 
the p hour-mark, the S-hand is nearly as far as p+4. When, however, the 
T-hand has advanced to the p+1 hour-mark, the S-hand will be a little 
beyond p+1+4: that is to say, a little less than half an hour before p+ 2. 
Counting, then, in 7'-time by reference to S-time, we shall jump from p to 
p+2. The counting will go on continuously for a number of hours nearly 
equal to 2p, and then another number will be dropped, and so on throughout 
the whole year. If it had been the 7-hand which went faster than the 
S-hand, it is obvious that one number would be repeated at two successive 
hours instead of one being dropped. We may describe each such process as 
a ‘change.’ 

Now, if we have a sheet marked for entry of heights of water according 
to T-hours from results measured at S-hours, we must enter the S-measure- 
ments continuously up to p, and we then come to a ‘change, and dropping 
one of the S-series, we go on again continuously until another ‘change, when 
another is dropped, and so on. 


Since a ‘change’ occurs at the time when a T-hour falls almost exactly 
half way between two S-hours, it will be more accurate at a ‘change’ to 
insert the two S-entries which fall on each side of the truth. If this be 
done the whole of the S-series of measurements is entered on the 7-sheet, 
Similarly, if it be the Z-hand which goes faster than the S-hand, we may 
leave a gap in the T-series instead of duplicating an entry. For the analysis 
of the 7-tide there is therefore prepared a sheet arranged in rows and 
columns; each row corresponds to one 7-day, and the columns are marked 
Or, 1", ... 235; the 0"’s may be called 7-noons. A dot is put in each space for 
entry, and where there is a change two dots are put if there is to be a 
double entry, and a bar if there is to be no entry. Black vertical lines mark 
the end of each S-day. These black lines will of course fall into slightly 
irregular diagonal lines across the page, and such lines are steeper and 
steeper the more nearly 7-time approaches to S-time. They slope downwards 
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from right to left if the 7-hour is longer than the S-hour, and the other way 
in the opposite case. The ‘changes’ also run diagonally, with a slope in the 
opposite direction to that of the black lines. 


We annex a diminished sample of a part of a page drawn up for the 
entry of the M-series of tides, in which 7-time is mean lunar time. 


The incidence of the hours in the computation forms for the several series 
was determined by Mr Roberts. 


Since the first day is numbered 1, and the first hour 0", it follows that 
the hourly observation numbered 744 11" is the observation which completes 
a period of 737 12 of mean solar time since the beginning; in fact, to find 
the period elapsed since 0" of the first day we must subtract 1 from the 
number of the day and add one to the number of the hour. The 734 12" of 
m. s. time, inserted at the foot of the form, is very nearly equal to 71 days 
of mean lunar or M-time. For each class of tide there are five pages, giving 
in all about 370 values for the height of the water at each of the 24 special 
hours; the number of values for each hour varies slightly according as more 
or less ‘changes’ fall into each column. 


The numbers entered in each column are summed on each of the five 
pages; the five sets of results being summed, the results are then divided 
each by the proper divisor for its column, and thus is obtained the mean 
value for that column. In this way 24 numbers are found which give the 
mean height of water at each of the 24 special hours. 


It is obvious that if this process were continued over a very long time 
we should in the end extract the tide under analysis from amongst all the 
others, but as the process only extends over about a year, the elimination 
of the others is not quite complete. 


[The choice of appropriate periods is considered in the next paper in 
this volume, and I therefore omit the consideration of the forms which were 
in use in India in 1883.] 


Let us now return to our general notation, and consider the 24 mean 
values, each pertaining to the 24 7-hours. We suppose that all the tides 
excepting the 7-tide are adequately eliminated, and, in fact, a computation 
of the necessary corrections for the absence of complete elimination, which 
is given in the Tidal Report of 1872, shows that this is the case. 


It is obvious that any one of the 24 values does not give the true height 
of the 7-tide at that 7-hour, but gives the average height of the water, as 
due to the Z-tide, estimated over half a Z-hour before and half a 7-hour 
after that hour. We must now consider the correction necessary on this 
account. 
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Suppose we have a function 
h= A, cos 6+ B, sin 6 + A, cos 26+ B, sin 20 +...+A,cos7r@+B,sinr@+... 
Then we see by integration that the function 
h’= A,‘ cos 0 + B,’sin 6 + A,’cos 20 + B,’sin 20+... + A,’cos 76+ B,’ sin r6 +... 
where 


A, _By/_sinja, A,B, sin 42a. A, B,  sindra. 
A, 73; 4a” =~ As CB; gn 2 ONG Gt: acer dy =) 


is derivable from h by substituting for the h, corresponding to any value 
of @, the mean value of h estimated over the interval from 6 +42 to 0— 4a. 


Thus when harmonic analysis is applied to the 24 7-hourly values, the 
coefficients which express that oscillation which goes through its period 7 
times in the 24 7-hours must be augmented by the factor 4r¢/sin}ra. Thus 
we get the following expressions for the augmenting factors for the diurnal, 
semi-diurnal, ter-diurnal oscillations, &c., viz. :— 
15a |. 22:5 ar 


n 15°; — /sin 22% 30’, &e. ...... (63) 


hoe ere 
180. sin 7° 30 130 


> T80/* 


Computing from these we find the following augmenting factors. 


[MJ 
Augmenting Factors. 

Foy Ay, ; : : 1:00286 
A., B, ; : 1:01152 
Ayub, ; : ; 1:02617 
A, B, : ’ 1:04720 
Ils) A ee comme Sys) 
As, By ; : : 1:20920 


In the reduction of the S-series of tides, the numbers treated are the 
actual heights of the water exactly at the S-hours, and therefore no aug- 
menting factor is requisite. 


We must now explain how the harmonic analysis, which the use of these 
factors presupposes, 1s carried out. 


If t denotes 7-time expressed in hours, and n is 15°, we express the 
height h, as given by the averaging process above explained, by the formula 
; 4 


h=A,+A, cos nt + B, sin nt + A, cos 2nt + B, sin 2nt +... 
where ¢ is 0) 1,2..,.23. 
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Then if } denotes summation of the series of 24 terms found by attributing 
to t its 24 values, it is obvious that 


A, = 2,28; A, =7_2h cos nt; B, = 7,2/ sin nb; 
A, = 7;2/ cos Int; B,= 72h sin 2nt; &e., &e. 


Since n is 15° and ¢ is an integer, it follows that all the cosines and sines 
involved in these series are equal to one of the following: viz.: 0, + sin 15°, 
+ sin 80°, + sin 45°, + sin 60°, + sin 75°, +1. It is found convenient to denote 
these sines, as 0, + S,, + S,, + S,, + S;, + S;, +1. The multiplication of the 


24 h’s by the various S’s, and the subsequent additions may be arranged in a 
very neat tabular form. 


We give on the last two pages the form for the reduction of the M-tides, 
filled in for Karachi 1880-81, but abridged by the omission of some of the 


decimals. The columns marked M are the multipliers appropriate for each 
series, 


The columns I. and II. contain the 24 hourly values to be submitted to 
analysis. The subsequent operations are sufficiently indicated by the headings 
to the columns, and it will be found on examination that the results are in 
reality the sums of the several series indicated above. We believe that this 
mode of arranging the harmonic analysis is due to Archibald Smith, who 
gives it in the Admiralty manual on the Compass. The arrangement seems 
to be very nearly the same as that adopted by Everett (Zrans. Roy. Soc. Edin. 
1860) in his reductions of observations on underground temperature. 


In most cases it is not necessary to deduce more than the tide of the 
speed indicated by astronomical theory, but we give the full form by which 
the over-tides are deducible. If we want only a diurnal tide, then the only 
columns necessary are I. to VII. and IX. and X.; if only a semi-diurnal tide, 
the columns to be retained are I., II., III., XII., XIII, XV., XVI., XVII. 


The A’s and B’s having been thus deduced, we have R=,/(A?+ B?), 
R must then be multiplied by the augmenting factors which we have already 
evaluated (Schedule [M]). We thus have the augmented R. Next the angle 
whose tangent is B/A gives ¢. The addition to € of the appropriate V,+ wu 
(see Schedule [I]) gives «, and the multiplication of R by the appropriate 1/f 
(see Schedule [I]) gives H. The reduction is then complete. 


The following is a sample of the form used. 
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[0.] 
Form for Evaluation of € R, «, H. 
log B= 
log A = 


log tan €= 


A form similar to [O] serves for the same purpose in the treatment of 
the tides of long period, to the consideration of which we now pass; it will 
be seen, however, that for these tides there is no augmenting factor, and that 
the increase of n for 113 hours has to be added to €. 


§ 10. On the Harmonic Analysis for the Tides of Long Period. 


For the purpose of determining these tides we have to eliminate the 
oscillations of water-level arising from the tides of short period. As the 
quickest of these tides has a period of many days, the height of mean water 
at one instant for each day gives sufficient data. Thus there will in a year’s 
observations be 365 heights to be submitted to harmonic analysis. In leap- 
years the last day’s observation must be dropped, because the treatment is 
adapted for analysing 365 values. 


To find the daily mean for any day it has hitherto been usual to take 
the arithmetic mean of 24 consecutive hourly values, beginning with the 
height at noon. This height will then apply to the middle instant of the 
period from 0" to 23": that is to say, to 11 30™ at night. We shall propose 
some new modes of treating the observations, and in the first of them it will 
probably be more convenient that the mean for the day should apply to 
midnight instead of to 11> 30™. For finding a mean applicable to midnight 
we take the 25 consecutive heights for 0» to 24", and add the half of the 
first value to the 23 intermediate and to the half of the last and divide by 
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24, It would probably be sufficiently accurate if we took '; of the sum of 
the 25 consecutive values, if it is found that the division of every 24th 
hourly value into two halves materially increases the labour of computing 
the daily means. The three plans for finding the daily mean are then 


gy (ho tha +... + hry) oes ee (1) 
ot (bho + hy t+ ... + eos + 4 hos) Pet C68 De cr rer Sa (64) 
a (ligt lat i Renee) 


And they will be denoted as methods (i), (ii), (ii1) respectively. It does not, 
however, seem very desirable to use the third method. Major Baird considers 
that the use of method (1) is most convenient for the computers. 


The formation of a daily mean does not obliterate the tidal oscillations 
of short period, because none of the tides, excepting those of the principal 
solar series, have commensurable periods in mean solar time. 


A correction, or ‘clearance of the daily mean,’ has therefore to be apphed 
for al] the important tides of short period, excepting for the solar tides. 


Let Ros (nt — £) be the expression for one of the tides of short period’ 
as evaluated by the harmonic analysis for the same year, and let a be the 
value of nt—€ at any noon. Then the 25 consecutive hourly heights of 
water, beginning with that noon, are— 


Reosa, Reos(n+a), Reos(2n+ a)... Reos(28n+a), Ros (24n + a) 


In the method (i) of taking the daily mean it is obvious that the 
‘clearance’ is 
oR eG cos (a + 1147) 
2S PSU ot : 


In the method (11) it is easily proved to be 


Susie se (4 ae a1 Sears AL ccs ris (65) 


24" tan $n 


and in method (111) it is 


sin 25n 
— ¢;R——+— cos (4+ 12n) 
2 in 


sin 
The clearance, as written here, is additive. 


It was found practically in the computation for these tides that only 
three tides of short period exercise an appreciable effect, so that clearances 
for them have to be applied. These tides are the M,, N, O tides. It was 
usual to compute these three clearances for every day in the year, and to 
correct the daily values accordingly. But in following this plan a great deal 
of unnecessary labour has been incurred, and when a simpler plan is followed 
it may perhaps be worth while to include more of the short-period tides in 
the clearances. 
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Professor J. C. Adams suggests the use of the tide-predicting machine 
for the evaluation of the sum of the clearances, and if this plan is not found 
to inconveniently delay operations in India, it may perhaps be tried. 


In explaining the process we will suppose that method (1) has been 
followed; if either of the other plans be adopted it will be easy to change 
the formule accordingly. 


It is clear that Rceos(a+11}n) is the height of the tide m at 11> 30™; 
and the same is true for each such tide. Hence if we use the tide-predicter 
to run off a year of fictitious tides with the semi-range of each tide equal to 
3; sin 12n/sin $n of its true semi-range, and with all the solar series and the 
annual and semi-annual tides put at zero, the height given at each 11% 30" 
in the year is the sum for each day of all the clearances to be subtracted. 
The scale to which the ranges are set may of course be chosen so as to give 
the clearances to a high degree of accuracy. 


In the other process of clearance, which will be explained below, a single 
correction for each short-period tide is applied to each of the final equations, 
instead of to each daily mean. 


We next take the 365 daily means, and find their mean value. This 
gives the mean height of water for the year. If the daily means be un- 
cleared, the result cannot be sensibly vitiated. 


We next subtract the mean height from each of the 365 values, and find 
365 quantities dh giving the daily height of water above the mean height. 


These quantities are to be the subject of the harmonic analysis; and the 
tides chosen for evaluation are those which have been denoted above as Mm, 


Mf, MSf, Sa, Ssa. 


Let éh= Acos(o—aw)t +Bsin(o—a)t 
+ C cos 2ot + D sin 2ot | 
PO eels ENDED in ZOE Maen owerery (66) 
+ E cos nt + F sin nt 
+ G cos 2nt + H sin 2nt 


where tis time measured from the first 11" 30™, 


Now suppose /,, /, are the increments in 24 m. s. hours of any two of 
the five arguments (o—a)t, 2ot, 2(o—7)t, nt, 2nt, and that A,, B,; Ay, By, 
are the corresponding coefficients of the cosine and sine in the expression 
for oh. 

Then if 6h; be the value of 6h at the (i +1)" 11" 30™ in the year, we 
may write i 


oh; = A, cos 14+ B, sin li+ A,cosli+ B,sinla+... ...... (67) 
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And therefore 


Sh; cosli= 4A, {cos (l, + 1.) 4 + cos (1, — 1) 2} 
+ $B, {sin (J, + J.) ¢ — sin (d, — 1.) 7} + 
dhysin i= $A, {sin (U, + l,)¢ + sin (0, — 1) a} 
+ $B, {—cos (d, + 1.) 7 + cos (, — 1.) 4} + 
ay sin 2654 
Now let d(2)=4 Pie 
in 365 
Sanat $4 ty eyes es) 


2 sin $(l, + l.) 


We may observe that 
$(«)=$(—2), and g (0) = 1824 


If therefore © denotes summation for the 365 values from 7=0 to 7= 364, 


we have 


Loh cos lt =[p (4, + 1.) cos 182 (1, + 1.) + & (L, — d,) cos 182 (1, — 1,)] Ay 

+([¢(U, + l,) sin 182 (J, + 1.) — $ (1, — 1.) sin 182 (1, — 1,)] Bh +... 
Loh sin li =[¢ (1, + J.) sin 182 (1, + 1.) + $ (U, — l,) sin 182 (1, — 1,)] Ay 

+[- (1, + 1.) cos 182 (1, + 1.) + 6 (4, — J.) cos 182 (1, — 1,)] BL +... 


In these equations there is always one pair of terms in which J, is 
identical with /,, and since ¢ (J, — ,) = 1824, and cos 182 (J, —1,)=1, it follows 
that there is one term in each equation in which there is a coefficient nearly 
equal to 182°5. In the cosine series it will be a coefficient of an A; in the 


sine series, of a B. 


The following are the equations (copied from the Report for 1872*) 
with the coefficients inserted, as computed from these formule, or their 


equivalents :— 


* [Some small corrections have been introduced. | 


[1 
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If the daily means have been | by the use of the tide-predicter as 
above described, these ten equatic to be solved by ea aaN AS apPEOn ls 
mation, and we are then furnishecthe two component semi-amplitudes, 
say A,, B, of the five long-perioc But the initial instant of time is 
the first 11" 80™ in the year inst. the first noon. Hence if as before 
we put R?=A/’+B,’, and tang,2, we must, in order to reduce the 
results to the normal form in whic) of the first day is the initial Ea 
of time, add to ¢, the increment ocorresponding argument for 11 30™, 
according to method (i), or for 12 pecording to methods (11) or (411). 

If, however, the daily means hay been cleared, then before solution 
of the final equations corrections fo@nce will have to be applied, which 
we shall now proceed to evaluate. 

For this process we still suppose 4 (1) to be adopted. 

Let n be the speed of a short-p tide in degrees per m. s. hour, and 
let piny=y sin 12m Then we havedy seen that the clearance to 6h;, 

24 sin dn . 
the mean height of water at 11" 30”: (@+ 1)" day, will be 
—W(n) R cos [7+ i ge —H4) 
If we write m=24n (so that m i4aily increase of argument of the 
tide of short period), and B=n x 114 his becomes 
—(n) RM“ +8) 
Hence the clearance for 8h; cos li i 
— 4p (n) B {cos [(m + 1) i+ 608 ((m—l)i+B]} 
and for 6h; sin lz is 
— dh (n) RB {sin [(m +1) — sin [(m — 1) 0+ B)} 


Summing the series of 865 terms 24 that the additive clearance for 


>bh cos li is 


— Ry (72) { (av + 1) cos [182 (m + 1) 4 $ (mm — 1) cos [182 (m — 1) + B]} 


where as before p(a)=4 1 


If An denotes the increase of the ment nt in 182* 11” 30™, this may 
now be written 

— Ry (n) {6 (m+) cos [An + 1891 + $ (m — 1) cos [An — 1821 £] 
If therefore Rcos = A, Rsin €=B, so A and B are the component sem1- 


ranges of the tide n as immediately ded from the harmonic analysis for 
the tides of short period, we have for t}earance to Loh cos lt 


— [Wr (nr) & (m+ 1) cos (An + 182/) +2) @ (m— 1) cos (An — 1821)] A 
— [yr (n) $ (m+) sin (An + 1822) 42) @ (m— 2) sin (An — 1821)] B 
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In precisely the same manner we find the clearance for £é/ sin 7 to be 
—[¥ (n) $ (m + 1) sin (An + 1821) — (nr) $ (m — 1) sin (An — 1821)] A 
+ [vr (nr) 6 (m +1) cos (An + 1821) — & (n) 6 (m — L) cos (An — 1821)] B 


These coefficients may be written in a form more convenient for com- 
putation. For 


(ms at ao 
4 cos 182 (m +1) + 4sin 182 (m +1) cot $ (m+ )......... (70) 
Then let K (nl) =h6(m+ 1) + h(m - 1) re eee (71) 
Z(n,lh=o(m+l)—o(m— 1){ 
sin 12n 
Also let vr (n) cos An = aa reas || eee (72) 
vv (n) sin An = (n) 


The functions K (n,/), Z(n, 1), C (nm), S (nm) may be easily computed from 
(70), (71), (72). 


Then if we denote the additive clearance for 26h cos li by 
[A, n, l, cos] A + [B, n, J, cos] B 
and that for 2é/ sin li by 
[A, », J, sin] A +[B, n, J, sin] B 
We have 
[A, n, l, cos] = — C(n) K (n, 1) cos 1821 +S (n) Z(n, Ll) sin 1821 
[B, n, 1, cos] = — 8S (nm) K (n, l) cos 1821 — C (n) Z (n, L) sin 182) 
[A, n, l, sin] = — 8 (n) Z (n, L) cos 1821 — C (n) K (n, 1) sin 1821 {7 
[B,n,l,sin]= C(n) Z(n, 1) cos 1821 —S (n) K (n, 1) sin 1821 
We must remark that if $(m +1) =360°, (m+ J) is equal to 182°5. 
This case arises when / is the tide MSf of speed 2(¢— 7), and m the tide 
M, of speed 2(y—o), for m+1 is then 24 x 2(y—) =720°. 
The clearance of the long-period tide J from the effects of the short- 
period tide n requires the computation of these four coefficients. For the 


clearance of the five long-period tides from the effects of the three tides 
M.,, N, O, it will be necessary to compute 60 coefficients. 


If it shall be found convenient to make the initial instant or epoch for 
the tides of long period different from that chosen in the reductions of those 
of short period, it will, of course, be necessary to compute the values which 
A-and B would have had if the two epochs had been identical. A and B 
are, of course, the component semi-ranges of the tide of short period at the 
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epoch chosen for the tides of long period; to determine them it 1s necessary 
to multiply R by the cosine and sine of V+u—« at the epoch. 


[Q.] 


Schedule of Coefficients for Clearance of Daily Means in the Final Equations*. 
i i | 
l =| o-@w | Qo 2(o-n) | n 2n 


| 
(M,) n=2(y—<) 


[A, », 2, cos] | —0°05557 | +40:00302 | -+5°7393 ~0'10410 | 010465 
[B, x, 2, cos] | —017036 | -0-03773 | 29228 —0:07525 | —0-07546 
[A, 2, J, sin] | —0:17075 | +0:04170 | -2:8400 —0:00176 | —0-00353 
[B, n, Z, sin] | +0-04410 | +0:01052 | —5-7271 +0:00476 | +0:00958 


(N) n=2y-30+0 


[A, 2, J, cos] — 0°05884 + 0:03680 +0°02938 —0:01760 — 0:01760 
[B, , l, cos] | —0-:07758 | —0-22357 | —0-19384 | +0-00254 | +0-00254 
[A, 2, 2, sin] — 0°02059 — 0°15257 — 0:12210 + 0:00020 + 0:00041 
[B, x, 2, sin] +0°11381 — 0:08544 — 0°08081 + 0:00007 +0:00015 
(O) n=y—2¢ 
[A, 2, 2, cos] | — 0°06485 +0:01662 +0°01571 | —0'19240 — 019340 
[B, n, 4, cos] | 034765 | —007775 | —0-08I58 | -018260 | -018311 
[A, n, 2, sin] | —0°34523 +0°08411 | +0°08754 — 000460 — 0:00926 
[B, 7, 0 sin] +0:04052 | +0:03384 | +0°03306 | +0:00897  +0:01802 


It may happen from time to time that the tide-gauge breaks down for 
a few days, from the stoppage of the clock, the choking of the tube, or some 
other such accident. In this case there will be a hiatus in the values of &h. 
Now, the whole process employed depends on the existence of 365 continuous 
values of 6h. Unless, therefore, the year’s observations are to be sacrificed, 
this hiatus must be filled. If not more than three or four days’ observations 
are wanting, it will be best to plot out the values of 8% graphically on each 
side of the hiatus, and filling in the gap with a curve drawn by hand, use the 
values of 5h given by the conjectural curve. If the gap is somewhat longer, 
several plans may be suggested, and judgment must be used as to which of 
them is to be adopted. 


* [A few small corrections have been introduced.? 
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If there is another station of observation in the neighbourhood, the values 
of dh for that station may be inserted. 


The values of 6h for another part of the year, in which the moon’s and 
sun’s declinations are as nearly as may be the same as they were during the 
gap, may be used. 


It may be, however, that the hiatus is of considerable length, so that the 
preceding methods are inapplicable: as when in 1882 the tidal record for 
Vizagapatam is wanting for 67 days. The following method of treatment will 
then be applicable :— 


We find approximate values of the tidal constituents of long period, and 
fill in the hiatus, so as to complete the 365 values, with the computed height 
of the tide during the hiatus. 


To find these approximate values we form Xéhcoslé and X6éhsin lt for 
the days of observation; next, in the ten final equations of Schedule P we 
neglect all the terms with small coefficients, and in the terms whose coefficients 
are approximately 182°5, we substitute a coefficient equal to 182°5 diminished 
by half the number of days of hiatus. For example, for Vizagapatam in 1882 
we have 182°5 —4 x 67 =149, and, eg, 2dh cos(o —w) t=149 A approxi- 
mately. After the approximate values of A, B, C, D, &e., have been found, it 
is easy to find the approximate height of tide for the days of the hiatus. 
This plan will also apply where the hiatus is of short duration. 


It may be pursued whether or not we are working with cleared daily 
means; for if the daily means are uncleared, as will henceforth be the case, 
we import with the numbers by which the hiatus is filled exactly those 
fictitious tides of long period which are cleared away by the use of the 
“clearance coefficients,’ in preparing the ten final equations for solution. 


Other methods of treating a stoppage of the record may be devised. If 
the stoppage be near the beginning of the year, or near the end, we may 
neglect the observations before or after the gap, and compute afresh the 100 
coefficients of Schedule P, and the clearance coefficients of Schedule Q for 
the number of days remaining. If the gap is in the middle we might 
compute the values of the coefficients of Schedules P and Q as though the 
days of hiatus were days of observation, bearing in mind that the formule 
are to be altered by the consideration that time is to be measured from the 
initial 11" 30™ of the year, instead of from the initial 11" 30” of the days 
of hiatus. 

The so computed coefficients are then to be subtracted from the values 
given in Schedules P and Q, and the amended final equations and amended 
clearance coefficients to be used. 


Tt must remain a matter of judgment as to whicl{ of these various methods 
is to be adopted in each case, 


Jo}, AG 5 
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$11. Method of Equivalent Multipliers for the Harmonic Analysis 

for the Tides of Long Period. 

Up to the present time (1883) the harmonic analysis for these tides has 
been conducted on a plan which seems to involve a great deal of unnecessary 
labour. If 1 be the speed of any one of the five tides for which the analysis has 
been carried out, in degrees per m. s. day, the values of cos /t and sin /t have 
been computed for t = 0, 1, 2... 864, so that there are 730 values for each of 
the five tides. These 730 values have then been multiplied by the 365 éh’s 
corresponding to each value of ¢, and the summations gave dh cos lt and 
S6h sin lt, the numerical results being the left-hand sides of one pair of the 
ten final equations explained in § 10. Now, it appears that this labour may 
be largely abridged, without any substantial loss of accuracy. 


The plan proposed by Professor Adams is that of equivalent multipliers. 
The values of cos /t may be divided into eleven groups, according as they fall 
nearest to 1:0, ‘9, °8, °7...°2,°1,0. Then, as all the values of dh are to be 
multiplied by some value of cos /#, and that value of cos /é must fall into one 
of these groups, we collect together all the values of 6h which belong to one 
of these groups, sum them, and multiply the sum by the corresponding 
multiplier, 1:0, 9, ‘8, &c., as the case may be. Since there are as many 
values of cos lt which are negative as positive, we must change the sign of 
half of the 6h’s. This changing of sign may be effected mechanically as 
follows :—In the spaces for entry of the 6h’s, those 6h’s whose sign is to be 
unchanged are to be entered on the left side of the space if positive, and to 
the right if negative; when the sign is to be altered this order of entry is to 
be reversed. Thus in the column corresponding to each multiplier we shall 
have two sub-columns, on the left all the 6h’s which, when the signs are 
appropriately altered, are +, and on the right those which are —. The sub- 
columns are to be separately summed, and their difference gives the total 
of the column, which is to be multiplied by the multiplier appropriate to the 
column. The treatment for the formation of {dh sin lt is precisely similar. 


The annexed form [Schedule R] is designed for entry for determination 
of {dh cos (o — ) t. 


The entries of 5h are to be made continuously in the marked squares from 
left to right, and back again from right to left. The numbers in the squares, 
which in the computation forms are to be printed small and put in the 
corner, indicate the days of observation. The rows are arranged in sets of 
four corresponding to each complete period of 2(¢ —7). In the middle pair 
for each period the + values of 6h are to be written on the right, and in 
the rest on the left. The word ‘change’ opposite half the rows is to show 
the computer that he is to change the mode of entry. Each column, excepting 
that for zero, is to be summed at the foot of the page, and multiplied by the 
multiplier corresponding to its column. A pair of forms is required for each 


1883] SCHEDULE FOR TIDES OF LONG PERIOD. 67 


tide of long period ; they are very easily prepared from the existing forms, 
in which the values of the multipliers are already computed. 

[In the form as finally prepared for the Indian Government the rows marked 
‘change’ are treated in a schedule by themselves separated from the others.] 
[R.] 
form for Reduction of the Tide MSf. 


— 


ah = || db SN a SPs ar = diapce Mh Spei bee || ie ae 
1:0 9 8 “el 6 a) 4 3 2 ae 8 
> o | 2 3 
= 7 | 6 5 a 4 se change 
; = 8 9 10 11 change 
oa) GPL res 13 12 
> | 15 7 aa wv ee ae ae 
: = ry ee 20 csr eS change 
> | 22 23 | | (ln 25 change 
== | %& 28 ag 26 
aa mes ion We. paw eis 6 Nee die eles 
; - 36 35 spene Sok Lane change 
; > | 37 ae | Paiee e 40 —— change 
=|) ul 43 42 : ria) ome ea 
> | 46 47 
| 2) || S55 eo: a a 49 ood wer change 
| a 52 53 54 55 change 
| < 58 51 56 
Tt | peal 60 61 62 
Sas i66 65 64 63 change 
: is 67 68 69 : noe change 
c= || 7 73 72 n | 
&e &c. &e rm 
Total + . rats 
Total — . 5 
Total. . 
Multiply .|x10| x°9 | x°8 | x°7 | x6 | x5) x4) x3 | x2] x1 | x0 
Results 
5 4 
Sum laterally . : oe OUI Of - =, SUM Of — ==. 


Xoh cos2(o—n)t= . ; 


68 AUXILIARY TABLES. [1 


§ 12. AUXILIARY TABLES DRAWN UP UNDER THE SUPERINTENDENCE OF 
Mason Barren, R.E. 
{Largely abridged.] 


Values of N (Long. Moon’s Ascending Node) for 0° Jan. 1, G.AM.T. 


Value at 0 GMT. Jan. 1, 1880=285°'956863 
Motion per Julian year im 1880=19°'34146248 
Motion for 365 days=19°'32822387, and for 1 day=0°:052954 


Year | N Year N 

1900 259°1276 1910 65°7395 
1 239°7994 1 46°4112 
2 220°4712 2 27:0830 
3 20171429 | 3 77018 
4 181°8147 4 348'3736 

1905 162°4335 1915 329°0454 
6 143°1053 6 309°7172 
7 IPS 7e7All 7 290°3360 
8 104°4489 8 271:0078 
9 85:0677 9 251°6795 


Decrement of N since 0" Jan. 1 up to midnight of certain days of the year. 
[Omitted.] 


Values of p, (Mean Long. of Solar Perigee) for 0° Jan. 1. 
[ Abridged. ] 


Value at 0” Jan. 1, 1880 =280°:874802 
Motion per Julian year =0°:01710693 


Motion for 365 days =0°:01709295 
Motion for \ day =0°:00004683 
Year Py Year Pi 
1900 281°2169 1910 281°3879 
1 2340 il "4050 
2 Boll 2 "4221 
3 2682 3 4393 
4 2853 4 ‘4564 
1905 3024 5 “4735 
6 *B195 6 “4906 
7 3366 a ‘5078 
8 3587 8 “5249 
9 3708 9 5420 
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[Tables, computed by Colonel Baird, for J, v, € and the factors f in terms 
of NV the longitude of the node are here replaced by algebraic formule, which 
are sufficiently accurate for all practical purposes. The formule are derived 
from the tables in Baird’s Manual by the method of special values. 


The angles », &, v’, 2v” are expressible in the form 
A, sin V + A, sin 2N + A, sin 3V 


The values of the A’s for the several angles are given in the following 
schedule :-— 


The angle Ay Ay As 
vy 12°-94 — 1°34 +0°:19 
é TE ei7h — 1°34 +0°°19 
: 8°86 — 0°68 +0°:07 
Qv" 17°74 — 0°68 +0°:04 


The factors f are expressible in the form 


f= B, + B, cos V + B, cos 2N + B, cos 3N 


) 
op ea eae aia: b P 
re | 
Me eon Me 1700085 ~-03733 +:00017 +-00001 
K; | 10241 + +2863 +0083 —-0015 
K, | 1-0060 +1150 ~-0088 +0006 
0, Q 1-089 +1871 —-0147 +0014 
00 | 11097 +6504 +0317 —-0014 
a | 10129 +1676 —-0170 +0016 
Mf | 10429 | 44135 ~-0040 0000 
Mm | 10000 — +1300 +0013 0000 
| | 


May 1906. ] 


2. 


ON THE PERIODS CHOSEN FOR HARMONIC ANALYSIS, AND 
A COMPARISON WITH THE OLDER METHODS BY MEANS 
OF HOUR-ANGLES AND DECLINATIONS. 


[Third Report of the Committee, consisting of Professors 
G. H. Darwin and J. C. ApaAms, for the Harmonic Analysis 
of Tidal Observations. Drawn up by Professor G. H. DaRwIN. 
British Association Report for 1885, pp. 85—60.] 


I. REcoRD OF WORK DURING THE PAST YEAR. 


A LARGE number of tidal results have been obtained by the United States 
Coast Survey, and reduced under the superintendence of Professor Ferrel. 
Although the method pursued by him has been slightly different from that 
of the British Association, it appears that the American results should be 
comparable with those at the Indian and European ports. Professor Ferrel 
has given an assurance that this is the case; nevertheless, there appears to 
be strong internal evidence that, at some of the ports, some of the phases 
should be altered by 180°. 


II. Crrrain Factors AND ANGLES USED IN THE REDUCTION OF 
TIDAL OBSERVATIONS. 


[These are given at the end of the last Paper.] 
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III. ON THE PERIODS CHOSEN FOR HARMONIC ANALYSIS IN THE 
COMPUTATION FORMS. 


Before proceeding to the subject of this section, it may be remarked that 
it is unfortunate that the days of the year in the computation forms should 
have béen numbered from unity upwards, instead of from zero, as in the case 
of the hours. It would have been preferable that the first entry should have 
been numbered Day 0, Hour 0, instead of Day 1, Hour 0. This may be 
rectified with advantage if ever a new issue of the forms is required, but the 
existing notation is adhered to in this section. 

The computation form for each tide consists of pages for entry of the 
hourly tide-heights, in which the entries are grouped according to rules 
appropriate to that tide. The forms terminate with a broken number of 
hours. This, as we shall now show, is erroneous, although this error may not 
be of much practical importance. 

In § 9 of the Report for 1883 the following passage [omitted in the pre- 
ceding paper] occurs :— 

‘The elimination of the effects of the other tides may be improved by 
choosing the period for analysis not exactly equal to one year. For suppose 
that the expression for the height of water is 2 

A, cos n,t + B, sin nyt + A, cos not + By sin Not ........000. (61) 
‘where n, 1s nearly equal to n,, and that we wish to eliminate the n,-tide, so 
as to be left only with the n,-tide. 

‘Now, this expression is equal to 

{A, + A, cos (m — m%) t — B, sin (n, — nq) t} cos mt 
+ {B, + A, sin (nm, — m2) t + B, cos (n, — ng) t} sin mt 

‘That is to say, we may regard the tide as oscillating with a speed 1, 
but with slowly varying range.’ 

Although this is thus far correct, yet the subsequent justification of the 
plan according to which the computation forms have been compiled is wrong. 

In the column appertaining to any hour in the form we have ma multiple 
of 15°, if n, be a diurnal, and of 30°, if n, be a semidiurnal tide. 

Consider the column headed ‘p-hours’; then nt = 15° p for diurnals, and 
30° p for semidiurnals. 

Hence (62), quoted above, shows us that, for diurnal tides, the sum of 
all the entries (of which suppose there are q) in the column numbered 
p-hours, is 


15 2 15 
cos 15° p {4 + A, cos (1, — Np) —P + Cos ( — Ny) (= ai a] 


Ny ny 


2a  15p 


+ cos tn — Ny) (2 ila ~2)| +... | + B, [we } + sin 15° p {&e.} ...(a) 
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And for semidiurnal tides the arguments of all the circular functions in (@) 
are to be doubled. 


Now, we want to choose such a number of terms that the series by which 
A, and B, are multiplied may vanish. This is the case if the series is exactly 
re-entrant, and is nearly the case if nearly re-entrant. 


The condition is exactly satisfied for diurnal tides, if 


2a 
(m — N.) gq —=2rr 
Ny 
where 7 is either a positive or negative integer. And for semidiurmal tides, if 
4ar 
(m, — %) ¢ — = 2rr 
nm 


That is to say, (nm, — 2) g =r, for diurnal tides 
or (7m — 22) ¢ = 4n.”, for semidiurnal tides 

t is not worth while attempting to eliminate the effect of the semi- 
diurnal tides on the diurnal tides, and vice versd, because we cannot be more 


than a fraction of a day out, and on account of the incommensurability of the 
speeds we cannot help being wrong to that amount. 


S Serves. 
Now suppose we are analysing for the S, tide, and wish to minimise the 
effect of the M, tide. 


Then nm =2(y — 7) =2 x 15° per hour 
Ny = 2(y — oc) 
Ny — Ny = 2 (eo —) =1°0158958 per hour 
The equation is 1:0158958q = 15r 


If r= 25, g = 369°13 
Thus 25 periods of 2(o¢— 7) 1s 369°13 mean solar days. It follows, there- 


fore, that we must sum the series over 369 days in order to be as near right 
as possible. 


Now this is equally true of all the columns, and each should have 369 
entries. 


Hence, in order to have 369 entries in each column, the S, computation 
form (as used in India) should be corrected accordingly. 


M Series. 


Now consider that we are analysing for M,, and wish to minimise the 
effect of the S, tide. Hence 


my = 2(y—o)=2 x 14°-4920521 per hour 
my = 2 (y— 1) 
Mm, — N, = — 1°'0158958 per hour 
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Hence, taking r negative, the equation is 
1:0158958q = 14°4920521r 
If r= 25, g = 356-63 
Thus 25 periods of 2 (a — 7) is 356°63 of mean lunar time. 
It follows, therefore, that we must have 357 entries in each column, 


The M, computation form in use should be also corrected by adding 
9 entries amongst which there are no ‘changes.’ 


K Series. 
To minimise the effect of M, on K,, we have 
M, = 2y = 2 x 15°:0410686 per hour 
Ny = 2(y¥ — oc) 
Ny, — Ny = 26 = 170980330 per hour 
1:0980830q = 15:0410686r 
ir = 27, = 369°85 
Hence we should complete the row numbered 370; and correct the form 
accordingly. 
To minimise the effect of O on K,, we have 
nm, = y = 15°:0410686 per hour 
Ng = — 20 
1, — Ny = 2a = 1°-0980330 per hour 
1:0980330g = 15:0419686r 


This is the same equation again, and it confirms the conclusion that the 
row numbered 370 should be completed. 


The N Series. 
Here N= 2y— 38a +o =2 x 142198648 per hour 
To minimise the effect of M,, 
Ny = 2y — 20 
Ny, — My = — (a —@) = — 0°'5443747 per hour 
0°5443747¢ = 14:2198648r 
If r=138, ¢ =339°58 


Hence in the computation form we should complete the row numbered 


340. . 


: rd 
There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369° 3" of mean solar time. 
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The L Series. 
Here n= 2y—- ao —w=2 x 14°'7642394 per hour 


To minimise the effect of M,, 
Ny = 2y — 20 
1 — y= o — w =0°'5443747 per hour 
0°5443747q = 14°76423947 
If r= 138, g = 352°58" 
Hence we should complete the row numbered 353. 


There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369° 3” of mean solar time. 


The v Series. 
Here NM, = 2y — 86 — w+ 2n =2 x 14°2562915 per hour 


To minimise the effect of M,, 
Ny = Zy — 20 
N — N= — a —@ + 2n = —0°4715211 per hour 
0°-4715211g = 14°2562915r 
If r=T1, g =332°6 
Hence we should complete the row numbered 333. 


There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 869° 3" of mean solar time. 


The X Serves. 
Here N, = 2y— a + @ —2n =2 x 14°7278127 per hour 


To minimise the effect of M,, 
Ny = 2y — 2c 
Ny — Ny = o + w — 2n = 0°4715211 per hour 
0°-4715211g = 1472781277 
If r= 11, ¢ = 343'58 
Hence we should complete the row numbered 344, 


There is no justification for the alternative offered in the computation 
forms of continuing the entries up to 369° 3” of mean solar time. 


The 2N Series. 
Here N, = 2y — 40 + 2o = 2 x 13°'9476774 per hour 


1885] CHOICE OF PERIODS FOR ANALYSIS, 75 


To minimise the effect of M,, 
N= 2ry — 2c 
NM — Ny = — 2 (o — w) = 1°'0887494 per hour 
1:08874949 = 1394767747 
If r = 26, g = 333:08 


Hence we must in the computation form complete the row numbered 833. 


The T Series. 
Here Mm = 2ry —3n =2 x 14°'9794657 per hour 
To minimise the effect of M,, 
Ny = Zy — 2a 
N — Ny = 20 — 38y = 0°'9748272 per hour 
0°97482729 = 14:9794657r 
If r = 24, g= 36879 


Hence we must in the form complete the row numbered 369. 


The R Series. 
Here nN, = 2y — n =2 x 15°'0205343 per hour 
To minimise the effect of M., 
Ny = 2y — 20 
Ny — N, = 26 — n = 1°:0569644 per hour 
1:0569644g = 15:0205343r 
If r = 25, g = 355°28, and r= 26, g = 369-49 


Hence we should either complete the row numbered 355 or that numbered 


369. 


The 2MS Serves. 
Here Ny, = 2y — 40 + 2n = 2 x 13°°9841042 per hour 
To minimise the effect of M,, 
Ny = Wy — 2o 
Ny, — N= — 2(o — n) = —1°'0158958 per hour 
1:0158958q = 13'9841042r 
Ifr=24,¢= 330°37, and r= 25, ¢ = 84413 


Hence we should either complete the row numbered 330 or that numbered 
344, 
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The 28M Serves. 
Here Mm, = 2y + 2a — 4n =2 x 15°5079479 per hour 
To minimise the effect of M,, 
Ny = Ay — 20 
Ny — Ny, = 4(o — yn) = 2°°0317916 per hour 
2:0317916q = 15°5079479r 
If r = 48, ¢ =366'37 


Hence we should complete the row numbered 366. 


The O Series. 


Here m = y — 26 =18°'9430356 per hour 
To minimise the effect of K,, 
Ne = 


Ny — Ny = — 20 = — 1°:0980330 per hour 
1:09808380q = 13:9430356r 
If r = 27, g = 342°85 


Hence we should complete the row numbered 3438, cutting off the last 
three entries in the forms as in use. 


The P Series. 
Here Mm = y¥ — 2n = 14°°9589314 per hour 
It is open to question whether it is best to minimise the effect of K, or 
of O. 
For K, take Ne = 
N, — Ny, = — 2n = — 0°'0821372 per hour 
0:0821872¢ = 14-9589314r 
If r= 2, ¢ =36424 
Hence we should complete the row numbered 364. 
For O, take Ny = y — 20 
Ny — Ny = 2 (co — yn) = 1°'0158958 per hour 
1:0158958q = 1495893147 
lfir=25, 9 =368:12 
Hence we should complete the row numbered 368. 


It is better to abide by this, for in the former case n,— ‘7, varies very 
slowly ; and we may be satisfied that on stopping with row 368 the effects 
of O and K, will both be adequately eliminated. 
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The J Series. 
Here m= yy to —@ =15°5854433 per hour 
To minimise the effect of K,, 
Ny = 
Ny — N= 6 — @ = 0"'5443747 per hour 
0°54437479 = 15°58544339 
If r = 12, ¢ =343°56, and r= 18, g = 87219 
To minimise the effect of O, 
Ng = y — 20 
Mm — N = 30 — w = 1°'6424077 per hour 
1°6424077q = 15°5854433r 
If r= 36, ¢g = 3416, and r =39, g = 37009 


Since in the latter case n, — ”, varies three times as fast as in the former, 
it will be better to abide by this, and stop either with the row numbered 
342 or that numbered 370. 


The Q Series. 
Here nm = —- 80 + w = 13°'3986609 per hour 
To minimise the effect of K,, 
Ny = 
Ny — Ny, = — (80 — w) = — 1°'6424077 per hour 
1:6424077y = 13°3986609r 
If + = 38, ¢ = 310-00 
To minimise the effect of O, 
N, =y — 20 
Ny — Ny =—(o — w) = — 0°'5443747 per hour 
0:5443747q = 13°3986609r 

If r= 12, ¢=307'36 
Since in the former case n,— 7, varies about three times as fast as in 


the latter, it will be better to abide by the former, and stop with the row 
numbered 310. 


With regard to the quaterdiurnal and terdiurnal tides, it does not 
signify where we stop; but it seems more reasonable, to stop with the exact 
year of 365 mean solar days. These tides are called MS, MN, MK, 2MK. 
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CHOICE OF PERIODS FOR ANALYSIS. 


Schedule Il. 


Periods over which the Harmonic Analysis should eatend. 


| Initial of series 


Number of day and hour of 
last entry in special time 


Period e]@psing from 0» of spe- 
to 23" of last special 


cial day |1 


day {2 mean solar hours 


iz 
J 
Q 


3694 23h 
357 23 
370 28 
340 23 
353 23 
333 23 
344 23 
333 23 
369 23 


355) 2s 
OLS 10) 423 


330 23 
or 344 23 


366 23 
343 23 
368 23 
342 23 
or 370 23 
310 23 


or 


or 


or 


3680" 
369 
368 
358 
358 
350 
350 
358 
369 
354 
369 
353 
368 
368 
368 
329 
356 
347 


g3h 
in 
23 
15 
14 


[2 


In the second column the numbers are given to the nearest mean solar 


hour. 


IV. A Comparison oF THE HarmONIC TREATMENT OF TIDAL 
OBSERVATIONS WITH THE OLDER METHODs. 


§ Le On the Method of (lomputing Tide-tables. 


There is nothing in the harmonic reduction of tidal observations which 
necessitates recourse to mechanical prediction of the tides. It may happen 
that it is desirable to produce a tide-tabe by arithmetical processes, and that 
the computers prefer to use the older methods of corrections, or it may be 
desired to obtain the tidal constants #2 the harmonic notation from older 
observations. For either of these pur'Poses 1t 1s necessary to show how the 
harmonically expressed results may be converted into the older form, so that 
the constants for the fortnightly injquality in time and height, and the 
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corrections for parallax and declination may be obtained from those of the 
harmonic analysis, and conversely. 


In the following sections I propose, therefore, first to reduce the harmonic 
presentment of the resultant tide imto the synthetic form, where we have 
a single harmonic term depending on the local mean solar time of moon’s 
transit, and on corrections depending on the R.A., declination, and parallax 
of the perturbing bodies. Subsequently it will be shown how a synthesis 
may be carried out more simply by retaining the mean longitudes and 
elements of the orbits. 


§ 2. Notation for Mean Heights and Retardations derived from the 
Harmonic Method. 


The notation of the Report of 1883 [Paper 1] is adopted; and I shall 
carry the approximation to about the same degree as has been adopted by 
the older writers. Closer approximation may, of course, be easily obtained. 


In the Report of 1883 the mean height* of a tide is denoted by H, and 
the retardation or lag by x. In the present note it will be necessary to refer 
to several of the H’s and x«’s at the same time, and therefore it is expedient 
to introduce the following notation :— 


Schedule ILL. 


T 

Initial of Mean height | Retardation || Initial of | Mean height | Retardation 

tide (H) (x) | tide (H) (k) 
i. | = 

M, M 2p L L 2r 
Sy S 2¢ A fh 2C 
Lunar K, He | 2k R R 2¢ 
| Solar Ky KG 2k O M' pe 
Hee Ub oe On Be P 8’ ¢ 
| N N 2Qv | K, kK, Ky 


In this schedule we assume T and R (of speeds 2y —3n and 2y— 7) to 
have the same lag as S,; and we use v in a new sense, the old v, the R.A. of 
the intersection of the equator with the lunar orbit, being denoted by 1. 
The initials of each tide are used to denote its height at any time. 


* T use height to denote semi-range. All references to this Report will simply be by the 
date 1883. 
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§ 3. Introduction of Hour-angles, Declinations, and Parallaxes. 


We must now get rid of the elements of the orbit and of the mean 
longitudes, and introduce hour-angles, declinations, and parallaxes. 


At the time ¢ let a, 8, W be )’s R.A., and declination, and hour-angle, 
anda, 6, W,, ©’s R.A., and declination, and hour-angle. 


Let / be )’s longitude in her orbit measured from ‘the intersection, and 
a—v,(v, being the v of 1883) be )’s R.A. measured from the intersection. 


The annexed figure exhibits the relation of the several angles to one 
another. 


The spherical triangle affords the relations 
tan (a —y,) =cos J tam, sin.d = sini sin.) aca. ae (1) 
From the first of (1) we have, approximately, 
a= boy, — Gan se sim 2b Go een seemed eaten (2) 


Now, s— & is the moon’s mean longitude measured from J, and s— p is 
the mean anomaly. Hence, approximately, 


l=s—= £4 Jes (s —p) Sean es tre ve ence (3) 
And therefore, approximately, 
a=s+y,—£&+ 2esin (s—p)—tan?dJ sin 2(s— &) ......... (4) 
Now, t+ A being the sidereal hour-angle, 
ay eb di =O eo vcaee ea eae eee eens (5) 


Therefore, from (4) and (5), 
t+h—s—(y— &)=wW+ 2e sin (s — p) — tan? 4/7 sin 2(s—&) ...(6) 
By the second of (1) we have, approximately, 
cos? 6 = 1 —f sin? J + 4s? / cos 2'(s—&) 2. 0..c1.s- sens. (7) 
Hence, if A be such a declination that cos? A is the mean value of cos? 6, we 
have 
cos’? A = 1 — $sin? J) 
and cos? A, = 1 —4sin? wo) 
From this we have (neglecting terms in sin‘ A) the following relations :— 
cost42=cos*A, sini cos*4f=/72smAcosA, sin? l =2sin?A 


costtw=cos?A, sinwcos*to=V/2sinwcose, sin?o=2sin?A, 
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Thus we may put 


cost4l cost A sin J cos? 47 sin 2A 
cos‘4@cost42 cos? A,’ sin @ cos’? 4 cos'47 sin 2A, f 
sin? [ sin? A a 
SDSL Gee ee tan? 41 = $ tan? A | 
sin’ w(1—3sin?7) sin? A, 


An approximate formula for A and the value of A, are 
A = 1651 + 3°-44cos N—0°19 cos 2N, A, =16°36 ...... (10) 
The introduction of A and A, in place of J and entails a loss of 


accuracy, and it is only here made because former writers have followed that 
plan. It may easily be dispensed with. 


Now let us write 


D = cos 2(s—&), aera (11) 
eee, Tee ee 
From (7) and (8), 
cos? 6 — cos? A , sin § cos 6 dé 
D — ony, ne > D — oesinz?A — dt wee ewww eens (12) 


Then, if we write for the ratio of the moon’s parallax to her mean parallax P, 
we have 
P —1=e0cos(s —p) 
Leeds 


1 Pee par te ; 
and W=5(P-)), Wa a ce (13) 


Hence D, D’, Ul, I’ are functions of declinations and parallaxes. The 
similar symbols with subscript accents are to apply to the sun. 


Now (6) may be written by aid of (9) and (11), 
2[(t+h—s—(w— &))=2p+4ell’—D' tan? A ......... (14) 


The left-hand side of (14) is the argument of M, (see Sched. B. 1. 1888), 
and from (9) the factor of M, is cos*A/cos?A,, Hence, subtracting the 
retardation 2u from (14) we have 


cos* A : ; a, 
(M,) = GIN M cos [(2 + 4ell’ — D’ tan? A) — 2p] 
expanding approximately, 
; ann 
(M,) = “== M cos 2 (— 1) 


COS ee, ; 
nN Il’ 4.Me sin 2 ( — p) 


BeTiN eee oot, x 
se cos? A, D Msin 2 (a aa 1) BRIE ON SROOn CE CnorE tae (15) 
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We shall see later that the two latter terms of (15) are nearly annulled 
by terms arising from other tides, and as in the case of the sun the rates of 
change of parallax and declination are small, we may write by symmetry, 


(S,) = 8 00s 2 (Wr iC ye cee eeere ce. een (16) 
In all the smaller tides we may write 
t+h—s—(y-&)=y 
A general formula of transformation will be required below. Ths 0h 
COs 28—= X15 2a XK 


cos 2 (sr Fw —a) = {X F tan2(a—p) X’} cos 2(p —a) 
= ae PM erase (17) 


t cos 2 (a — 


The lunar K, tide. 
From Sched. B. i., 1883, we have 


sin? I . : : 
Lunar K,= Ere 7 an ‘ K”’ cos 2[t+h—v —«] 
sin? 
She ee y 2 a = 
= aA K"” cos 2 [Ww +(s — &)— x] 


Applying (17) with X = D, X’ =D’, a=x, and taking the lower sign, 
sin? A 
sin? A 


‘ 


Lunar K, = Ke | {D+ tan 2 (« — w) D’} cos 2 (ar — «) 


Ses or »)| nae hss) 
In the case of the sun we neglect the terms in D’, for the same reasons 
as were assigned for the similar neglect in (16), and have 


Solar Ka AyD) cos: 2/(s) 1c) ge eeees eae eee (19) 


The tide N. 
From Schedule b. 1, Report 1883, 


cost $I 


CN Roe pa tosels N cos [2(¢+h—s —w%+ zy —(s—p)— 2p] 
; A 
Then (N)= nee N cos 2[y—v—4$(s-—p)] 


Then applying (17) with X=IJ, X’=TII',a=», and taking the upper 
sign, but writing ~ — v instead of vy —, because this tide being slower than 
M, suffers less retardation, 

cos? , 
Na Son 4 | (01 + tan 2 (a=) TT) eos 2 ( - v) 


, 


) sin 2 (yp — | --(20) 


"Gog Gay 
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The tide L. 


We shall here omit the small tide of speed 2y—o+ a, by which the 
true elliptic tide is perturbed.- Thus the R in the column of arguments in 
Sched. B. i., 1883 is neglected, and we have 
gecos aL 
cos! $a cos $ 


(L) =—- 2 00s [2 (f+ h —s—y + &) + (8 —p) — 2a] 


cos? A 
conn 
Applying (17) with “=TI, X’=II’, a=, and taking the lower sign, 


and changing the sign of the whole, because of the initial negative sign, 


(L) 


Loos2[w-rA+43(s—p)] 


cos? A oe = 
= So E | [1 tan 2p) 1} 008 2 r) 


1’ iy 
ie ee H)| Az) 


The sum of N and L. 


In order to fuse these terms an approximation will be adopted. The L 
tide is just as much faster than M, as N is slower, but the N tide should be 
nearly 7 times as great as the L tide; hence the tan 2(X%—) in (21) will be 
put equal to tan2(u~—v). We then have 


cos? A 
cos? A, 


(N) + (L) = 


[{I + tan 2 (wu —v) IT’} {N cos 2 Wh —v)— Lcos 2 ( — A)} 
+ II’ {N sec 2 (w —v)+ Lsec2(A— p)} sin 2 (Wr — p)] 
But 
N cos 2 (fv — v) — L cos 2 (ay — 2) =cos 2 (N cos 2v — L cos 20) 
+ sin 2 (WV sin 2v — L sin 2)) 


: N sin 2v — L sin 2X 
= ‘ = 2 
Then writing tan 2e WeosQva osu (22) 


so that ¢ is nearly equal to v, we have 


cos? A N cos 2v — [cos 2X ‘ F ; 
(N) + (L) = OS A008 A OOS NTT + tan 2 (uv) HT} cos 2p — @)] 


cos? A ? len 9 ‘ 
een [{NV sec 2(u—v)+ Lsec2(r—p)}sin2p~—p)] ...(23) 


In the symmetrical term for the sun, with approximation as in (16), we 
get 
(T)+ (RB) = (7 — RB) I ,cos:2 Qh — 0) ae... fc sete: (24) 


This terminates the semidiurnal tides which we are considering; but before 
: * 4 > . 

proceeding to collect the results some further transformations must be 

exhibited. 
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Let us consider the function D +a)’, where « is small. From (12) we 
see that 
cos*d—cos?A |, 2sindcosd dé 

sin? A asin? A dt 
Hence, if 8’ be the moon’s declination at a time earlier than the time of 
observation by a/20, then 


D+eaD = 


D+aD' = 


cos? &’ — cos? A 

Hence, in (17), 

cos? 6’ — cos? A 
sin? A 

when 6’ is the moon’s declination at time ;5¢—57°3 tan 2(«—)/2c0. The 

period 57°3 tan2(«—)/20 may be called ‘the age of the declinational 

inequality.’ 


Again, +e’ =P =1 = 


D + tan 2(«— p) D'= 


rat Ns 
o-@ Tt 

Hence, if (P’—1)/e denotes the value of (P —1)/e at a time a/(¢ — a) earlier 
than that of observation, then 


Ml +all’ == (P’—1) 
Hence, in (23), II + tan 2(u—v) I= =e EL Ye ee tn orc ae cue aers (26) 


where P’ is the ratio of the moon’s parallax to her mean parallax at a time 
jst -— 57° 3 tan2(u—v)/(o—a@). The period 57°3tan2(u¢—v)/(o—@) may 
be called ‘the age of the parallactic inequality.’ 
In collecting results we shall write the sum 
M.+8S,+K,+N+L4+R+T=A, 


For reasons explained below we omit terms depending on the rate of 
change of solar parallax and declination. 


Then, Eee (15), (16), (18), (19), (23), (24), (25), (26), we have 
cos? 


h,= 4 Meos2 (y - 4) + S cos 2 (av, — &) 


cos? A 


cos? 5. — cos? cos? §, — cos? A 


A 
K" cos (p ~ ) + 1K, 0082 (p,—#) 


sin? A, sin? A, 
sin 6 cos 6 dé We: ; 
Bie am A, dt ( en) © cess 4) PLL Vian) 
cos? N cos 2v — L cos 2X 
cos? A, es eit) é cos Ze gee Ges 
a peiie ees eo ee f) 
cor A 1 Oe N sec 2(u—v)+ LD sec 2 (r— p) 


(4a : ) sin 2(¢—p) 


cov? A ao—a@ dt 
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It may easily be shown, from Schedule B. i., 1883, that in the equilibrium 
theory K”—Mtan?A,=0, and 4M—(N+L)/e=0; hence the terms de- 
pending on rates of change of declination and parallax are small. This 
also shows that we were justified in neglecting the corresponding terms in 
the case of the sun. Also, since the faster tides are more augmented by 
kinetic action that the slow ones, the two functions, written above, which 
vanish in the equilibrium theory are normally actually positive. The formula 
(27) gives the complete expression for the semidiurnal tide in terms of hour- 
angles, declinations, and parallaxes, with the constants of the harmonic 
analysis. 


We shall now show that with rougher approximation (27) is reducible to 
a much simpler form. 


The retardation of each tide should be approximately a constant, plus a 
term varying with the speed. Hence all the retardations may be expressed 
in terms of € and pw, and 


capt inte 
oH 
y=p— 2" 4d (oa) 


=pt2-"i(c-o 
patience rae Ss ) 


a o-@ o—-% 

The time (£— )/(o¢ — 7) is called ‘the age of the tide, for reasons explained 
below, and « —, w—v, not being large angles, do not differ much from their 
tangents. Hence the ages of the declinational and parallactic inequalities 
are both approximately equal to the age of the tide. 

Let w, then, denote (€—)/(o — 7), the age of the tide. 

Now, as an approximation, we may suppose that heights of the lunar 
K, tide, the N and L tides bear the same ratio to the M, tide as in the 
equilibrium theory; and that the solar K,, the T and R tides bear the same 
ratio to the S, tide as in that theory. Then reverting to the notation with 
T, w, 7 in place of A, A,, and writing 


4 
' »s da » cos 41 ) = : 
cos $m cos $4 
we have 


in2 1 ain? 2 12 
sin A » __ 9 8in ie cos? A N =4efM, cose’ 7 = hefM 
sin? A, cos‘ 4J cos? A, cos? A, 
: ° 4 

a 481m? w 


=p, 2=tes, h=te8 


‘ ~~ cost da 
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Also, since (22) may be written 


N sin 2(u—v)+L sin 2(A—p) 
N cos 2(w—v) — Lcos 2 (A= p) 


tan (24 — 2e) = 


we have, treating w—v, %\— yw, w—e as small, approximately, 
=p 4e(o—a)=p-F(-») 


cos? A WV cos 2v — L cos 2X 


Also — 
cos? A, cos 2e 


= 3efM 


Then reverting to mean longitudes, and substituting the age of tide 
where required, we find, on neglecting the difference between « and 6, 


For the lunar declinational term, 
2 tan? 47 £M cos 2[s — wa — €] cos 2 (W — €) 
For the solar declinational term, 
2 tan? 4a S cos 2h cos 2 (W, — €) 
For the lunar parallactic term, 
3efM cos[s —p —@(o — @)| cos 2[w- w+ 2e(co—@)| 
For the solar parallactic term, 


3e,S cos (h — p,) cos 2 [4r, — €] 


Then omitting the terms depending on changes of declination and 
parailax, we have as an approximation, 


h, =fM {cos 2 (xp — pw) + 2 tan? $/ cos 2 [s — wa — E) cos 2 (W — £) 
+ 8e cos [s —p—w(e—@)] cos 2[— w+ 2e(c—@)]} 
+ S[1 +2 tan? $@ cos 2h + 8e, cos (h — p,)] cos 2 (Wr — €) 


In the equilibrium theory we have the lunar semidiurnal tide depending 
on r*cos?§ cos 2. Now it is obvious that cos?é introduces a_ factor 
1+ 2 tan’ $/ cos 2(s— &), and r* a factor 1+38ecos(s—p). Thus, if we could 
have foreseen the exact disturbance introduced by friction and other causes 
in the various angles, the formula (28) might have been established at once ; 
but it seems to have been necessary to have recourse to the complete 
development in order to find how the age of the tide will enter. 
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§ 4. Reference to Time of Moon’s Transit. 


It has been usual to refer the tide to the time of moon’s transit, and we 
shall now proceed to the transformations necessary to do so. 


cos? A/cos?A, goes through its oscillation about the value unity in 
19 years; it is therefore convenient to write for, say, a whole year, 


and similarly, eee ai Vee hart oe eoeaimaawiese cores 
era 


We also observe that A” and K,”, being the lunar and solar parts of the 
mean K, tide, and their ratio being -464 (Report, 1883), 


de == GOSUa gy teh ol OO Marine nates ate t (30) 


It will also be seen that in all the terms arising from the sun, excepting that 
in i’, the argument of the cosine is 2(4,—¢). It will be convenient, and 
sufficiently accurate for all practical purposes, to, replace « by ¢ in this solar 
declinational term 17”. 

We shall now proceed to refer the tide to the moon’s transit at the place 
of observation. 

Let %, h, be )’s R.A. and ©’s mean longitude at )’s transit—say upper 
transit, for distinctness. Then the local time of transit is given by the 
vanishing of w, and since ~=t+h—a, it follows that the time-angle of )’s 
transit (at 15° to the hour) is a — hy. 

Now let 7 (mean solar hours) be the interval after transit to which the 


time-angle ¢ refers; then, since 


a=, aot(G-o), y—-n=15°, y-o=14°49 
w=tt+h—a 


= [(y — 9) T+ % — hy] + [Ao + 7] — [wtor+ (G2) 7] 


d 
v= (y-0)t- (2-2) T 
For the sake of brevity, put 
T=(y—oa)T 


so that T is t converted to angle at the rate of 14°49 per hour. ‘Then we have 


4 


ya=t-(G-o)s et Ce (31) 
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Similarly putting @, for ©’s R.A. at )’s transit, we have 


vy =tt+h—a, 
da, 
=[(y—7) T+ % —ho] + [eo + nT] — E ap emp = («-%) | 
da, 
so that Waly a) 7 +a —4,+(0 =F) 2 
Then let ASO as a eras ee eres (32)* 


So that A is the apparent time of )’s transit, reduced to angle at 15° 
per hour, and we have 


waT+A+(o—-F)s Rrra Wee ete Emm (33) 


It is only in the two principal tides that we need regard the changes of 
R.A. since )’s transit, and in all the smaller terms we may simply put 


yp=T, =T+A 


The first pair of terms of (27) now become 


M, cos 2 t-(G-)r-# + Scos 2 T+A4(o-F\r- ‘6 
dt dt 
and these are equal to 
M, cos 2(T — np) + Scos2(T +A —£) 


2Qer (da da, . 
+ia0 (Ga o) eM, sin 2(T pb) — = (¢- oy) tS sin (T+ A ~£] 


We may now collect together all the results, and write them in the form 
of a schedule [Schedule IV.]. 


Definition of symbols :— 


a, 5, a, 6,)’s and ©’s R.A. and declination at moon’s transit; A =a—a,, 
apparent time of )’s transit at the port. 


8’ )’s decl. at the time (generally earlier than transit) + — = tan 2 (« — p). 


P, P, the ratio of )’s and ©’s parallax to mean parallaxes. 
P' the ratio for ) at the time (generally earlier than transit) 
57” 3 
Cl 


Pre 


7 ban 2(w—v) 


* Tt would be better to put 
A=a)-4a,+ a Pls 
Die 


If this be used the correction (40) for ©’s change of R.A. becomes small. 
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7 the time elapsed since )’s transit in m. s. hours; T the same time 
reduced to angle at 14°49 per hour. 

A such a declination that cos?A is the mean value of cos?8; A has a 
19-yearly period. 

A, such a declination that cos? A, is the mean value of cos? 6. 

e, e, eccentricities of lunar and solar orbits; o the )’s mean motion ; 
a the mean motion of the )’s perigee. 

M, NL, _ cos? A 

M&ON wl cos? A; 

M, S, k,, N, L, T, R the mean semi-ranges H of the tides of those 
denominations in the harmonic method. The retardations found by harmonic 
analysis are 2u fot M,, 2¢ for S,, 2« for K,, 2v for N, 2X for L, and 2¢ for T 
and R. 


N sin 2p — L sin 2X 
N cos 2v — L cos 2n’ 


Lastly tan 2e = 2e to be taken in the same quadrant 


as Qv. | 
§ 5. Synthesis of the Several Terms. 
Consider the two principal terms in Schedule IV., 
M, cos 2 (T — p») + S'cos 2°(T + A — €) 
They may: be written in the form 
| H cos 2(T - ¢) 
where H cos 2(w— ¢) = M, +S cos 2 (A — 6+ p) 
H sin 2(w— $) =S sin 2(A —€4+ p) 
If we compute ¢ corresponding to the time of moon’s transit from the 
formula 
eu CTS 3 ee 9d ae 1) 
_then ¢ reduced to time at the rate of 14°-49 per hour is the interval after 
moon’s transit to high water, to a first approximation. The angle ¢ + 90°, 
similarly reduced, gives the low waters ‘before and after the high water, and 


¢@ + 180° gives another high water. The high waters and low waters are to 
be referred to the nearest transit of the moon. 


The height or depression is given to a first approximation by 

| H = {M2 + S? + 2M,S cos 2 (u — $)} 

This variability in the time and height of high water, due to variability 
of ¢, is called the fortnightly or semi-menstrual inequality in the height and 
interval. The period (€—)/(o—7) is called ‘the age of the tide, because 
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this is the mean period after new and full moon before the occurrence of 


spring tide. 


§ 6. Corrections. 
The smaller terms in Schedule IV. may be regarded as inequalities in the 
principal terms. They are of several types. Consider a term B cos 2 (T — 8). 
Then 
B cos 2(T — 8) = B cos 2 (8 — $) cos 2(T — 6) + Bsin 2(B — $) sin 2(T— $) 
Hence the addition of such a term to H cos 2 (T — ¢) gives us 


(H + 6H) cos 2(T — d — 8¢) 


where 6H = Beos2(8—¢), 2Hihb=Bsin2(8— 9) ......... (35) 
Next consider a term Csin2(T— ,). Putting 8 =4+ 47, we have 
6H =—Csin2(u—¢), 2Hdp=C cos 2(w— op) «0... (36) 


Next consider a term Hceos2(T+ A—£). Putting 6 = ¢—A, we have 
6H = Ecos2(A—£+¢), 2Hdhb=—Hsin2(A —6+¢) ...(87) 
Lastly, consider a term F'sin2(T+A-€). Putting B=€-—A+ 47, we 
have 


SH = Fsin2(A—€4+¢), 2H8b = Foos2 (A =€4+$) .101.(38) 

In writing down the corrections we substitute 14496¢ for df, and 
introduce a factor so that the times may be ‘given in mean solar hours and 
the angular velocities in degrees per hour. 

Change of Moon’s R.A., Sched. IV. 

This is of type (36), and gives 


2a (da ae 
8H = - ie Z c) 7M, sin 2 (u — 4) ios 
2a /da M. . 
= FIle pei dso (Maa os Se = 
OF LOTT 130 @ o) 7 77 08 2 ( ) 
This correction to the height is very small. 
Change of Sun’s R.A., Sched. I[V.*_ 
This is of type (38), and gives 
ye if da 3 
SS — _ Z Ig oD) — 
SH = — 50 (o —*) eS sin 2 (A - £4 9) oe 
2a da\ 8S 
oe oA DeC tae pe dear ae mae 
St= M977 (< Th) Typ cs 2A t+¢) 


With the value of A suggested in footnote to (32) 
(c —da,/dt) r becomes {(¢ — u) o - (pda, /at — wn))]/ (y- 6) 


at high water. This is obviously very small. 


dt 
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Moon's Declination, Sched. IV. 
This is of type (35), and gives 
BH = 22 Os 683 K, 08 2 (« — $)] 
Fy ae ee is in (41) 
any COS Ole COS hue pele a 
Ob == Od ants 683 yn 2(«—}) 
Sun’s Declination, Sched. IV. 
This is of type (37), and gives 
6 = ne ‘317 K, cos 2(A —€4+ $)| 
ie cabana (42) 
8¢—— 1977 COS, = C8 A, 47 Ms in (A —€ 
sin? aN, Hei ( # #)| 
Change of Moon’s Declination, Sched. LV. 
This is of type (36), and gives 
sin 6 cos 6 dé 683K, x : 
ral asin? A, dt (sss ice eS a.) ee (43) 
mae sindcosé dé 683K, aps ) iy 
Se OTe sian di Caen M tan? 4, ) cos 2(u —¢) 
Moon’s Parallax, Sched. IV. 
This is of type (35), and gives 
sH=(P’-1 oe cos 2v — L, cos 2 GE? 
econ fee She tee Fee eee (44) 
N, cos 2v — [, cos 2. 
— ]> Ohes Y . seu ; = 
Ot. = 1077 (Pa 1} Ror sin 2 (e— ¢) 
Sun’s Parallax, Sched. IV. 
This is of type (37), and gives 
Vel x02 Arad —€+$) 
Got g = Mp a eee (45) 


SSS eee a= 


ae eu —€+ 9) 


Change of Moon’s Parallax, Sched. IY. 
This is of type (86), and gives 


tele File N, sec 2(w— v)+ L, sec 2(r’— : 
er (4.1, - (H : ( HY sin 2(u—9)) 
ee Uae N, sec 2 (u —v) +L, sec 2 (A — p) | 
“Gos i a (tM - ) cos 2(u— $) 
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The lunar corrections involving sines are small compared with those 
involving cosines. 


To evaluate these corrections we must compute 7 from ¢ reduced to time 
at 14°49 per hour. 


In the right ascensional terms, da/dt and o are to be expressed in degrees 
per hour. da/dt is the hourly change of )’s R.A. at time of )’s transit, and 
da,/dt is the hourly change of ©’s R.A. at time of )’s transit. 

Similarly, d8/dt is to be expressed in degrees, if o be in degrees. 


&’, P’ can be found for the antecedent moments, 57°3 tan 2(« — p)/2e, 
and 57°3 tan2(u—v)/(o—a), before the time rt. 


§ 7. The Diurnal Tides. 


I shall not consider these tides so completely as the semidiurnai ones, 
although the method indicated would serve for an accurate discussion, if it 
be desired to make one. 


The important diurnal tides are K,, O, P. 
From Schedule B. ii., 1888, we have 
sin I cos? 4I 


sin @ cos? $m cos! $2 


(O)= M' cos [t+h—-—v,—2(s—&)+4r-p'] 


By (9) the coefficient is sin 2A/sin 24,, and we shall put, as in the case of 
the semidiurnal tides, 
an SI Ae 
ar Tey Wa 
Then, since t+h=Ww+a 
(0) = My cos [f+ (a+) - 2 (8-8) + 40-4] 
aeUMBECOS AT IOV ADEC VI Ve cece ursesge rites unasntene sae (47) 
Again, from Schedule C., 1883, 


(P) = 8’ cos [t —h+ 4m —- €'] 


Then let X= 2(s—h)+y—2E-O +p 
and we have (EV aS CCOMEREE ) co ngicny ss kaeiseaaten anaes (48) 
Whence (O) + (P) = [MM + 8’ cos x] cos OQ — S’ sin x sin O 
If we put HH’ cos (w’ — ¢’) = MM + 8’ cos x 
H’ sin (w’ — ¢’) =S' sin xy 
(O) + (P) = H’ cos (0 + pw’ — $') s 


= H’ cos[+(a—»)—2(s—&)+3r—¢] .«.... (49) 


“94. DIURNAL TIDES, [2 


Where H’ = {M2 + 82+ 2M/8’ cosy} 
ee ee (50) 
one tan a meee tae 


The rate of increase of the angle y is twice the difference of the mean 
motions of the moon and sun, but it would be more correct to substitute for 
sand h the true longitudes of the bodies. It follows from (50) that ¢’ has a 
fortnightly inequality like that of ¢. 

yy is very nearly equal to 7, and where the diurnal tide is not very large 
we may with sufficient approximation put 

(@—%)—2 (st) = — (9-2) 
So that with fair approximation 
(O)+(P)=H' cos[T-—(s-—&)+4r—-¢] «ne... eee (51) 

The synthesis of the two parts of the K, tide has been performed in the 
harmonic method (Report, 1883), and we have 

(K,)=£,4, cos (¢ +h — v' —4$7 — k,) 

Then, writing f,K,= K,, we have ; 
(K,) = Ko cos (PB +. —v! —4hm — ky) yc ngsnaberesen deen (52) 
We have next to consider what corrections to the time and height of 


high and low water are necessary on account of these diurnal tides. 


If we have a function 
h=B+ Hcos2(T—¢) + A, cos (nT — 8) 
where n is nearly equal to unity, and H, is small compared with H; its 
maxima and minima are determined by 


sin 2(T — ¢)=—- at sin (nT — P) 


If T=T, be the approximate time of maximum, and T,+6T, the true 
time, then, since the mean lunar day is 24°84 hours, and the quotient when 
this is divided by 877 is 0"-988, we have in mean solar hours, 


dT, = — 0":988 = sin (wT, — B) | 


And the correction to the maximum is aa ae 
5H = H, cos (nT, — B) 
Again if T=T, be the approximate time of minimum, and T, + 6T, the 
true time, then 
Hin 
H 


And the correction to the minimum is | 


5H = H, cos (nT, = £8) 


ST, = 0"-988 = sin (nT, — 8) 
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In the case of the correction due to (O)+(P), n is approximately 


oO a ° . 
1- ee. and for the correction due to K,, n is approximately 1 + ae 
is y—o 


§ 8. Direct Synthesis of the Harmonic Expression for the Tide. 


The scope of the preceding investigation is the establishment of the 
nature of the connection between the older treatment of tidal observation 
and the harmonic method. It appears, however, that if the results of 
harmonic analysis are to be applied to the numerical computation of a tide- 
table, then a direct synthesis of the harmonic form may be preferable to a 
transformation to moon’s transit, declinations, and parallaxes. 


Semidiurnal Tides. 

We shall now suppose that JM) is the height of the M, tide, augmented 
or diminished by the factor for the particular year of observation, according 
to the longitude of the moon’s node, and similarly K, generically for the 
augmented or diminished height of any of the smaller tides. As before, let 
2u, 2¢ be the lags of M,, 8,; and 2x, generically, the lag of the K tide. 

Let O=t+h-s—y+é 

Then 6 might be defined as the mean moon’s hour-angle, the mean moon 
coinciding with the true, not at Aries, but at the intersection. 

Let the argument of the K tide be written generically 2 [@ + u — x]. 

Then 


h, = M, cos 2(0—p) + Scos2[@+s—-h+v,—-&—-—€]+ K,cos2[@+u—«] 


Brinircte (55) 
If we write 6G&=F-—wt+é 
and A cos 2(u— $)= M,4+Scos2[s—h—-6,4+p] 
Hsin2(u— ¢)=Ssin 2[s—h—,+4+ p] 
the first two terms of (55) are united into . 
TES ACO =p) er etnne te stores anasiaen tates nee (56) 


with fortnightly inequality of time and height defined by 
_~ Ssin2(s—-h-G& +p) 
ee a a eaccs2 (oh et ah os er (57) 
H=y[M?+8?+2MS cos 2(s—h—6,+ »)] 


The amount of the fortnightly inequality depends to a small extent on 
the longitude of the moon’s node, since {, and M, are both functions of that 
longitude. 
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For the K tide we have 
K, cos 2 (04+ u—«) = K, cos 2(w—« + d) cos 2 (0 — d) 
— K,sin2(u—« + ¢$)sin2(@— 9?) 
Hence sH= Kk,cos2(u—K+ 9) 
ree a (58) 


86 = — 2% sin 2(u— e+ $) 


It is easy to find from the Nautical Almanac the exact time of mean 
moon’s transit on any day, and then the successive additions of 12':420601 
or 12" 25™ 14°16 give the successive upper and lower transits. The 
successive values of 2(s—h) may be easily found by successively adding 
12°°618036 to the initial value at the time of the first transit of the 
mean moon, and @ may be obtained from the table of the fortnightly 
inequality for each value of 2(s—h). 


The function u is slowly varying, e.g., for the K, tide 
2u=2(s—&)+2(mH-v’) 
and the increment of argument for each 12'420601 may be easily computed 
once for all, and added to the initial value. 

In the case of the diurnal tides it will probably be most convenient to 
apply corrections for each independently, following the same lines as those 
sketched out in § 5. 

The corrections for the over-tides M,, S,, &c., and for the terdiurnal and 
quaterdiurnal compound tides, would also require special treatment, which 
may easily be devised. 

At ports, where the diurnal tide is nearly as large or larger than the 
semidiurnal, special methods will be necessary. 

Although the treatment in terms of mean longitudes makes the correc- 
tions larger than in the other method, yet it appears that the computation of 
a tide-table may thus be made easier, with less reference to ephemerides, and 


with amply sufficient accuracy. 


[This subject is considered hereafter in the paper (7) on “Tidal Prediction.’] 


3. 


DATUM LEVELS; THE TREATMENT OF A SHORT SERIES OF 
TIDAL OBSERVATIONS AND ON TIDAL PREDICTION. 


[Report of the Committee consisting of Professor G. H. Darwin, 
Sir W. THomson, and Major Barr, for the purpose of prepar- 
ing instructions for the practical work of Tidal Observation ; 
and Fourth Report of the Committee consisting of Professors 
G. H. Darwin and J. C. Apams, for the Harmonic Analysis of 
Tidal Observations. Drawn up by G. H. Darwin. British 
Association Report for 1886, pp. 40—58.] 


I. ReEcorp oF WORK DURING THE PAST YEAR. Datum LEVELS. 


In the course of the Indian tidal operations a discussion has arisen as 
to the determination of a datum level for tide-tables. The custom of the 
Admiralty is to refer the tides to ‘the mean low-water mark of ordinary 
spring tides. This datum has not a precise scientific meaning, but, at 
ports where there are but few observations, has been derived from a mean 
of the spring-tides available. At some of the Indian ports this datum has 
been found by taking the mean of all spring-tides on the tide diagram for 
a year, with the exception of those which occur when the moon is near 
perigee. The diurnal tides enter into the determination of the datum in 
an undefined manner. It follows that two determinations of this datum 
level, both equally defensible, might differ sensibly from one another. 


A datum level should be sufficiently low to obviate the frequent occur- 
rence of negative entries in a tide-table, and it should be rigorously 
determinable from tidal theory. It is now proposed to adopt as the datum 
level at any new ports in India, for which tide-tables are to be issued, a 
datum to be called ‘the Indian spring low-water mark, and which is to 
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be below mean sea-level by the sum of the mean semi-ranges of the tides 
M., S., K,, O; or, in the notation used below, 


H,, + H,; + H’ + H, 
below mean water mark. 


This datum is found to agree pretty nearly with the Admiralty datum, 
but is usually a few inches lower. ‘The definition is not founded on any 
precise theoretical considerations, but it satisfies the conditions of a good 
datum, and is precisely referable to tidal theory. 


If, when further observations are made, it is found that the values of 
the several H’s require correction, it is not proposed that the datum level 
shall be altered accordingly, but when once fixed it is to be always ad- 
hered to. 


II. ON THE TREATMENT OF A SHORT SERIES OF TIDAL OBSERVATIONS 
AND ON TIDAL PREDICTION. 


§ 1. Harmonc Analysis. 


Having been asked to write an article on the tides in a new edition 
of the Admiralty Scientific Manual [see Paper 4 below], now in 
the press, I thought it would be useful to show how harmonic analysis 
might be applied to the reduction of a short series of tidal observations, 
such as might be made when a ship hes for a fortnight or a month in 
a port. 

The process of harmonic analysis, as applicable to a year of continuous 
observation, needs some modification for a short series, and as it was not 
possible to explain the reasons for the rules laid down within the limits 
of the article, it seems desirable to place on record an explanation of the 
instructions given. 


The observations to be treated are supposed to consist of hourly obser- 
vations extending over a fortnight or a month. In the reduction of a long 
series of observations the various tides are disentangled from one another 
by means of an appropriate grouping of the hourly observations. When, 
however, the series is short, the method of grouping is not sufficient in 
all cases. 


With the amount of observation supposed to be available, a determi- 
nation of the elliptic tides was not possible, and it was therefore proposed 
to consider only the tides M,, S,, K,, K,, O, P—that is to say, the principal 
lunar, solar, and luni-solar semidiurnal tides, and the luni-solar, lunar, and 
solar diurnal tides. The luni-solar and solar semidiurnal tides have, how- 
ever, so nearly the same speed that we cannot hope for a direct separation 
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of them by the grouping of the hourly values, and we must have recourse 
to theory for completing the process; and the like is true of the luni- 
solar and solar diurnal tides. 

Also, the tides K, and P have very nearly half the speed of S,; hence 
the diurnal tides K, and P will appear together as the diurnal constituent, 
whilst S, and K, will appear as the semidiumnal constituent, from the 
harmonic analysis of the same table of entries. 

It thus appears that three different harmonic analyses will suffice to 
determine the six tides, viz.:— 

First, an analysis for M,; second, an analysis for O; third, an analysis 
foreiss a Kar Ka. sb. 

The rules therefore begin with instructions for drawing up three 
schedules, to be called M, O, S, for the entry of hourly tide-heights. Each 
schedule consists of twenty-four hour columns, and a number of rows for 
the successive days. In M and O certain squares are marked, in which 
two successive hourly entries are to be put. The instructions for drawing 
up the schedules are simply rules for preparing part of the first page of 
the series M, O, S of the computation forms for a year of observation. 

In order to minimise the vitiation of the vesults derived from the M 
sheet by the S, tide, and vice-versd, and similarly to minimise the vitiation 
of the results from the O sheet by the K, tide, it is important to choose 
the proper number of entries in each of the three sheets. 

It was shown in Section III. of the Tidal Report to the British 
Association for 1885 [Paper 2] how these periods were to be determined. 
The equation by which we find how many rows to take to minimise the 
effect of the S, tide on the M, tide is there shown to be 

1:0158958q = 14°4920521r 

If r=1, g=1426; and if r=2, ¢= 285. 

For a reason similar to that given in 1885 we conclude that, in 
analysing about a fortnight of observation we must have 14 rows of values 
on the M sheet, and for a month’s observation 29 rows of values, 

Similarly, to minimise the effect of the M, tide on the 8, tide the 
equation is 

1:0158958q = 15r 

If r=1, q=1476; and if r=2, ¢=2955. 

Whence we must have 15 rows of values on the S sheet for a fort- 
night’s observation, and 30 rows of values for a month’s observation. 


These two rules are simply a statement that on the M and S sheets 
we are to take a period equal to the interval fromsspring-tide to spring- 
tide, or twice that period. 
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Similarly, to minimise the effect of the K, tide on the O tide, the 


equation 1s 


1:0980330q = 13°9480356r 
If r=1, gq=12°69; and if r=2, ¢ = 25°38. 


Whence we must have 18 rows of values on the O sheet for a fort- 
night’s observation, and 25 rows for a month’s observation. 


Lastly, to minimise the effect of the O tide on the K, tide, the 


equation 1s 
1:0980330q¢ = 15:0410686r 


Ifr=1, g=13:°10; and if + =2) 9=264. 


Hence, in using the numbers on the S sheet for determining the 
diurnal tides, we must use 14 rows of values for a fortnight’s observation, 
and 26 rows for a month’s observation. 


Thus, on the S sheet we use more rows for the semidiurnal tides than 
for the diurnal—namely, one more for a fortnight and three more for a 
month. 

The rules for drawing up the computation forms then specify, in 
accordance with the above results, where the entries are to stop on the 
three sheets, and give directions for the dual use of the S sheet, according 
as it is for finding semidiurnal or diurnal tides. 


When the entries have been made, the twenty-four columns on each 
sheet are summed, and each is divided by the number of entries in the 
column. On the S sheet there are two sets of sums and divisions, one 
with and the other without the additional row or rows. 


The three sheets thus provide us with four sets of twenty-four mean 
hourly values; the M sheet corresponds with mean lunar time, the hour 
bemg 15 +1449 of a mean solar hour; both the means on the S sheet 
correspond with mean solar time; and the O sheet corresponds with a 
special time, in which the hour is 15+ 13:94 of a mean solar hour. 


The four sets of means are then submitted to harmonic analysis: the | 
semidiurnal components are only evaluated on the M sheet; the diurnal 
components are evaluated from the shorter series on S, and the semidiurnal 
from the longer series; and the diurnal components from the O sheet. 
We may also evaluate the quaterdiurnal components from the M and S 


sheets. 

It might, perhaps, be useful to evaluate the diurnal component on the 
M sheet, for if it does not come out small it is certain that the amount 
of observations analysed is not sufficient to give satisfactory results. 
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In the article the harmonic analysis is arranged according to a rule 
devised by General [Sir Richard] Strachey*, which is less laborious than 
that usually employed, and which is sufficiently accurate for the purpose. 


§ 2. On the Notation employed. 


It will be convenient to collect together the definitions of the principal 
symbols employed in this paper. 

The mean semi-range and angle of lagging of each of the harmonic 
constituent tides have, in the Tidal Report for 1883, been denoted gene- 
rically by H, «; but when several of the H’s and x«’s occur in the same 
algebraic expression it is necessary to distinguish between them. The tides 
to which we shall refer are M,, S,, N, L, T, R, O, P, and K,, K,; the 
H and « for the first eight of these will be distinguished by writing the 
suffix letters m, s, n, &c, ¢g., Hm, km for the M, tide. With regard to 
the K tides, we may put H”, «”’, and H’, «’. 


Again, the factors of augmentation f (functions of longitude of moon’s 
node), as applicable to the several tides, will be denoted thus:—for Mg, 
N, L, simply f; for K,, K,, f”, f’ respectively ;- for O, f). 


The K,, K, tides take their origin jointly from the moon and sun, and 
it will be necessary in computing the tide-table to separate the lunar 
from the solar portion of K,. Now, the ratio of the lunar to the solar 
tide-generating force is such that *683H” is the lunar portion and ‘317H” 
is the solar portion of H”. 


In the Report of 1885 [Paper 2] a slightly different notation was 
employed for the H’s and x’s, but it is easy to see how the results of 
that Report are to be transformed into the present notation. 


As in the Report of 1883 [Paper 1] we write t, h, s for local mean solar 
hour-angle, sun’s and moon’s mean longitude, and », &, v’, 2v” for functions of 
the longitude of moon’s node depending on the intersection of the equator 
with the lunar orbit; also y—7, 7, o, a are the hourly increments of 
t, h, s and longitude of moon’s perigee, and e, e, the eccentricities of lunar 
and solar orbits. 


Let p, p, denote the cubes of the ratios of the moon’s and sun’s paral- 
laxes to their mean parallaxes; 6, 8, the moon’s and sun’s declinations ; 
p’ the value of p at a time tan(K,,—«Ky)/(a—@), or 1053 tan (&m— Kn) 
earlier than ¢; 6 the moon’s declination at a time tan (kK —«K«m)/2o0 or 
52"-2 tan («’’— km») earlier than ¢. 


Let: P, P,, P’ be the cube roots of p, p,, p’. 


4 


* Proc. Roy. Soc, Vol. xii. (1887), p. 61. 


102 REDUCTION OF RESULTS. [3 


Let A, A, be declinations such that cos? A, cos’ A, are respectively the 
mean values of cos?8, cos?$,: obviously A has a small inequality with the 
longitude of the moon’s node. 


Let e be an auxiliary angle defined by 


H,, sin «, — H; sin x; 
H,, cos x, — H; cos x; 


vane 


Lastly, let , , be the moon’s and sun’s local hour angles. 


§3. The Reduction of the Results of Harmonic Analysis. 


We now suppose the harmonic analysis of the hourly means on the three 
sheets M, O, S completed. 


The deduction of H,,, km and H,, «, from the M and O sheets follows 
exactly the same rules as in a long series of observations, and the reader is 
referred to the Report of 1883 [Paper 1] for an explanation. 


With regard to the S sheet, the results of the harmonic analysis do not 
separate the S, tide from the K, tide, nor the K, tide from the P tide, and 
we have to employ theoretical considerations for effecting the separation. 


The semidiurnal tides will be taken first. 


The solar tide, as derived from a short series of observations, is of course 
affected by the sun’s parallax, and as the sun changes his parallax slowly, the 
solar tide will follow the equilibrium law and vary as the cube of the sun’s 
parallax. Thus the height of the purely solar semidiurnal tide as derived © 
from our short series of observations will be p,H, instead of H,, and this will 
be fused with the luni-solar tide K,. 


The schedules of the Report of 1883 thus show that we shall have as 
the expression for this tide, compounded of S, (with parallactic inequality) 
andeKg, 

h. = p,H, cos (2t — x3) +f” H” cos (2¢ + 2h — 2p” — &”) oe. (1) 

The theoretical ratio of H” to H, is (see Schedule E, 1883) that of 
‘12662 to ‘46531, or 1 to 3°67; and the tides having nearly the same speed, 
we may assume Kk” = Kz. 


Hence: 


1 


h, = H,  », cos (2¢ — Ks) + a cos (2t + 2h — 2v” — «)| 
e ; 


Again, the schedules of the Report of 1883 show that we shall have as 
the expression for the tide which is compounded of K, and P 
h,=f'H’' cos (¢ +h — v' —$0 —«’)+ Hy cos(t—h+ $a — ky) ...... (5) 


* (Certain mistakes in this section have been corrected. This has involved the omission 
of certain equations originally numbered (2), (3), (4). The portion of this section which has 
been rewritten is enclosed in square brackets on pp. 103—4.] 
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The theoretical ratio of H, to H’ is (see Sched. E, 1883) that of °19317 
to 58385, or 1 to 3, and the tides having nearly the same speed, we may 
assume k,»=«s. Hence: 


h, = H’ {f’ cos (t+ h—v’ —da—«’) —4 cos[t+h—v'—4ar—«' —(2h-y’]}} 


[The processes employed in the harmonic analysis are nearly the same for 
the semidiurnal and for the diurnal tides. We find the mean height of 
water at each of the 24 hours of mean solar time, as estimated over a succes- 
sion of days, and then submit the 24 mean heights to harmonic analysis. 
The algebraic details of the process will be found in Paper 6, ‘On 
an apparatus for facilitating the reduction of tidal observations, §5; and 
I shall here only give the results. It must, however, be remarked that the 
present case differs shghtly from the case treated in the paper referred to, 
because we now suppose the analysis for the diurnal tides to embrace 27 days 
or 14 days, instead of 30 or 15, which are the periods adopted for the semi- 
diurnal tides. 


For both classes of tide the sun’s mean longitude at 0" of the first day of 
observation will be denoted by hy. 


The formule for semidiurnal tides for 30 or for 15 days may be written 
down together by means of a simple alternative notation; and the formule 
for diurnal tides for 27 or for 14 days may be written in a similar manner. 


For semidiurnal tides the harmonic analysis of the 24 hourly means 
gives us the two components A, and B,, and we may arrange the result in 
terms of R, and €,, where 


Av=_Rocost., Bra RyeinG 


| ain £” sin (2h, = 2p" ve a) AS 
We now put tanh = S67 cos (hy — Bui @) 


30 
where, for l st days, 
29°53 01945) . a _ 3°84 
a= rh and log ff, = se ; also 3°67 4f. = saat 


The investigation then shows that 
ke= Osta, kK = Ks 


3°67 fF, R, cos w 7 1 


ee 3°67 p, fpo+ £” cos (2h) — 2v” +a)’ HY = 367 


A, 


Turning now to the diurnal tides, the harmonic anglysis gives us 


A,=R’cost’, B,=R’sint’ 
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sin (2h, — v' + B) 


We then put tan d= BF — cos Qhy =v + B) 
27. 26°57 
where, for ii days, b= sera: 


The investigation then shows that 


13°29 ; 
k= CO +(h—tr—v)+¢ a Ae bd eet 
af 34f, R’ cos b 
~ 8f'— cos (2h, — v’ + B)’ 


27 00391 _ 3-027) 
where, for Hi days, log 4f, = aan and 34fi= 3-007} 


and lel 


These are the formule which should have been used in the Admiralty 
Scientific Manual, and are used in Paper 4, as given in the present volume. 
There was a mistake in the Manual as published, and although pains 
have been taken to insert errata in as many copies as possible, it is certain 
that several uncorrected copies must be in circulation. It is fortunate that 
the mistake was such as not to make a large difference in the result. 


§ 4. Computation of a Tide-table. Semidiurnal Tides. 


The computation of a tide-table from tidal constants which do not contain 
the elliptic tides N and L presents some difficulty, because the total neglect 
of these tides would make the results very considerably in error. On this 
account it was found necessary to use the moon’s hour-angle, declination, and 
parallax in making the computations. 


We shall begin by considering only the semidiurnal tide. 


In the Tidal Report of 1885 [Paper 2] it was shown how the expression 
for this tide in the harmonic notation may be transformed so as to involve 
hour-angles, declinations and parallaxes, instead of mean longitudes and 
eccentricities of orbits. 


The formula (27) of the Report of 1885 for the total semidiurnal tide, 
when written in the notation of § 2, is 


cosv?A 
=> —— 5 — 2 — 
hy SOI Hy, cos (2 — K,) + Hy cos (2, — x5) 
cos?6’—cos?A ‘i i 
sid 683H cos (Qy 5 


cos?}§,—cos?A, , ” : 
A, BIH” c08 (2, — #9 
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sin 6 cos 6 dé | '683H” 


asin? dt | cos(k”— km) Hn tant | sin (24 — km) 


cosv’A |, H,, cos x, — H; cos x; 
ae sets aoe eCcose | = ae eS :) 
+(P, eS | eeeeae eet cos (2p, — Ks) 


é, 


Be SRE ae 4H, BUS ene AAG Galas “| sin (2p — Kn) 


cor’ A o-a e 


Hy sin Kn — H, sin K] 
~ HH, COS Ky, — H; cos x; 


where tan e€ 


We shall now proceed to simplify this. 


In the first place, the terms depending on dé/dt and dP/dt are certainly 
small, and may be neglected. 


Then let 
cos? A cos? 6’ — cos?A oa % 
= aol ite =r = Spat ‘683H” cos (K = Kia) 
cos?A H,, cos-«, — H; cos «7 
Fey, Li am 1 * oa x “— &m 
- cos A ( Mp € COS € Lee 
cos? 6’ — cos?A 5 eee 
= Ky t+ — 683 sin (K” — «, 
B sin?A, He ( m) 
Cos A527 H,, cos kn — H, cos x; . 
i cos?A, (eae H,,,€ cos € ea) 
:08? 6 — cos? H, — H, 
Rese OS Say (Pye 
‘ sim’A, ‘ é, 
PE Gane cee RRL ATATD CHCA Tet sche Uta sada Meds METAR as Coe Sa ae awk (9) 


Now observation and theory agree in showing that «” is very nearly 
equal to «,; hence we are justified in substituting «, for «” im the small solar 
declinational term of (8) involving °3817H”. 


This being so, (8) becomes 
h, = M cos (2 — w) + M, cos (2, — p,) -serereeceoeees (10) 
In the equilibrium theory each H is proportional to the corresponding 
term in the harmonically developed potential. This proportionality holds 
nearly between tides of nearly the same speed; hence in the solar tides 
we may assume (see Sched. B, 1883, and note that cot?A, = § cot? $w) that, 


cos?A fe a a 
me OH 3g i ayaa 
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and M, reduces to 


M, = 28 S, A, +3(P,— 1) Hy= ee H, [1 + 3(P, — 1)] nearly 
cos? 28 
sD 8 = Hy cus sncs tetra paves oaeena ne ocesees alpiececer temene atte 11 
Pasha Tle ere? (11) 
Now, A, = 16°36 = 16° 22’, sec?A, = 1086, also P? = p,, and therefore 
Mi: =}1-086p,.cos? 6 Ely<f2:.05 08.009 wenre areas (12) 


In a similar way, according to the equilibrium theory, we should have 
if ; 
3¢ (Qa be a H,) a le 


Although this proportionality is probably not actually very exact, yet in 
our supposed ignorance of the lunar elliptic tides we have to assume its 
truth. Also, we must assume that the two elliptic tides N and L suffer the 


same retardation, and therefore x, = ; = €. 
With these assumptions, 


Hope (Bi = 1) eS SE 8 eg) Te eee 


€ COS € 
os : COSA aoe 
Then, since a Mp alia beth 
cos’ 6’ — cos?A a 
we have M = fp’H, + —— sane ‘683H” cos (x — Km) 
cos? 6’ — cos?A Hae 
— 5 —_—_—__________° o=— he fe e) es AOI ee 13 
i= Raat oe 683 igh sin (« Ran) (13) 
683 ‘683 eo 
If we put C,= J sin?A, Pde sin’, Saye: 
then log C, = "6344, log C, = 2°3925 


and C,, C, are absolute constants for all times and places. 


Next, if we put 


Ay 


; is leans 
a = 0,H” cos («” — km), 8B =C,=- sin (k” — km) 
m 


A =acos 2A, B= BicosvZA © Aes cnee eeeeses (14) 
then obviously a, 8 are absolute constants for the port, and A and B are 
nearly constant, for their small variability only depends on the longitude 
of the moon’s node entering through A. 

Thus we have, from (9), (12), (18), (14), 
M =fH,+(p’—1)fH,, + (a cos 26’ — A) 
/ =Km +(B cos 26’ — B), expressed in degrees 
M, =1-086p, cos’ § H, 
fly FE Rig saeg cayeseveee mig teh ios sae mancre eee eee shite yg (15) 
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where p’, 6’ are the values of p and 6 at a time earlier than that corresponding 
to by ‘the age’ 52-2 tan (K” — kp). 

In the article [Paper 4 in this volume] fH, is called R,,; (p’-—1) fH in, 
the parallactic correction, is called 6,R,,; («cos 28’ — A), the declinational 
correction, is called 6,R,,. Similarly, 8 cos 26’—B, the declinational 
correction to kK», is called 8,«,,. Also, M, is called S. 

Thus, with this notation the whole semidiurnal tide 1s 

hy = (Bin + Bin + O2Rn) COS (2 — Kim — Sokm) +S cos (2p, — xs) ...(16) 

The mean rate of increase of y is y—o, or 14°49 per hour; hence the 
interval from moon’s transit to lunar high water is approximately 915 («,+ 6.4m) 
hours, when «,, is expressed in degrees. If 7 be the mean interval, and 6,7 its 
declinational correction, 

a ar Oot ce aykm + ggO2Kkm rs (17) 

Now, let A be twice the apparent time of moon’s transit reduced to angle 
at 15° per hour, or the apparent time reduced at 30° per hour. 


Then the excess of the moon’s over the sun’s R.A. at lunar high water 
is }A plus the increase of the difference of R.A.’s in the interval 7. This 


3 ‘ : a : 
increase 1s approximately 4 4 Km, and at lunar high water the sun’s hour- 


angle is given by 
= Dy = Bp A+ den Se a (18) 
Since the difference of time between lunar high water and actual high 
water never exceeds about an hour and a half, if we neglect the separation 
of the moon from the sun in that time, this relationship also holds at actual 
luni-solar high water. 


Now, let 
H cos (wu — ¢) =M+S8 cos [4 + 


oO 


i) 
= Km — Ks + Kin + oki 


=M+Scos(A — «5+ 38m + S:4m) 


Hsin (u— $)= S sin (A —K,+39Kint+ Ootm) — -cscrceeoees (19) 
and we have’ for the whole luni-solar semidiurnal tide 
hy Ecos (20 =D) iseneseessgs-asaeacas shag (20) 
If we put y + Say = ks — 82k + Skim 
x=A—(¥y + buy) 
Pee Bo Da BC Sere a cs 1) 


H? = M?+ S?4+2MS cos x 


- High water occurs approximately ae or yp after moon’s transit. 


) 2 
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The determination of @ and H may be conveniently carried out by a 
graphical construction. If we take O as a fixed centre, OS as an initial line, 
and § a point in it such that OS=S, and set off the angle AOM equal to x, 
and OM equal to M; then OMS is the angle » — ¢, and SM is the height H. 


The angle x increases by 360° from spring-tide to spring-tide, and there- 
fore one revolution in the figure corresponds to 15 days. 


S S O A 


As a very rough approximation, M lies on a circle, but the parallactic 
and declinational corrections §,R,, and 6,R,, cause a considerable departure 


from the circle. 
The angle ¢ and the height H are also easily computed numerically. 


If cos x is positive, let 6 be an auxiliary angle determined by 


S 
tan? 6 =— cos x 
¥ M 
and we have = 


tan (wu — >) = sin? @ tan x, H =S cosec (u — #) sin x 
If cos x is negative, let 6 be an auxiliary angle determined by 


z S 
sin? d= —— cos x 


M 


and we have 
tan (uw — ) = tan’ 6 tan x, H =S cosec (wu — $) sin x 


These formule are adapted for logarithmic computation. 


§ 5. Correction for Diurnal Tides. 


The tide-table has to be corrected for the effect of three diurnal tides, 
designated O, K,, P. 
If we write Vi, =t+h—2s—v4+2&+40 
V’=t+h-y-thr 
then, in accordance with Schedules B of the Report of 1883, the expres- 
sions for the three tides are 
O =f, H, cos (V,— «,) 
K, =f’ H’cos(V’ —«’) 
P =- H,cos[V — «’—(2h—v’) +(e! — kyp)]  veeeeeeeeees (22) 
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[The tides K, and P change their phases relatively to one another in 
half a year, and since P is considerably smaller than K,, we may without 
serious error attribute to 2h a mean value for a short period such as a 
month. Also we may assume K,=«’. 


Hence if © denotes the sun’s mean longitude at the middle of the 
month (or other short period), we may with rough approximation write 
the expression for the P tide in the form 


P=— H, cos[V'— x’ —(20 —1’)] 
Therefore if we put 
sin (2© — v’) , 3f' —cos(2© 


2 is —Y) 
nh dale ogre (20 —v’)’ SP 3 cos 


and if further we write f,H,=R, the diurnal tides, reduced to two, are] 
O = R, cos (V, — ko) 
Ras P= Recos (Vere Kk =) Racine cocser ten saces (23) 


¢@ and R’, having a semi-annual inequality, must be recomputed for each 
month. 


Now, suppose that we compute V, and V’ at the epoch, that is, at the 
initial noon of the period during which we wish to predict the tides, and 
‘with these values put 

€,=«,— V, at epoch 

=x’ —gp—V' at epoch 
then the speed of V, is y—2e, or 13°94 per hour, or 360° — 25°37 per 
day; and the speed of V’ is y, or 15°04 per hour, or 360°986 per day. 
Hence, if t be the mean solar time in. hours on the (n+ 1)th day since 


the epoch, 
Vo — Ko = 860°n + 13°94 — F, — 25°°37n 


V'+h—« = 360°n + 15°-04t — £' + 0°-986n 


Therefore the diurnal tide at the time t hours on the (n+1)th day is 
given approximately by 
O=R, cos [14°t — &, — 254° x n] 
Maa k aa R4c0s WD tC ot 1X Meee arses ob nthe potleenaaise: (24) 


If we substitute for t the time of high or low water as computed simply 
from the semidiurnal tide, it is clear that the sum of these two expres- 
sions will give us the diurnal correction for height of tide at high or low 
water. 4 
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If we consider the maximum of a function, 
A cos 2n(t— a) + B cos n’(t — B) 
where n is nearly equal to n’, we see that the time of maximum is given 
approximately by t= a, with a correction 6t determined from 


—2Ansin (2nét) — n’B sinn’ (t —8)=0 


or ét = ——— nA SD n(t — 8) 


In this way we find the corrections to the time of high water from O and 


K,+ P; and since »=y—-—a, and Hell = 0-988, and Lay, Wee see SS O, 
Aan n y-o 
and 14+-——2— for K,, we have 
y-o 


St, = — 0-988 (4 a aes) _ dinlap= cone 


St’ = — 0-988 (1 - =) - 
fy Sarr 


H sim 15°t= Gel x mde. 4 (25) 


where H is the height of the semidiurnal high water. 


With sufficient approximation we may write these corrections : 
} R, p ° 1° 
oto =— 1x qo [14°t — €, —252° x n] 
/ } ister ° / co) 
oti = — x = sin [15% — O° + 1 dt | Saeac tea ete ae (26) 


The computations are easily carried out, although the arithmetic is neces- 
sarily tedious. Since two places of decimals are generally sufficient for R, 
and R’, the multiplications by the sines and cosines are very easily made 
with a Traverse Table. 


The successive high and low waters follow one another on the average 
at 6° 12"; now, 14° x 6:2 = 87°, and 15° x 6-2 =93°. Hence, if we compute 
14°t — f, — 253° x n for the first tide on any day, the remaining values are 
found with sufficient approximation by adding once, twice, thrice 87°; and 
similarly, in the case of 15°t—€’+1° xn we add once, twice, thrice 938°. 


[If the diurnal tide is the predominant one, as occurs at some places, 
this method of correction would of course be insufficient. ] 
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§ 6. Certain Details in the Computation of the Tide-table. 


It will be well to give some explanatory details concerning the manner 
of carrying out the computations. 


The angle A is given by 16°51 + 3°44 cos & —0°19 cos 28, where & is 
the longitude of the moon’s node. It is clear that A varies so slowly that 
it may be regarded as constant for many months, and the same is true of 
the factors f, f”, f% f,, and the small angles v, & v’, 2v”. Approximate 
formule for these quantities in terms of 8& were given at the end of the 
first paper in this volume, and are used in the article in the Manual 
[Paper 4]. 

To find the cube of the ratio of the sun’s parallax to his mean parallax, 
the following rule is given: Subtract the mean parallax from the parallax, 
multiply the difference by 194, read as degrees instead of seconds, look out 
the sine, and add 1, This rule is founded on the fact that a mean parallax 
8°85 multiplied by 19} gives 3 x 57”, and 57° is the unit angle or radian, 
whilst the sine of a small angle is equal to the angle in radians*. Similarly, 
the cube of the ratio of the moon’s parallax to her mean parallax is 

1 + 3 sin [60 (parx — mean parx)} 
That is to say, for the moon: Subtract the méan parallax from the parallax, 
read as degrees instead of minutes, look out the sine, multiply by 3, and 
add 1. This rule depends on the fact that the moon’s mean parallax in 
radians is ¢5. 

For the purpose of applying the corrections 6,R,, 6:Rim, d:%m, 02%, Soy, 1b 
is most convenient to compute auxiliary tables for each degree of declination 
of the moon and minute of her parallax, and then the actual corrections are 
easily applhed by interpolation. 

These tables serve for the port as long as the longitude of the moon’s 
node is nearly constant, or with rougher approximation for all time. 


The declinational and parallactic corrections to high water depend on 
the moon’s declination and parallax at a time anterior to high water by 
‘the age. Hence, in order to find these corrections we have to know the 
time of high water in round numbers. Each high water follows a moon’s 
transit at the port approximately by the interval 7. The Greenwich time 
of the moon’s transit at the port is the G.M.T. of moon’s transit at 
Greenwich, less 2 minutes for each hour of E. longitude, less the E. longi- 
tude in hours. Then, if we subtract from this ‘the age’ and add the 
interval 7, we find the G.M.T.’s at which we want the moon’s declination and 
parallax. 

* [The mean solar parallax is now taken, in the Nautical Almanac, as 8”-80, but the 
rule still remains sufficiently exact. ] 4 
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Thus, at Port Blair 
the G.M.T. at which we 


transit at Gr. 
want parx. and decl. 


= fees % a — long. corr. for transit (02) 


— E. long. of port (6"2)—age of tide (82'6) 
+ mean interval (9"'6) 
= G.M.T. of )’s tr. at Gr. — 294. 


Thus at Greenwich, on Feb. Ist, 1885, the moon’s lower transit was 
at 2, and hence, corresponding to the lower transit at Port Blair of Feb. 1, 
we require the moon’s parallax and declination at 21> Jan. 30,G.M.T. The 
parallax at the nearest Greenwich noon or midnight is sufficiently near the 
truth, and therefore we take the parallax at 0" Jan. 31, which is 60°0, and 
the excess above the mean is 3”0, and 143 sin 38° is 1:157, which is the factor 
p. Actually, however, we read off the correction 6,R,, and the other correc- 
tions 6,Rn, 62, dy straight from the auxiliary tables. 


§7. On Tide-tables Computed by the above Method. 


A great deal of arithmetical work was necessary in making trial of the 
rules devised above and in various modifications of them, and I must record 
my thanks to Mr Allnutt, who has been indefatigable in working out tide- 
tables for various ports, and in comparing them with official tables. The 
whole of the results, to which I now refer, are due to him. The following 
table exhibits the amount of agreement between a computed table and one 
obtained by the tide-predicting instrument. It must be borne in mind that 
the instrument is rigorous in principle, and makes use of far more ample 
data than are supposed to be available in our computations. The columns 
headed ‘Indian tables’ are taken from the official Indian tide-tables. The 
datum level, however, in those tables is 3:13 ft. below mean water mark, 
whereas ‘ Indian spring low-water mark’ is 3°55 ft. below the mean. Thus, to 
convert the heights given in the Indian tables to our datum 0°42 ft. or 5 ins. 
have been added to all the heights in the official table. 


A tide-table was computed for Aden for a fortnight, and the results were 
found to be somewhat less satisfactory than those in the following table. It 
must be remarked, however, that the sum of the semi-ranges of the three 
diurnal tides K,, O, P is 2°340 ft. and is actually greater than the sum of the 
semi-ranges of the tides M, and 8,, which is 2'265 ft. Thus, at some parts 
of some lunations the semidiurnal tide is obliterated by the diurnal tide, and 
there is only one high water and one low water in the day. In this case it is 
obvious that the approximation, by which we determine semidiurnal high 
and low water and apply a correction for the diurnal tides, becomes inapplic- 
able. In the greater part of our computed table the concordance is fairly 
good; but the tide-predicting instrument shows that on each of the days, 
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7th and 8th February, 1885, there was only one high and low water, whereas 
our table, of course, gives a double tide as usual. Again, on the 9th February 
there is an error of 68 minutes in a high water. These discrepancies are to 
be expected, since the approximate method is here pushed beyond its due 
limits; and for such a port as Aden special methods of numerical approxima- 
tion would have to be devised. 


TIDE-TABLE FOR Port Buatr, 1885. 


Calculated Indian tables Calculated | Indian tables 
Times - Times Heights Heights 
ee eee See eee ens | ss 
hyem, | ne, sae ft. ftom. 
Feb. 1, H.W. : ll 3pm. 1l 4pm. 74 7 2 
Feb. 2, L.W. <i 5 21 a.m. 5 18 a.m. 0:0 -0 2 
EWS : 11 26 a.m. HOY GN sons 66 6 5 
TE We : 5 28 p.m. 5 25 p.m. Or4 0 0 
H.W. 3 11 39 p.m. 11 43 p.m. “ial 6 11 
Feb. 3, L.W. 5 56 a.m. 5 56 a.m. 0-2 @) il 
EWS O 3 p.m. 0 9pm. 64 6 3 
E.W. 6 4 p.m. 6 5 p.m. 0-7 Oma 
Feb. 4, H.W. 0 14 a.m. 0 20 a.m. 67 6. @ 
L.W. 6 31 a.m. 6 33 a.m. 0-5 0 5 
H.W 0 40 p.m. 0 48 p.m. , 671 6 0 
L.W. 6 42 p.m. 6 44 p.m. 1:2 ye) 
Feb. 5, H.W. 0 48 a.m. 0 56 a.m. 61 5 11 
Le We 7 dam. Yh ieee, 10 0 10 
HOW: 1 18 p.m. 1 28 p.m. 57 a 
ee 7 20 p.m. 7 25 p.m. 1E7 ih -@ 
Feb. 6, H.W. 1 24 a, na. Ipssrann DD 5 4 
TW 7 41 am. 7 45 a.m. 1S age 
AW 2) 1 sp-m0: 2 10 p.m. 53 5 2 
L.W. 8 6 p.m. 8 12 p.m. 2-2 my Al 
Feb. 7, H.W. 2 4am. QelSeastne 4°9 Ao 
L.W. 8 23 a.m. 8 25 a.m. WES) 1 10 
EE Ws 2 53 p.m. 2 57 p.m. 4-9 4 10 
L.W. S) af Osa 9 8 p.m. 2°7 2 6 
Feb. 8, H.W. 2 58 a.m. 3. 6am. 4°4 MB 
Ws \ ie 9 20 a.m. 9 24 a.m. Q°4 ee 
EW 4 10 p.m. 4 14 p.m. 4:7 4 7 
as Wis 10 42 p.m. 10 40 p.m. 30 2 4 
Feb. 9, H.W. 4 29 a.m. 4 40 a.m. 4:0 3 10 
L.W. 10 46 a.m. 10 57 a.m. 2°6 2 6 
H.W. 5 47 p.m. 5 48 p.m. 4:7 4 7 


In a table computed for Amherst the agreement is not quite so good as 
was to be hoped; the error in heights amounts in two cases in fifteen days 
to nearly a foot, and in two other cases to three-quarters of an hour in time. 
It may be remarked, however, that the tides are large at Amherst, having a 
spring range of 20 ft. and a neap range of 6 ft., that the diurnal tide is con- 
siderable, and that the sum of the semi-ranges of the éver-tides M,, S, (which 
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we neglect entirely) amounts to 6 inches. It appears also that the tidal 
: 1 : u 
constants are somewhat abnormal, for H’” = pps instead of H” = re7 le and 
: 1 : 1 5 ee 
further Hy, =39H’ instead of H, =3H’. Under these circumstances it 1s 
perhaps not surprising that the discrepancies are as great as they are. 


Tables were also computed for Liverpool and West Hartlepool, but no 
correction was here applied for the diurnal tides. The results were compared 
with the Admiralty tide-tables for Liverpool and Sunderland. In the case 
of Liverpool there were four tides in a fortnight in which there was a dis- 
crepancy in the times amounting to 12 minutes, and four other tides in 
which there was a discrepancy of a foot, and one with a discrepancy of 
1 ft. 2ins. It was obvious, however, that the agreement would have been 
better if the correction for the diurnal tides had been applied. The spring 
rise of tide at Liverpool is 26 ft. 


In the case of Sunderland there were in a fortnight two discrepancies 
of 15 m., two of 14 m., two of 138 m., two of 12 m., &c. in the times, and in 
the heights one discrepancy of 3 ins., and four of 2 ins., &c. The spring rise 
at West Hartlepool is 14 ft. 


These two tables are quite as satisfactory as could be expected considering 
the approximate nature of the methods employed. 


Finally, in order to test the methods both of reduction and of prediction, 
Mr Allnutt took the harmonic constants derived from our analysis of a 
fortnight of hourly observation at Port Blair, from April 19 to May 2, 1880, 
and computed therefrom a tide-table for that same fortnight. He then, by 
interpolation in the observed hourly heights, determined the actual high 
waters and low waters during that period. 


The results of the comparison are exhibited in the table on next page. 


If our method had been perfect, of course, the errors should be every- 
where zero. 


It must be admitted that the agreement is less perfect than might have 
been hoped. If, however, the calculated and observed tide curves are 
plotted down graphically side by side, it will be seen that the errors are 
inconsiderable fractions of the whole intervals of time and heights under 
consideration. 


When we consider the extreme complication of tidal phenomena, together 
with meteorological perturbation, it is, perhaps, not reasonable to expect any 
better results from an admittedly approximate method, adapted for all ports, 
and making use of a very limited number of tidal constants. In devising 
these rules for reduction and prediction I could find no model to work from, 
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and it seems probable that advantageous modifications may be introduced. 
I spared, however, no pains to reduce the labour of computation. Nearly 
half the work in forming a short tide-table is preparatory, and would serve 
for a systematic computation of tables for all time. 


III. An Arrempr to DETECT THE 19-YEARLY TIDE. 


If M, E be the moon’s and earth’s masses; a the earth’s mean radius ; 
c the moon’s mean distance ; w the obliquity of the ecliptic; ¢ the inclination 
of the lunar orbit; e the eccentricity of the lunar orbit; & the longitude 
of the moon’s node; and X the latitude of the port of observation; then the 
term in the equilibrium tidal theory which is independent of the moon’s 
longitude (see Schedule B, i., Paper 1, p. 22) is 

a. 


2 ~)a($— sin?) (1 + 3e?) sin 2 cos 7 sin @ Cos @ 
2 vy C 2 2 2 


[— cos 8 +} tan? tan @ cos 2g | 


Since } tan 7 tan w = ‘00975, the second term is neghgeable compared with 
the first. 


If we take 
M ‘eet IS A 
E815" ¢ 1 6027” 
the expression for this tide is, in British feet, 


— 0:0579 (4 — 8 sin? X) cos 8 


a=21 x 10° feet, ¢=5° 8, w= 23° 28’ 


Thus, at the poles this tide gives an oscillation of sea-level of 0°695 of an 
inch, or a total range of 12 of an inch, and at the equator it is half as great. 


In the Mécanique Ceéleste Laplace argues that all the tides of long 
period (such as the fortnightly tide) must conform nearly to the equilibrium 
law. I shall adduce arguments elsewhere* which seem to invalidate his 
conclusion, and to show that in these tides inertia still plays the principal 
part, so that the oscillations must take place nearly as though the sea were a 
frictionless fluid. 


With a tide, however, of as long a period as nineteen years Laplace’s 
argument must hold good, and hence the equilibrium tide of which the 
above is the expression must represent an actual oscillation of sea-level, 
provided that the earth is absolutely rigid. The actual observation of the 
19-yearly tide would therefore be a result of the greatest interest for deter- 
mining the elasticity of the earth’s mass. 


* See Paper 11 below ‘‘On the Tides of Long Period.” 
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A reduction of the observed tides of long period at a number of ports 
was carried out in Thomson and Tait’s Natural Philosophy, Part II., 1883 
[Paper 9 below], in the belief in the soundness’ of Laplace’s argument with 
regard to those tides, and the conclusion was drawn that the earth must have 
an effective rigidity about as great as that of steel. The failure of Laplace's 
argument, however, condemns this conclusion, and precludes us from making 
any numerical conclusions with regard to the rigidity of the earth’s mass, 
excepting by means of the 19-yearly tide. The results given in the 
Natural Philosophy merely remain, then, as generally confirmatory of 
Thomson’s conclusion as to the great effective rigidity of the earth’s mass. 


There are but few ports for which a sufficient mass of accurate tidal 
observations are accumulated to make the detection of the 19-yearly tide 
a possibility. 

Major Baird has, however, kindly supplied me with the values of the 
mean sea-level at Karachi for fifteen years. They are plotted out in the 
figure on the preceding page. The horizontal line represents the mean 
sea-level for the period from 1869-1883, and the sinuous curve gives the 
variations of mean sea-level during that period. The dotted sinuous curve 
gives the annual variations for a portion of the same period for Bombay. 
The full-line sweeping curve has ordinates proportional to — cos g, and shows 
the kind of curve which we ought to find if the alternations of sea-level were 
due to the 19-yearly tide. 


It is obvious at a glance that the oscillations of sea-level are not due to 
astronomical causes. 
At Karachi (lat. 24° 47’) the 19-yearly tide is 
— 00138 cos 9 


The figure shows that the actual change of sea-level between 1870 and 
1873 was nearly 0:25 feet, and this is just about nine times the range of 
the 19-yearly tide, viz., 0°028 feet. 

It is thus obvious that this tide must be entirely masked by changes 
of sea-level arising from meteorological causes. 


It seems unlikely that what is true of Karachi and Bombay is untrue 
at other ports, and therefore we must regard it as extremely improbable that 
the 19-yearly tide will ever be detected. 


A, 


A GENERAL ARTICLE ON THE TIDES. 
[Article ‘Tides, Admiralty Scientific Manual (1886), pp. 58—91.] 


I. INTRODUCTION. 


THE object of the present article is to show how the best use may be 
made, for scientific purposes, of a short visit to any port. 


We refer to the article “Hydrography” [Admiralty Scientific Manual] 
for an account of the method of observing the tides, and shall here assume 
that the height of the water above some zero mark may be measured, in feet 
and decimals of a foot, at any time, and that the zero of the tide gauge may 
be referred by levelling to a bench-mark ashore. 


Something of the law of the tide might be discovered from hourly or 
half-hourly observations even through a single day and night, but to discover 
the law at all adequately it is necessary that the observations should embrace 
at least one spring tide and one neap tide. For the full use of the methods 
given below, the observations should be taken each hour for 360 hours, or 
720 hours. A longer series must be regarded as a new set of observations, 
and the means must be taken of the results of the several sets. 

It has been usual to recommend observations of the times and heights of 
high and low water, but hourly observations are far preferable, the hours 
being reckoned according to mean time of the port. 

We shall, however, begin by a sketch of the treatment of observations of 
high and low water, and shall then give more detailed instructions for hourly 
observations and the formation of a tide table. 

The height of the water is subject to considerable perturbation from the 
weather, and the most perfect tide table is one which gives the height of the 
water, when abstraction is made of the disturbing causes. Such a table can 
only be made from observations of such extent as to eliminate irregularities 


by averages. . s 
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No general rule can be given for wind disturbance, but it is often con- 
siderable in bays and estuaries. The water stands higher with low, and lower 
with high, barometer; the amount of the effect appears to be very uncertain, 
the estimates varying from 7 inches to 20 inches rise of water for an inch fall 
of the mercury. It appears probable that the rule differs in different ports, 
and even in the same port with different winds. To make the most, however, 
of a short series of observations, it might perhaps be best to reduce each 
hourly tide height to a standard height of barometer at the rate of a foot of 
water to an inch of mercury, before undertaking the tidal reductions. 


In order to discover the general run of the tide in any part of the world, 
observations should be taken at several stations separated by 50 to 100 miles; 
and this is the more important if some of the stations have to be chosen in 
estuaries, since the tide wave takes a considerable time to run up from the 
open sea and changes its form in doing so. 


In estuaries and rivers it is important not to confuse flood and ebb with 
high and low water, for the water often still runs up-stream for long after 
the tide has turned and when the water-level is falling; and the converse is 


true of ebb and low water. We refer to “ Hydrography ” for remarks on tidal 
currents and streams. 


II. TipAL OBSERVATIONS OF HIGH AND Low WaATER*, 


The immediate object is to connect the times and heights of high and 
low water (H.W. and L.W.) with the time of the moon’s transit. About high 
and low tide the water often rises and falls irregularly, and the critical 
moment cannot be found from a single observation. Observations are, there- 
fore, to be taken every 5 or 10 minutes for half-an-hour or an hour about 
H.W, and L.W. The time and height of H.W. or L.W. are then to be found 
by graphical interpolation, «e., take a straight line to represent time, and at 
the points corresponding to the observations erect perpendiculars or ordinates 
corresponding to the observed heights, draw a sweeping curve nearly through 
the tops of the ordinates, so as to obliterate minor irregularities and measure 
the height of the maximum or minimum ordinate, and note its incidence in 
the time scale. 


Dr Whewell recommends that the observation should begin with half- 
hourly observations during 24 hours, for if there should be found to be 
double H.W. or L.W., or only a single tide in the 24 hours, this method will 
fail; he also advises that tidal observations be referred to the moon’s transit 


* Founded on Dr Whewell’s article in a former edition of the Admiralty Scientific Manual. 
+ A similar but less elaborate process would render hourly observations more perfect. The 
readings might be every 24 minutes, from five minutes before to five minutes after the hour. 
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during their course, in order to detect irregularities in “the interval ” from 
transit to H.W., which might cause the observations to prove useless. 


The object of the observations is to find “the establishment,” or time of 
high water, on days of full and change of moon, the heights of tide at spring 
and neap, and “the fortnightly or semi-mensual irregularity” in the time 
and height. The reference of the tide to the “establishment” is not, how- 
ever, scientifically desirable, and it is better to determine the mean or 
corrected establishment, being the average interval from moon’s transit to 
H.W. at spring tide, and “the age of the tide,” being the average interval 
from full and change to spring tide, For these purposes the observations 
are conveniently treated graphically *. 


An equally divided horizontal scale is taken to represent the 12 hours of 
the clock of civil time, regulated to the time of the port—or more accurately 
arranged always to show apparent time by being fast or slow by the equation 
of time; this time scale represents the time of the clock of the moon’s transit, 
either upper or lower. The scale is perhaps most conveniently arranged in 
the order V, VI, ..., XII, I, ..., III. Then each “interval” of time from 
transit to H.W. is set off as an ordinate above the corresponding time-of- 
clock of moon’s transit. A sweeping curve is then drawn so as to pass nearly 
through the tops of the ordinates, cutting off minor irregularities. Next 
along the same ordinates are set off lengths corresponding to the height of 
water at each H.W. 

A second similar figure may also be made for the interval and height 


at L.W. 


In the curve of H.W. intervals the ordinate corresponding to XII is the 
vulgar “establishment,” since it gives the time of H.W. at full and change of 
moon. That ordinate of H.W. intervals which is coincident with the greatest 
ordinate of H.W. heights gives the “mean establishment.” 


Since the moon’s transit falls about 50 minutes later on each day, in 
setting off a fortnight’s observation there will be about five days for every 
four hours-of-clock of moon's upper transit. Hence in these figures we may 
regard each division of the time scale I to I, II to III, &c. as representing 
25 hours instead of one hour. Then the distance from the maximum ordinate 
of H.W. heights to XII, each division being estimated as 25 hours, is called 
“the age of the tide.” 


From these two figures the times and heights of H.W. and L.W. may in 
general be predicted with fair approximation; we find the time-of-clock of 
moon’s upper or lower transit on the day, correct by the equation of time, 


* Bor numerical treatment, see Directions for reducing Tidal Observations. By Stati Com- 
mander. John Burdwood, R.N. London, 1876. J. D. Potter. Price 6d. 
+ See Section IV. for the numerical computation of mean from Vulgar establishment. 
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read off the corresponding heights of H.W. and L.W. from the figures ; and 
the intervals to H.W. and L.W. being also read off are added to the time of 
moon’s transit, and give the times of H.W. and L.W. 


We shall show below how a tide table may be otherwise computed from 
establishment and spring rise and neap rise. 


At all ports, however, there is an irregularity of intervals and heights 
between successive tides, and in consequence of this our curves will present 
more or less of a zig-zag appearance. Where the zig-zag is perceptible to the 
eye, the curves must be smoothed by drawing them so as to bisect the 
zig-zags, because these “diurnal inequalities” will not present themselves 
similarly in the future. When, as in many equatorial ports, the diurnal tides 
are large, this method of tidal prediction fails, but we shall show below how 
the observations may then be treated scientifically. 


III. INSTRUCTIONS FOR THE REDUCTION OF HouRLY TIDAL 
OBSERVATIONS, WITH AN EXAMPLE. 


We now suppose that the observations of the tides are taken at each hour. 
If the observations are only taken every two hours, or if there are gaps in the 
series, the hourly numbers must be filled in as indicated below. 


All the measurements should be positive, and if the zero of the tide gauge 
has been fixed too high it will be well to refer the measurement to an ideal 
zero 10 feet lower. The following instructions for reduction should be read 
along with the example. 


COMPUTATION FORMS. 

Mark three large sheets of paper with the letters M, O,S; divide them 
into squares, with 24 columns; head the columns, 0%, 15, 2"...23" for the 
several hours. On the left margin write the numbers of the days, 0°, 1%, 2%) 
&c. Each square may be specified by its day and hour. 


M Sheet. 


Place dots in the squares of each row, as follows: 0%, 14"; 14, 18"; 24 
2a5° 3°, none; 4% 3°: bt BPs Got 7a eS aod Ot none aL eae 
11°, 7°; 12%, 11"; 134, 16"; (137 is the last row required for a fortnight’s 
observation); 14% 20°: 15% nones 16% 1°> 17% 58s 1881084 19> 10 
19"; 214 23"; 294 none; 234 4h; 24@, 8; 254 19; 262,17; 274, ga» (274 
is the last row required for a month’s observation.) 


O Sheet. 


Place dots in the following squares: 0°, 6" and 19"; 1% 8 and 22"; 24 
11° 34,0" and 18°; 44 2" and..16%; 54,55 and 185; 6%,.72 and..20®: 74 108 
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and 23%: 8412"; 9% 1» and 14"; 10%, 4" and 17; 114, 6" and 19®; 124, 8» 
and 22 (12 is the last row required for a fortnight’s observation); 13°, 11>; 
Ta Oman ls lot andedoulOls >and 18°) 179.477 and 20's. 182 9° 
eee Otel oe 208) land 14e< 21 te" and. 1776229, 6" and. 195. 23% 8° 
and 21"; 24°11", (24% is the last row required for a month’s observation.) 


S Sheet. 


There are no dots. For a fortnight’s observation, let row 13° be the last ; 
then leave three rows blank, and add another row numbered 14". 


For a month’s observation, let row 26° be the last; then leave three rows 
blank, and add three more rows numbered 274%, 28%, 29%, 


The shorter series (13° or 26°) is for diurnal tides, the longer (14° or 29°) 
for semi-diurnal tides. 


Entry wm 8. 


The first hourly observation is supposed to be at noon or 0*, 0"; enter it 
in that square; enter the second in 04, 1"; the third in 0%, 2", and so on, 


The 0's of the rows are the noons of each day; write the day of the 
month opposite each row. 


If any hourly observations are wanting or obviously vitiated through 
accident or weather, fill in the blanks thus. Consider a column in which a 
blank occurs; take a number of equidistant points along a line, and let each 
point correspond to one of the days before and after the blank; then draw 
lines perpendicular to the first line proportional to the height of water on 
each of the days. Draw a sweeping curve through the extremities of the 
lines, and measure off the height of the curve where it passes above the 
blank. The resulting number is to be used for filling in the blank. 


If the observations at night are taken at rarer intervals, say every two or 
three hours, the same process of filling in blanks must be employed, by con- 
sidering the hourly observations before and after the blank. 


Every deficiency of data of course weakens the strength of the result. 


The entry of observations is to stop as indicated in the instructions for 
forming the S sheet. 


Entry in M. 


Copy the numbers on the S sheet; begin entering as in S, but when a 
dot is reached, enter two successive hourly valnes, the first above, the second 
below; then continue copying from § (the entries falling of course in a 
different hour column) until a second dot is reached, where again make a 
double entry; and so on. , 
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The entries stop as indicated in the instructions for forming the M sheet. 


For a fortnight’s observation the last entry (which is in square 13* 23") is 
that which is copied from square 14° 11 of S. 


For a month’s observation the last entry (which is in square 27* 23") is 
that which is copied from square 28° 23" of 8. 


Entry in O. 
Foilow the same rules for entry as in M. 


For a fortnight’s observation the last entry (which is in square 12° 23") is 
that which is copied from square 13° 23” of S. 


For a month’s observation the last. entry (which is in square 24° 23") is 
that which is copied from square 26° 20° of S. 


Rules of reduction on all three Sheets. 


Add up the numbers in each column (in S there will be two sums, one 
without rows 14° or 27% 28%, 29%, as the case may be, and the other with 
those additional rows). Divide the sum in each column by the number of 
entries of which it is the sum. In S the divisors for each of the two sets of 
sums are all the same, since there are not duplicate entries. 


The results are 24 hourly mean values, and there are four of them, viz. 
two from S, one from M, one from O. 


The set from M, and the second set (longer series) on S are to be har- 
monically analysed for semi-diurnal inequality; the first set (shorter series) 
on S, and the set from O are to be harmonically analysed for diurnal 
inequality. 

Thus where it is known that the diurnal tides are small, the O sheet and 
the shorter series on S may be omitted for rough results. 


The height of mean water with reference to the zero of the tide gauge 
has also to be determined from the second set on S. 


Harmonic Analysis. 


If we have any quantity which is variable during the day and night, such 
as temperature or the height of the barometer, it is often desirable to express 
it by the formula 


A, +A, cos 6+ B,sin 6 + A, cos 26 + B, sin 20 + A, cos 38 + B, sin 36 
+ A, cos 48+ B, sin 40 


where @ is an angle which increases at the rate of 15° per hour, and is zero 
at noon, 
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If we put 
tan sas tan bag tan beg, tan oo 
and R, = A, sec €, = B, cosec €,, R,=A, sec ¢= B, cosec & 


and so on, the formula may be written 
Ay + R, cos (0 — &) + BR, cos (26 — &) + R,; cos (30 — &) + Ry cos (40 — 6) 


The term in R, is diurnal, that in R, semi-diurnal, that in R, ter-diurnal, 
that in R, quater-diurnal ; that is to say, they go through their changes once, 
twice, thrice, and four times a day. 


The term A, gives the mean value for the day. 


The A’s and B’s are the numbers which are derived from harmonic 
analysis, as explained below. 


The same process is applicable to the tides, but with the difference that 
there are several kinds of days, viz.:—first, the ordinary or mean solar or 
S day; second, the mean lunar or M day; and a third kind—the O day—for 
which there is no name. 


Thus in application to the tides there are to be four harmonic analyses, 
two performed on the means on the S sheet, one on the means on the 
M sheet, and one on the means on the O sheet. The matter is simplified, 
however, by the fact that from the first means on S we only want A,, B,; 
from the second means on S we only want A,, B,, and A,; from the means 
on M we only want A,, B,; and from the means on O we only want 


Ay, By 


The following schedule gives General [Sir Richard] Strachey’s rules for 
harmonic analysis. Columns I. and II. contain the 24 hourly values to be 
analysed, and the headings to each successive column give the rules for its 
derivation from the preceding ones. 


If we only want A,, B, the columns I. to VIIT. inclusive are required ; if 
we only want A,, B, the columns L, IT, and IX. to XIV. inclusive are required, 
and for A, we require also column XV. 


A comparison of this complete schedule with the numerical example 
below will render the process intelligible. 
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General Rule for the Determination of € and R from A and B. 


If A is + and B is +, € is less than 90°, or in 1st. quadrant. 

If A is — and B is 4+, & lies between 90° and 180°, in 2nd quadrant. 

If A is — and B is —, € lies between 180° and 270°, in 38rd quadrant. 

If A is + and B is —, € lies between 270° and 360°, in 4th quadrant. 

If tan ¢ is numerically less than 1, compute from R= A sec €; if greater 
than 1, compute from R= B cosec ¢. 


In certain cases mentioned below, we shall have also to augment the 
result R by a factor which is nearly equal to unity, as there explained. 


General Rule as to Angles. 
All angles are to be written as positive angles less than 360°; if an angle 
is greater than 360°, subtract 360°. 
Certain small angles, however, determined below are to be estimated as 
either positive or negative (e.g., 355° will in this case be written as — 5°), and 
do not fall under this rule. The occurrence of the exception will always be 
noted at the time. 


¢ 


It will often be convenient to write angles in degrees and decimals of 
a degree. , 


Harmonic analysis of M. 
Analyse the hourly means for A,, B,. 


B 
Find Z%, from tan f= A 


Vind B,,, from R,, =A, sé¢ G, x 10115 or B, cosec ¢, x 1:0115, according 
as tan 6, is numerically less or greater than 1. 


N.B, Log 10115 = 0050. 


Harmonie analysis of 8. 
Analyse the second hourly means (the longer series) for A,, B,, and for Ay. 


Find ¢, from tan ¢, = a 


2 
Find R, trom R, = A, sec ¢, or B, cosec , according as tan ¢, is numerically 
less or greater than 1. 


Analyse the first hourly means (the shorter series) for A,, B,. 
B 
Find ¢’ from tan [’ = ae 
1 


; ra ek 
Find R’ from R’= A, sec €’, or B, cosec 6’, according as tan ¢’ is numerically 


less or greater than I. n 
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Harmonic analysis of O. 
Analyse the hourly means for A,, B,. 
> 
Find ¢, from tan ¢, =>’. 
Ay 
Find R, from R, = A, sec & «x 1:0029 or B, cosec &, x 1:0029, according as 
tan € is numerically less or greater than 1. 


N.B. Log 1:0029 = 00138. 


ANGLES AND FACTORS FOR REDUCTION. 

N.A. stands for Nautical Almanac. 

Call local mean noon of day 0 of the series of observations to be reduced, 
or of the tide table to be computed the Epoch. N.A., p. 1: Find 8 the 
mean longitude of the ascending node of )’s orbit at epoch. Find sin&, 
cos 8, sin2&, cos2, and compute the following small angles (+ when § les 
between 0° and 180°, — when 8 lies between 180° and 360°), and numerical 
factors 


y= 12°9 sin & —1°°3 sin 2 Q 
Angles to be determined | E=11°8sin 8 —1°3 sin2& 
as + or — v= 8°9sin 8—0°7 sin2 9 
Qn" =17°7 sin 8 —0°'7 sin 2 8 
is =a — ‘037 cos 8 
are j f’ = 1:006 +'115 cos 93 — 009 cos 2 8 


if” = 1-024 + 286 cos 8 +°008 cos 2 8 
lr = 1:009 + 187 cos & — 015 cos 28 
In the N.A. find the ©’s parx. at the middle of the fortnight or month of 
observation, subtract from it the ©’s mean parx. (see Preface to N.A.), 
Multiply the result by 194, and considering the product as degrees, look out 
the sine of the angle and add 1, the result is p,; eg., if ©’s parx. be 885, 
and if the mean parx. be 8’"95*, we get 
diff.—0'°10, and — 194 x 10 =— 1°93 =— 1° 56’ 
sin (— 1° 56’) =— 034, p,= 1-084 = "966 
This is a short way of finding the cube of the ratio of ©’s parx. to 
©’s mean parx. 


* [The sun’s mean parallax is now taken as 8°50, but the rule remains sufficiently exact.] 
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Arguments at Epoch. 


From N.A., find ), the moon’s mean longitude at epoch. From N.A. 
find ©, the sun’s mean longitude at epoch, by converting sidereal time to 
angle at 15° per hour. The diurnal increase of ) = 13° 11’.. The corrections 
for longitude of port are subtracted for E. long. and added for W. long. The 
correction to ) is 0°549 for each hour of longitude, and 0°041 to © for 
each hour of longitude. 


Find —2()—&), Q@-v, 2(O-v), Ov’, and compute the following 
“arguments at epoch,” 


V=2(O—v)-2()-8); Vi =O —0'4 270°; V, =O —y-2(p-6)+90° 


Find a mean value for © for the period under reduction, by adding to 
© seven days’ motion for a fortnight’s observation, or 15 days’ motion for 
a month’s observation. The motion for a day may be taken as 1°, and thus 
we add 7° or 15°; with this mean © compute, 20 —v'; V"”=2© — 2v”. 


FINAL REDUCTION. 
Principal Lunar Tide called M,. 
Let mean semi-range = H,,, and constant angle of retardation or lag = «,,. 
The angle of retardation is hereafter called the lag. 


Then from M sheet take R,,, G,, and compute 


me 
Eis = Se" Kn = Ga +V 


Principal Solar Tide called S,, and Lunisolar Semi-diurnal Tide 
called K,*. 

For 8,, let mean semi-range = H,, lag =x«;. 
For K,, let mean semi-range = H”, lag = «”. 
Find yw, as a positive or negative angle, for a fortnight, from 

f” sin V” 

OO es 3°71p,+ f” cos ye 

Then from S sheet take R,, &,, and compute 


- 3°71 cos H’- 1 
eS Ul pe tacos Ve. 3} ~ 367 


For a month replace the 3°71 in these formule by 3°84. 


ED, Keak = Ot 


* [An error in the Manual has been corre¢ted.| 
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Lunisolar Diurnal Tide called K,, and Solar Diurnal Tide called P*. 
For K,, let mean semi-range = H’, lag = x’. 
For P, let mean semi-range = H,, lag = xp. 
Find ¢, as a positive or negative angle, from 


sin (20 —y) * 
3f'— cos (2© — v’) 


tan d= 


Then from S sheet take R’, €’, and for a fortnight compute 


3007 cos } R. 
er p 


il 
3f’ — cos(2© — v’)”’ mS 


3 


(els H’, @=m=C4+V'+O+6°9 


For a month replace 3:007 by 3:027 and 6°°9 by 13°. 


Lunar Diurnal Tide called O. 
For O, let mean semi-range = Hp, lag = kp. 
Then from O sheet take R,, &, and compute 


He, Ree Cork 


For rough results all the diurnal tides may be omitted, unless the diurnal 
inequality is known to be large. 


Collect Results. 


These constants express six of the most important tides, and A, gives the 
height of mean water mark from the zero of the tide gauge. 


* (An error in the Manual has been corrected.] 
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Port BLAIR, ANDAMAN IsLANDs; lat. 11° 41’ N., long. 92° 45’ E. 


Observation commences at epoch, 0* mean time, April 19, 1880. Long. 
92° 45° BH. = 62183 H. 


N.A.p.1 8 =280°; sing =— 985; sin2Q =—“34 
cos 8 =+°'174; cos28 =— 94 


Angles. 
p=i2°9 sing —1°3sin2Q@ =—12726 
E=11°8sin & —1°3 sin 28 =—11°18 
v= 8'9sin 9 —0°7 sin 28 =— 8°46 
2v =17°7sin 3 —0°7 sin 28 =— 17°36 
Factors. 


f= 1:000 — ‘087 cos 98 = ‘994 
f’= 1:006 +115 cos & — ‘009 cos 28 = 1:085 
ft” = 1:024 + 286 cos & +008 cos 2 & = 1:066 
f, = 1:009 + °187 cos g — 015 cos 2 8& = 1:056 
The mean value of ©’s parx. for the fortnight commencing April 19 is 
©’s parx. on April 25 = 8”89 (N.A. 1880); mean parx. from Preface to 
N.A. = 895; difference =— 006; multiply by 19} =— 116; change ” to ° 
=—1° 10’; sin (—1° 10’)=— 020; p =1—-— ‘020 = -980. 


Arguments at Epoch. 
)’s daily motion 13°11’; hourly 0°55; )’s motion in 6"18 = 3°40 
©’s hourly motion 0°:041 ; ©’s motion in 618 = 0°25 
N.A. (Moon’s Libration)— 
O!GM AT Ap. 20) = (loo 278 


— one day’s motion =— 13°11’ 
OVC MTS Ap. 19). =— 146-16 
= Oi 

—6"18 E. long.=— 3°40 
y= 142 °87 

Sea 


Y-£= 154°05 
2()-—£)= 30810 
—~2()-£)= 51°90 
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Sid’ time OMG:M.T, ApadQ= 1251" 51° Oa 251 
: Ske 5185 y= "B25 
= 1864 210% 270 
4 sid! time = 932 


© 0° GMT. Ap.19= 27°96 


Sum V’ = 306°:2 


— 6°18 E. long. = — 25 
y= ghee ©—v= 89°97 
=p 1'2'°26 —2(y-&)= 51°90 


—s +90°= 90 
© —v= 39 ‘97 - ; 
=e Sum V, = 181°87 
2(O-v)= 79°94 
Bo GRE) = 51-90 


Sum V= 181°84 


Compute 2© —v’ and V” with mean values of ©. The reduction is to 
cover a fortnight, and therefore a week later than April 19 is the middle of 
the period, and © has increased by seven days’ motion or 7°. 


April 19, © = 28° 20= 70° 2© = 70° 

a week’s increase = 7° Pay = 2p =i” 

mean © = 35° 30 — pr = 73° Sum V” = 87° 
REDUCTIONS. 


M., Principal Lunar Semi-diurnal. 
From harmon. anal. £,, = 147°°98 Rin _ 2178 
+ V=131 ‘82 f 994 
Sum kK» = 280° 


= == 21 91 


K,, Lunisolar Semi-diurnal, and 8, Principal Solar Semi-diurnal. 
f” =1:066; p,=-980; R,="781; ¢,=297°9; V” =87° 


_ _dsTleosy 
=a Tip +t cos VV" 


H, 


Compute— log f” = ‘0278 
log cos V” = 87188 
log f’cos V" = 874.66 


f’cos V” =+ 0:056 

3°T1p, =+ 3°636 
Silp+f’cos V"= 3:692 
log 3692 = ‘56737 
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log f” = -0278 log cos Ww = 9'9827 
log sin V” = 9'9994 log 371 = °5694 
colog 3°692 = 9°4327 log R, = 9:8639 


colog 3°692 = 9°4327 


log tan y= 94599 


sin V’ is +, therefore y is +, and log H, = 9'8487 
w= +165’ =+16"1 H,= ‘706 
= 29709 He 
s tt = s — C > 
H 3-67 19 


Sum <= ol4° = =« 


K,, Lunisolar Diurnal, and P Solar Diurnal. 

20 —v'=78°; cos(2O —v’)=+:208; sin(2O —r’)=+ 978 
POS by =O Ont ee 00 ao 

3:007 cos 


H’ ==, -R’ 
3f' — cos (20 — v’) # 
Compute— Sf ole 
— cos (2© —v’)=— +208 
3f’ —cos(2O —v')= = 2'897 
sin (2© — v’) ‘978 
ss —s = _ ee ee oe 88 
Pulse Tiger eaplolatigis TVET Tce 


gis +,and ¢6=+4+18°40'= 18°7 


V’ = 306 2 
ee 22 
6-9= 6:9 


Sum «’ = 334° = x, 
log cos @ = 9°9765 
log 3:007 = °4781 
colog 2°897 = 95381 
log R’ = 9:6702 
log H’ = 96629 
H’=*7460 5 HH, =4Hs="153 


O, Lunar Diurnal. 
V,=181°9; f,=1056; R,=146; ¢=116"8 


Compute— 
V,=181°9 
oa es ee OPTS 
; H, =~ =—— = "138 
Sum «, = 299° { @eeLO56 
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RESULTS OF Harmonic ANALYSIS of 15 days’ hourly observations 
at Port Blair, commencing 0", April 19, 1880. 


Mean of Three Years’ 
Hourly Observation. 


A, =474 ft. : 4740 ft. 
at Hy, = 2°19 ft. ' : 2022 ft. 
Vitm = 280° . 278° 
. (A, = 0°71 ft. : : 0:968 ft. 

ie, = 314° . . . 315° 
K (H” =0'19 ft. ; 0-282 ft. 
te sae ; : Sti 
K (H’ =0°46 ft. J ; (397 ft. 
‘le’ =3384° . ; : ‘ ; 397° 
p H, = 0°15 ft. : : ; 0:134 ft. 
i = 334° , : ‘ : } 326° 
a (H, = 014 ft. ; : : 0160 ft. 
lk. =299° , é 302: 


The second column is inserted for the sake of comparison, and gives the 
results of three years of continuous hourly observation by the Tidal Depart- 
ment of the Survey of India. The concordance between the two affords 
evidence of the utility of even so short a series of observations as a fortnight. 


IV. THE CONSTANTS TO BE USED IN COMPUTING 
A TrpE TABLE. 


The possibility of computing a tide table depends on the knowledge of 
certain tidal constants appropriate to the port. In the preceding example 
we have shown how these constants are derivable from a short series of 
observations. The constants are there presented in what is called the 
harmonic method, and an example is worked out below for Port Blair, with 
such constants as have been derived above from a fortnight of observation. 
The values used, however, are taken from the extended series of observations 
made by the Indian Survey*. 


The harmonic notation is, however, rather recent, and is not adopted 
in the tide tables of the Admiralty. We must, therefore, show how the 
principal constants of the harmonic method are derivable from the other 


* The incompleteness of the data, with which we are supposed to be working, necessitates 
the use of certain approximations which would not have been pased if “the elliptic tides” had 
been evaluated. 
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notation, and thus the present method of computation will be made available, 
wherever anything is known of the tides. 


In the Admiralty tide tables the tides are specified by giving the time 
of high water at full and change of moon, and the rise at spring and neap. 
The semidiurnal constants of the harmonic method are derivable from these 
very easily. Spring rise is the average height between low and high water 
marks at spring tide; neap rise the average height between high water-mark 
at neap tide and low water-mark at spring tide; neap range is the average 
height between high and low water marks at neap tide. The average should 
be taken from a great many springs and neaps. 

Then H,, + H, = 4 spring rise 

H,, — H, = 4 neap range 
Ee = 4 neap rise 

If a the age of the tide be known, it may be expressed in hours. Then 
reading the hours as degrees a may be treated as an angle; and if D be the 
ratio of the neap rise to the excess of spring rise above neap rise, we have 


D as Lee 
H, 
If T be the time of H.W. at full and change expressed in hours, 
sin @ 
Km (in degrees) = 29°7' — tan! _—_——_, and 4, = km +a 
m ( os ) D + cos a c s m 


If the age be unknown, we may take @ as 36°, and 


3 
iy Sa ATT TE pe Gop ae Ste 

oe D+ cos a Ea 5D+4 

For example, at Dungeness, Straits of Magellan (Adm. Tide Table) H.W. 
at full and change is 8h. 30m.=8"5; spring rise is 36 ft. to 44 ft., or say, 
40 ft., neap rise is 30 ft 

Hence H,, +H, =20; H,,=15; therefore H,=5, and D= = =3. 

Ss 

The age of the tide being unknown, we assume 36 h, as a likely value, 

so that a =36°, and 


« 


3 ee deel = —1 1 SBN 
Apher es jie OM ra 


Again multiplying the time of H.W. at full and change by 29°, we have 
85 x 29° = 247°, so that «,= 247° — 8° = 239°, and «,= 239° + 36° = 275°, 


Lane 


The diurnal inequality is complex, and it seems unnecessary to enter into 
details excepting in the harmonic notation. 


Where it is stated that the tides are “affected by diurnal inequality,” 
it is not possible to predict the tides from the information contained in the 
so-called tide table. 
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A tide table is first computed with reference to mean water-mark, but it 
is usual in navigational works to refer to “the mean level of low water of 
ordinary spring tides.” The datum level may be taken as H,,, + H,+H’+ H, 
below mean water-mark, and hence to refer to the datum level we must add 


Hm + H,+H’+H, to both H.W. and L.W. heights. 


This datum has been defined for the first time in the prefaces to the 
Indian Tide Tables for 1887, and is called “Indian spring low-water mark,” 
It has been chosen so as to agree as a general rule with “Low water of 
ordinary spring tides.” Accurate agreement was out of the question, since 
the Admiralty datum does not appear susceptible of an exact scientific 
definition. 

In many estuaries and rivers the water rises much more rapidly than 
it falls, and we sometimes find a double H.W. To take account of these 
phenomena we should have to include, according to the schedule for Harmonic 
Analysis, the terms A,, B,, both from the M sheet and S sheet. It is not 
possible, without devoting too much space to the subject, to show how these 
“over-tides” are to be included in the computation of the table. It is proper 
to remark that in such an estuary either the H.W. or L.W., as computed by 
the method below, may be found considerably in error, 


V. THE COMPUTATION OF A TIDE TABLE, 


The method of computation will be explained most easily by an actual 
numerical example*. The computation is divided into a number of sections 
and schedules, each line of each schedule is independent of all the others, 
and thus a single tide nay be computed as easily as a complete table. The 
numerical value of any quantity required in the computation of any column 
of a schedule is written at the top of the column, but outside the boundary 
line of the schedule. In several cases explanatory headings are also put 
outside the boundary line, but the process of derivation of each column from 
what goes before is accurately stated inside the boundary line. It will be 
stated below in § VI. how the computations may be abridged where accuracy 
is not desired. 


TrpE TABLE FOR Port Brarr E. long. 6183, commencing Feb. 1, 1885. 
Tidal constants serving as basis of table 
EL, = 2°022 H,=0°968) HH” =0°282) 
ge sal rel Kk, = 815° | k= elo- 
H’=0°397) H,=0134) H,=0'160 
‘= 327° ty = 826° | hs Migg=B02° 


* The reasoning on which the following processes are based is given in a report to the British 
Association, 1886. [The preceding paper in this volume. ] df 
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A. Computation of Constants for a Fortnight, commencing Feb. 1, 1885. 
NLA. 8 = 187°; sin 8=— 122; sin22=+4°24 
cos 8 =— ‘993; cos28=+'97 
Compute from the formula 
A = 16°51 + 3°44 cos 3 — 0°19 cos 28 
Therefore 
A= 16°51 — 3°416-= 07184 =12°°91; 2A = 25°82 = 25" 49° 
log cos 2A = 9'9543 
By the formule in reduction § ITT. with above value of 3, we find 
y=—1°89; E=—1°75; f=10387 5. f = 8825 f= 807 
py’ = — 1°22 

Find mean value of ©’s parx. and decl. for a fortnight, beginning Feb. 1. 

Parx. on Feb. 10 is (N.A.) 896; mean parx. (Pref. N.A.) 885; 
diff.+0”11; multiply by 19}, and read as degrees =+ 2°13 = 2° Sa. 
sin 2° 8’ =°087; p, = 1087. 

Decl. on Feb. 8 :— 

5,= 14° 50’; 26,= 29° 40’; cos?d, =4 (1 + cos 26 )=4 x 1:8689 = -935 

1086p, cos?s, = 970; H,=0°968; 1:086p, cos?6 H,=1"020=8 

Note that the 1:086 which occurs here is an absolute constant for all 

times and places. 


Compute “age of declinational inequality ” as below :— 

‘Age’ = 52"2 tan (k”— km), and K” — km=310° — 278° = 32° 
Therefore ‘Age’ = 52"-2 tan 32° = 32"6 
The 52"2 which occurs here is an absolute constant for all ports. 


With constants, absolute for all ports, C,, C, (whose logarithms are given 
below) compute a =C,H” cos («k”— km); A=acos2A; B=C,—— sin (K”— km); 


Ey 
B= 8 cos 2A, as follows :— 


log C,= °6344 log C, = 2°3925 
log cos (k” — km) = 9°9284 log sin (K” — Km) = 9°7242 
log H” = 9:4502 log H” = 9:4502 
colog Hy» = 9°6942 
loga= -0130 
log cos 2A = 9'°9543 log 8 =1°2611 


log cos 2A = 9:9543 


log A = 9:9673 
A = 0927 log B= 12154 
B= 16°42 
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Computation of Angles determining the Position of © and y at 0" Feb. 1, 
1885, Port Blair M.T. 


N.A. (Moon’s Libration)*— 
) van. 31 =1388"'6 
1 day’s motion = + 13:2 


\ Heb; l= 1518 


Corr" for E. long. = — 3'4 
)y = 148°4 

—~&= +18 

yp —é= 150°'2 


2()— £)= 3004 
-2()-f)= 59°6 


E. long. 6"18 


Hourly in-) .. 
ourly “a 0°55 


crease of ) 


Corr" for E. long. — 3°°399 


N.A. Sid! time at " 2 
G.M.T. Feb. 1 - 
4 sid' time = 10°4 


Sum, ©.0° Febnl= 312° 


—v= +2 
©O-—v= 314 
-2()-£)= 60 
+90°= 90 
Vo= 104° 


“At epoch © = 312° 


—y=+4+ 1 
+ 270° =—90 
Vo= 223° 


2© —v’' is to be computed with the mean value of © for a fortnight ; 


add therefore 7° to © at epoch :— 
© at epoch = 312° 


motion for 1 week = + 7 


mean © = 319° 


mean 2© = 278° 
=yp=+] 


20 —v' = 279° 


_* {The moon’s mean longitude is no longer to be found under the heading of ‘Moon’s 


Libration’ but is on p. 1 of the Nautical Almanac.| 
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Compute as follows :— 
cos (2@ —v')=+ 156; Bf = 2646; 3f’ — cos (20 — v’) = 2490 
sin (2© —v’) =— ‘988 
_ sm@QO-r) _ . 988 _ 
tan — 3F = cos GO =) se EU 
@is—, and @=— 21°40 =—-21°7 


— 397 


apices COlY) rie Hone 


ss 3 cos h 
Compute— 
K = 320 log sec 6 = ‘0318 
—-gd= +22 colog 3 = 9:5229 
os log 2°490 = 3962 
K—-d= 349 log H’ = 95988 
— V’=— 223 
—— log R’ = 95497 
e—-o—-V=C= 126° R= 0'°355 
Ket, Be =o 0100 tad 
Ko= » 002° log f= ‘0158 
Vip = 104 log Hy, = °3058 
Sum. == 19S. log KR, =loefH,, = “3256 


log3= ‘4771 


log 3 Rm = °7987 
R= 2097 


Collecting constants. 
Rie 2 0075 S020 
log 3 Rm = 7987; ‘Age’ =32"6 
A= 0927; loga= 0180; R’=0°355; R, = 0129 
B=16"42; lor B8=12611; ¢ =126 570, = 198" 


Compute also— 


. 


Hie a Peers Se, at gt eye 21) seBObanke Se 
the mean interval 2 29 9°59; and y=x«; a9 km 27°°4: 
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S, R’, & must be recomputed for each month, the remaining constants 
would serve for six months, or perhaps a year of continuous tidal com- 
putation. The value of R, would serve for six months, but care must be 
taken in computing each month that ¢, be computed by reference to the 
first noon of the month as a new epoch. 


B. Parallactic Correction of Lunar Semi-diurnal Tide. 
The semi-range of the lunar semi-diurnal tide is Ry» (= 2097) and it has 


to be corrected for the )’s parx. The parallactic correction is found by multi- 
plying R,,, by the factor p, where 


p=()’s parx.)’ +()’s mean parx.) 
The )’s mean parx. is 57’ 2”, but the )’s parx. in question must be taken 
at a time anterior to H.W. by the “age” (— 326), 


To find p (approximately) subtract 57’ 2” from the )’s parx., substitute 
‘ for ’ , look out the sine of the angle, multiply it by 3, and add 1 
to the result; then p is less than 1 if the )’s parx. is below its mean value, 
because the sine of a — angle is —, and wice versd. 


fe) 


We begin by making a table of 6,R,, (the parallactic corrections to Ray 
for each 05 of parx. above or below the mean, to be applied + when the parx. 
is greater than 57’, and — when it is below. - 

Tables B and C serve for all time, so long as the same tidal constants 
are used. 


B. Auxiliary Table for Parallactic Corrections, denoted by 
OM eee 
log 3 R,,=°7987 


Us Il. Il. UM 
Minutes of Parx. Read Degrees Walaralt Nuiaboe 
ae Pee Maes Lae catvicg ae 

below 57’ 2” log sin (L.) Lae? 

0-5 79408 8°7395 05 

1 8:2419 9:0406 itt 

15 8°4179 92166 16 

2 8°5428 9°3415 “22 

25 86397 9°4384 27 

3 8°7188 9°5175 33 

3°5 8°7857 9°5844 38 

4 88436 9°6423 “44 

4°5 88946 9°6933 “49 

5 89403 9°7390 P 55 


[4 
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CG. Declinational Correction to Lunar Semi-diurnal Tide. 


: | 
é 2 9 P66 | G-6  L0-—=ZO0-—890--| FO-— | SE-FI  QLST-1 ZI-- | 18 | 4606-6 | 2968-6 61 
é | 
2 ome L63 | €9-6 |90. =Z00-—¢¢0-—-| 99-1 9LPL 1691-1 OL: eg. | O1Z6-6 | 0806-6 SI 
2 | 
ne es L88 | 996 |PO =100.—€F0.—| 68-1 | SLL | 2641-1 80: cg. | 916-6 | 9816-6 LI 
= oC | 
ce i s F8 | 996 0. =100-—Ze0.-| 96-0 LPG S68T-1 90. 18. | PIF6-6 | F8Z6-6 91 
ea eo 0.83 | L¢-6 GO. =100--1Z0--| 29-0 08-¢L 9861-1 r0- 68- | 206-6 | SLE6.6 cl 
- (Ze) | 
s Ceey Z L118 | 89-6 10. =000--O010-—| 18-0 IL-9  OLO@-1 ZO-—- | 16: | 6896-6 | 6SF6-6 val 
3 ar eS 718 | 69-6 00-—-=000-—100-—| %0-0- | OF-91 | SFIZ1 00- €6- | 1996-6 | Lec6.6 el 
n = | 
= a See LLZ | 09-6 | 10-+=000-+800-+} ¢Z-0+ | 19-91 | 81Zé-1 to-+ | 76 | LEL6-6 | 1096-6 rai 
= & ie a 6-96 | 19-6 |Z0- =100-+L10-+| 0¢-0 6-91 | 8Z%-1 €0- 96. | 086-6 | ZL96-6 Il 
o | 
ag = eer: 198 | 39-6 |€0- =100-+720-+|  &L-0 PLLL | 1P€3-1 F0- 16. | 0986-6 | O&L6.6 or 
a z 
af Go a ¢.93 | 29-6 | 0. =100-+1¢0.+| €6-0 CE-L1 | €6ES-1 CO. 86. | Z166-6 | Z8L6-6 6 
2 oe 4 ¢.9% | €9-6 |70. =100-+2¢0-+] 3LT PELL | 6EFS-T 90- 66- | 8&66-6 | 8286-6 8 
2 % mo 1-92 | €9-6 |70- =100-+€F0-+] 8Z-T OL-LI | O8F%-T 10- 00-1 | 6666-6 | 6986-6 I 
© ¥ oa 0.93 | #9-6 |G0. =Z00O-+270-+] BP-T FB-LT | SISS-T 80- 10-1 | Fg00- | 7066-6 9 
? & ag 6 g.cg | 9-6 |G0. =Z00-+%90-+] 9-1 LO-LL | PSST 80- 10-L 7900. | F866-6 ¢ 
nm oO SS 
& Se = 1.6% | 69.6 |90- =00-+¢¢0.+] ¢9-T LO-81 | 6992-1 60- ZO-1 | 8800. | 866-6 P 
o od 
ee eee 1-66 | 99.6 |90- =ZO0-+L¢90-+] 3-1 TL8I | 1896-1 60. ZO-L | 9010. | 9166-6 € 
ee 
ze = eos 9.66 | ¢9-6 |90. =Z00-+6¢0-+] 84-1 0Z-8T | 009%-T Ot: 0-1 | 6IL0- | 6866-6 S 
45 
Bo 8 9.¢¢ | 99.6 |90- =Z00-+090-+| 18-1 €Z-8T | 809-1 OL- €0-1 | L&L0. | 1666-6 I 
Sie Ba Fa 9.02 | 9-6 |90-+=Z00-+190-+| Z8-1+ | FB-8T| TI9Z-T | OL-+ | 80-1 | O€10- | 0000-0 0 
ae = 5 oy ° “ ) ° E a aes ° 
So ee pe eS 
BS 2 os mi |. A|- erage 0g (“v%Q) aN pd ee - 
ee So Ae AH * | UPA TA = ero ae et deel) Ww eka wae ON TEE eT] Ce yl FC PP 
eS ° 44 2 a k A »t109 |? pltog Lo : ee Sanit e46 au Deut yates aie soo 80, | “§ IO ‘N 
eas oe : 66+ IIIA Sats las N Beat 4 -OF aEIOD)) FEN jo saerSeqT 
Fea eee eee 
Sine a : ; : : : : : : . : : 
Soar a Ix x XI TITA IIA | “IA A AI I ist I 
A ty Ted Se oO 
= res = a S FF L6=4 69-u6=2 oP-91= I19@-1=8 SO €6-=V OL10-= So] 
cs = 
nN 2} 


*h pue 2 poyooriod pue CO NSO ZEN ‘suOTJOOLIOT [BUOTIVUTPVAC] IOF 9[Qe], ALEYIXNY a) 


1886] COMPUTATION OF A TIDE-TABLE. 147 


D. Parallactic and Declinational Corrections to Lunar 
Semi-diurnal Tide. 


Each H.W. follows a )’s transit at the port, approximately, by the interval 
a (96), and we require the )’s parx. and decl. at a moment anterior to H.W. 
by age of tide. Times are to be reduced to G.M.T. and round numbers used. 
To reduce to G.M.T. subtract E. long., = 62 for Port Blair. (Add for W. 
long.) The local time of )’s transit is G.M.T. of transit less 2™ for each hour 
of E. long.; for Port Blair less 12™ =0"-2 (for W. long. add this corrn.) 


(0"'2)— E. long. in time (6"2)+ mean in- 
terval 7 (9""6) — age of tide (82"°6) 
= G.M.T. of )’s transit — 29-4 


: = (4, T ’s transit — . , 1 
Glatere eich ant 3.M.T. of )’s transit — long. corrn. for transit 


)’s parx. and decl. 


In the following table we determine roughly this moment of time, in 
correspondence with each transit of ), look out parx. and decl. and find 
corrected R,,, from auxiliary tables B and C. These corrected values we 
shall call m,, M,; m,, M,, &c., large letters being associated with upper, and 
small with lower transits and the subscript numbers being the numbers of 
the days of the tide table, the first day being numbered zero. 


The corrected intervals, also from tables B and C, we call %, J,; %, 
I,; &c., and the corrected values of x,—32km (or y) we call y, To; m; 


ee we: 


10—2 


[4 
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K. Determination of Local Mean and apparent Times of Moon’s Transitt, 
and of Angles for Computing the Fortnightly Inequality. 

It is convenient to treat the upper and lower transits separately in 
schedules of similar forms. The angle x), X, x,, X,, &c., on which the 
fortnightly inequality of time and height depends, is twice the apparent 
time of transit converted to angle at 15° per hour, and with the corresponding 
angles yo, Ty, yi, 1, &e. subtracted. 

The corrections for long. of port are — for E., + for W. long. 


E. Lower Transits. 


Port Blair 
_ | appt. time Mientoe 
Nautical Port Blair | of transit appt. time Required 
M.T. of . 
Almanac t ° Equation converted angles 
ransit ae 
of time to angle 
= -+]4m 
I ite Ill. IV. Vi: AL, VII. VIII. 
II. -2™ Enter y 
G.M.T IIT. - , 
oe per hour ; INS ite ; from 
Date e »)) : of Ahad Aceimale V. x 30 XIL. of V1. - VII. 
ransi BE. long of time D 
1885 haem, ln, GTA haem: h. i : a 
Feb. 1 1 50 iss 1 24 1:40 42°0 26°9 eyes Wael 
ee! 2 41 2 29 2 15 2°25 67°5 26°1 X= 41°4 
a, 3 30 8} lis} 3.464 3°07 92°1 25°6 X= 66°5 
ee! 4 17 AOS 3 51 3°85 1153255 25°6 x3= 899 
no 5 64 4 52 4 38 4°63 138°9 26:0 X— 129 
5 i i Be 5 38 5 24 5:40 162:0 26°7 X,=135°3 
aah 6 36 6 24 6 10 617 1851 27°4 Xe LOTT 
ay ie! 7 23 gy Auk Garon 6:95 208°5 28°2 X,= 180°3 
E. Upper Transits. 
Port Blair 
. | appt. time Tae 
Nautical a ene of transit appt. time Required 
Almanac reen Equation converted angles 
ransit : 
of time to angle 
=+14™ 
ike i 1 IV. We VI. VII. Vill 
‘ II, — 2™ Enter 1 
eerste LA Ni per boar: | ween Tine Meee ah from__| VI.— VII 
ae of St time | decimals XII. of — 360° 
ransi E, long of time D 
1885) him. h. m h. m. h. a 5 ' 
Feb.1| 14 15 14 3 13 49 13°82 4146 26°5 Xo= 281 
All aS i) 14 53 14 39 14°65 439°5 25'8 Mies GREY 
a ai) lie GR 15 41 15 27 15°45 463°5 25°6 GES YTS) 
» 4) 16 40 16 28 16 14 16°23 486'9 25°7 Xs—= LO? 
SEO ide Oi if N53 We a 17:02 5106 26°3 X4=124'3 
5 {ll hs} ile} ifsy 17 47 HiPiSafts} 533°4 27:0 X;= 146°4 
wo Oh AS ta 18 47 18 33 18°55 556% 27°8 X,=168°7 
5 | JE 2G 19 34 19 20 19°33 579°9 28°6 X,=191°3 
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F. Figure for Times and Heights of Seni-diurnal Tide. 


The next step is to find the resultant of the lunar and solar tides. Draw 
the straight line OA. Produce AO to S, and take OS =S (for Port Blair 
S = 1020) on any convenient scale. With OA as initial line set off the 
angles x), X», x, X;, found in VIII. of E, for a fortnight; a new figure is 
desirable for the next fortnight. On Om,, OM,, Om,, OM,, &c. set off to 
adopted scale the heights m,, M,, m,, M,, &c. found in X. of D. 


22 L ao af 

oo SZ 
Feb.7.y Ms 3 VEY 
Feb. 8.Ut7 sg 


77 = fe) A 
a9 \ 


Feb.8-U M, 


Join m)S, M,S, m,S, M,S, &c., and measure all the lengths m,S, M.S, m,S, 
M,S, &c. on adopted scale. These are the successive heights of H.W. 


Measure all the angles Om,S, OM,S, &c. and count them as + in the 
upper half of the figure, and — in the lower half. Each height and each 
angle is associated with one upper or lower transit of ). 


G. Formation of Tide Table for Semi-diurnal Tides. 


The successive heights Om,, OM,, Om,, OM,, &c., of H.W. have been 
found graphically in F, The angles Om,S, OM,S, Om,S, OMS, &c. found in 
the figure F must be reduced to time at the rate of 29° per hour, and 
subtracted from the mean time of )’s transit found in III. of E, to these have 
to be added the corrected intervals 7, Zo, 7,, 1,, &c. from XI. of D. Next a 
time half-way between consecutive H.W.’s is taken as the time of L.W.; and 
the height of L.W. is taken as the mean of the H.W. before and after with a 
— prefixed. 
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These processes are carried out in the following schedule. If the time 
comes out greater than 24", the tide in question really belongs to the 
next day. 


eG UA Wicwee luni ue eevee L.W. 
times times heights heights 
Te II. III. IV. V. VI. VII. VIII. IX. X. 
Mean 
time of Cor- 
aes » and Angles transit rected Inter- Hts. Inter- 
aes OMS | yy +29] from IV. - wot Viel olat from lat 
pee ele Se aitite ot TE eta lin Wiis) tenet avEx, 
ha KE. in of D 
decimals 
1885 h. h. h. h. h. h. ft. ft. 
iM, Ii iy |) ze ele || erbiliss 1°63 1°48 9°61 11:09 3°45 
17°24 —3°41 
U 82 O28: 5) 14°05 || 13°77 9°62 23°39 3°36 
Ha¥4995) —3°31 
A ROA; 12:0 0°41 2°48 2°07 9°63 11°70 3:20 
17°85 —3'17 
U 15°4 O37" [48841 14:35 9°64 24°00 3°09 
s 6:15 — 3:00 
Si Shae 18°7 0°64 3°30 2°66 9°65 12°31 2°91 
18°46 — 2°81 
U 21°6 0°74 | 15°69 | 14:95 9°65 24°60 DATEL 
675 | — 2°59 
oy 5 OE 24-4. 0:84 4:08 3°24 9°65 12°89 2°47 
z | 19:05 — 9°35 
U 26°7 0°92 | 16:47 | 15°55 9°65 25°20 DS 
7°36 — 2°10 
Hh. gy 1b 28°3 0:98 4°86 3°88 9°64 13°52 1:98 
19-70 — 1:85 
AB) 29°4 TON ee ose 4! 9°63 25°87 172 
8:06 — 1:59 
Any eee onl 29°2 101 5°63 4°62 9°62 14°94 1:47 
20°47 — 1°35 
U Dy) 0°94 | 18:02 | 17:08 9°61 26°69 1:24 
8:96 -—1:13 
ein al DS O77 6°40 5°63 9°59 ify 1:02 
21°56 — 94 
U | +13°5 | +0°47 Sirs} | 133 9°58 27°89 *85 
10°33 — ‘81 
» 8 L{— O04 | —0-01 719 7:20 9°57 16°77 ah 
23°20 - 77 
O49 05119257 20:08 955 | 29°63 ‘78 


H. Correction for Diurnal Inequality. 
We first enter the tide table as found in the final columns of G, bringing, 
however, the times greater than 24” into the succeeding day. 
The successive processes are then adequately explained in the following 
schedule. 
Columns VII, VIII, and XIII, XIV. are conveniently taken from a 
traverse table, for disregarding the decimal points, R’ or R, may be considered 


as distances run, the angle in VI. or XI., as the “course,” and R’ cos VI. or 
R, cos XI. is the “ Diff. lat.,” whilst R’ sin VI. or Rgsin XI. is the “ Dep.” 
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First cor- 
Angles on rection to 
Tide Table without diurnal which first heights 
corrections & diurnal tide 
S depends ; 
! R’= 
Ee 0°36 ft. 
3 I eiamanie [Mage joa VI. Vil, Wi ex, 
4 | do |Es ay ae a8 
i. cape, le ely “ao 9 AS 
No. of go lege Smo oa Sse 4 
Day, Date, Zs Ss lise | 2 So 5 eh 
and oy | ae 247 : sé |aa se Re ae 
HW.or kw. | 3 | 2= le@2|| ss Sees 2 4 |se8 
cord Ory ~ VS | Sele She 3 S or 2 oe 
are | se aie : A |B RES ~ Ise 
ry Se ee ea ee eye eee Buda © 
ft. h ft. 
Feb. 1. H.W. |4+3:45| 11:09 | 166° 40° 40° 4°97 |-+°23| 155° 
0. We 3:41 e724 133° —"25 |4+:27 
H.W. |+3°36| 23°39 226° —'25 |—26 
Feb. 2. L.W. |—3°31| 5°55 83 | 317 | 318 +°27 =|—"24 77 
il, HW etoscon ill O 51 +°23 |+°28 
L.W. |—3:17| 17:85 144 — "29 © }+:21 
Feb. 3. H.W. |+3:09| 0:00 O | 234 | 236 —20 |— 30 0) 
L.W. |—3:00} 615 329 +31 |—-19 
2. 
H.W. |+2°91| 12°31 62 +17 |+°32 
L.W. |—2°81} 18°46 155 — 33 |+°15 
Feb. 4. H.W. |+2°71 60 9 | 248 | 246 —'15 |-°33 8 
L.W. |—2°59| 6°75 339 +°34 |-'12 
3. 
H.W. |+2°47| 12°89 72 +°11 |+°34 
L.W. |—2°35| 19°05 165 —'35 |+°09 
Feb, 5. H.W. |+2:23 1°20 18 252 256 — 09 — 35 17 
IVES =O) RBIS 349 +°35 |-—-07 
4, 
H.W. |+1:98| 13°52 82 +:°05 |+°36 
L.W. |—1°85] 19°70 175 — 36 |+°03 
Feb. 6. H.W. |+1-72] 1°87 20 | 262 | 267 —02 |-"36) 26 
.L.W. |—1°59| 8:06 0 +°36 |+:00 
5. 
H.W. |+1:47| 14:24 93 -—"02 |+°36 
L.W. |—1°35 | 20°47 186 —30 |-:04 
Feb. 7. H.W. /+1:24] 2°69 40 | 274 | 280 +°06 |—'35 37 
L.W. |—113]| 8:96 13 +'35 |+°08 
6. 
H.W. |-+-1:02 | 15:22 106 —°10 + °35 
L.W. |— :94] 21°56 199 —'34 |-'12 
Feb. 8. H.W. |+ °85| 3°89 58 | 294 299 +17 |-"382| 54 
TEV —eeSila e033 32 +31 |+4:19 
Me 
Wonton oid LO a 125 —"21 |+:°29 
L.W. |— 23°20 218 —'28 |—-:22 
8. Feb. 9. H.W.|+ °78| 5°63 84 | 318 | 326 +°30 |—'20} 78 
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Angles on Second ace 
hich second | correc- Total P Total 
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181 —'13 | —-00 |-—"12| +21 | —2°38 ISLEY +°05 6°70 
268 —00 | —:13 |4+°21|) +:°11 | +2°58 6:13 +:09 | 12°80 
355 +13 | —-O1 |+:08| —‘22 | —2°57 ‘98 —'03 | 19:08 
276 78 +:03 |+:°13 |—-22) —-06 | +217 5°72 — ‘10 1:30 
165 — 13 | +°:038 |—-04) +:22 | —1°88 1:67 +02 7°34 
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339 +°12 | —:02 |+°01] —°24 | —2:09 1°46 +'01 | 19°69 
259 61 +:06 | +:11 |—"25| +:04 | +1°76 5°31 —'14 2°01 
148 —]] | +:07 |+:07| +°25 | —1°34 Dil — ‘04 8:10 
235 —-08 | —‘11./+°25} —°10 | +1°37 4:92 +°17 | 14:07 
322 +°10 | —-°08 |—:12| —:26 | —1°61 1:94 +:08 | 20°39 
245 47 +°:09 | +°10 |—"25) +°15 | +1°39 4:94 — 20 2°89 
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K. Final Tide Table. 


It remains to reduce the decimals of an hour to minutes, and to change 
from the astronomical to the civil date at the port. It will be found more 
convenient to keep the heights in decimals of a foot, and not reduce to inches, 
The times and heights are given in XIX. and XVII. of table H. 


K. Tipe Taste for Port Blair, the Heights being referred to “ Indian 
Spring Low Water Mark.” 


Times of | Heights of Times of | Heights of 
Civil Date H.W. and} H.W. and Civil Date H.W. and; H.W. and 
L.W. L.W. L.W. L.W. 

| 1885 ny Sey, ft. 1885 lo. Tai, ft. 
tlebs le pm ll ese ee Weee 7:45) Heb: (6. a.m: 1 24 | HW. 55 
ye ob Elaol, ay OAL L.W. 0 a.m. yf ail LW. 1:5 
a.m. cee Goan ELA eae GG p-m. Py al H.W. 53 
p.m. i) eh || A “4 p.m. 8 ESV 
p.m, HM BRS) | el AW "7il 5 lo PsA, 2 H.W. 4:9 
x» Oh Bal, Gy bye | Ae “2 a.m. S250 eli Wee 
p.m. 0 3) sow. 6:4 p.m. my Ry 4) dele, eee) 
p.m. 604 We “7h p.m. By | IAN, BPG 
» 4 am. On 4a eis Wien G7 By th ati 2 58 | HW. 4:4 
a.m. Bil |) Ie eb a.m. i) PAO |] AG 
p.m. O40 EW Gil p.m. A LOW EW eee 
pm.| 6 42 |LW. 12 pm.| 10 42 | LW. 30 
ny | Elda O48 FP ESWae Gel) | eee Oneca rn, A Oe Wee 
a.m. sy MADEN, 1} a.m. 10 46 | LW. 26 
p.m. iL ass | EG ae p.m. S47 Wien 7) 

p.m. GAO. | bee ere 


In the official Indian Tide Tables the tides of Port Blair are referred to a 
datum 3°13 ft. below mean water, that is to say 0°42 ft. higher than the 
datum here used. ‘To effect a comparison then subtract 0°42 ft. from all 
these heights, and the concordance will be found fairly satisfactory. 


The Indian Tide Tables are formed by the tide-predicting instrument, by 
which the approximations here used are avoided, and are based on much 
wider data than those supposed to be here available. 
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VI. ON ABRIDGEMENTS WHICH MAY BE ADOPTED IN COMPUTING 
A TIDE TABLE. 

For navigational purposes a very rough tide table will often suffice. Such 
a table may be computed as follows: 

Hn, Hs, em, Ks, and mean establishment may be derived from spring and 
neap rise, age, and establishment as shown in § IV. If the “age” be unknown 
it may be assumed as 36 h., and «,— «m may be taken as 36°. 

Then let A be the apparent time of any )’s transit reduced to angle at 30° 
per hour, and we have for the height of H.W. from spring L.W. mark 

2H, + H; [1 + cos (A — «s+ #m)] 
and for the height of L.W. from same level 
H, [1 — cos (A — Ky + Kn)] 
The time of H.W. is 


M.T. of )’s tr. + mean estab, — 2? = = sin (A — ky + Km) 


mn 


And the time of L.W. is 6h. 12m. later, or half-way between two con- 
secutive H.W.’s computed by above rule. 


For example : 

At Port Blair H,, = 2:0 ft., H,= 1:0 ft., «, = Km = 87°, mean establishment 
=9"6; and we found M.T. of )’s lower transit on Feb. 5, 1885 = 4h. 52m. 
=4>9, and appt. time of transit reduced to angle at 30° per hour is 139”, so 
that A = 139°. 

Then A —k; + km= 102°; cos 102°=—02; sm102°=+10 
H,[1 +cos 102°]=08; 2H, =40 


Hy; [1 —‘cos 102") = 125" 28 Hs ain 102°=2 x4 x1=1"0 


Si H,, 
Time of H.W. = 4°'9 + 96 — 12-0 = 138"5 
Time of L.W. = 13°'5 + 6"-2 = 19"-7 
Hence H.W., Feb. 6, at 1h. 30 m. am., height 4°8 ft. 


L.W., Feb. 6, at 7h. 42 m. a.m., height 1:2 ft. 


It must be noticed that we are here supposed to know nothing of the 
diurnal tides, and the datum level being H,,, + H, or 3:0 ft. below mean water 
is considerably higher than that used above. 


The results are more nearly in accordance with the complete value as 
found in the preceding section than would usually be the case. 


A graphical method of using the same data would be more accurate. The 
figure would be the same as that of the last section, but the m’s and M’s 
would be determined by sweeping a circle with radius H,, about O as centre, 
and OS would be taken as equal to H, 4 
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The further step in accuracy would be to proceed as in computation of 
§ V., but to compute auxiliary tables B. and C. for each minute of parx. and 
each 2° of decl. only. Table D. may be abridged by computing corrections 
for parx. and decl. for upper transits only, and columns XI., XII. may be 
omitted entirely. Table E. for lower transit may be omitted. Figure F. may 
be drawn for upper transits only, and the entries in G. for lower transits may 
be filled in by interpolation. In Table H. for diurnal tides only the first 
entry for each day in VI. (2) and XI. (2) need be made, and only the first two 
entries for each day of VIL, VIIL, XII, XIII, XIV., XVIII. computed. 
The third and fourth entries for each day of XV. and XIX. may be taken as 
respectively numerically equal to the first and second ones, but with the 
opposite signs. These abridgements would reduce the computation by nearly 
a half. Other abridgements will doubtless occur to the computer, but they 
will all involve loss of accuracy. 


VII. Works or REFERENCE. 


A general account of the theory of tides will be found in most Popular 
Astronomies, but we are not aware of any book which gives a complete 
exposition of tidal theory and practice. Airy’s well known article on “ Tides 
and Waves” in the Encyclopedia Metropolitana may be referred to, but as 
great advances have been made since the time of its publication, it would 
seem preferable to refer to the article by the present writer, which is about to 
be contributed to the Hncyclopwedia Britannica*. 


A complete list of all papers on the tides published since the time of 
Newton will be found in the Bibliographie Astronomique, Houzeau and 
Lancaster, Brussels, 1882. For an account of the harmonic method and its 
connexion with the method of hour angles, &c., see the Reports to the British 
Association for 1883 and 1885, and 1886, for an explanation of the methods 
here used [Papers 1, 2, 3 above]. 


Tables of the harmonic tidal constants at a considerable number of ports 
are given in a paper by A. W. Baird and G. H. Darwin in the Proceedings of 
the Royal Society, 1885. 


Computation forms for the reduction of a long series of tidal observations, 
and copies of the British Association Report, 1883, may be purchased of the 
Cambridge Scientific Instrument Company. 


A manual of practical tidal observation by Major A. W. Baird, R.E.,-will 
shortly be on sale by Messrs Taylor and Francis, Red Lion Court, Fleet 
Street. 


* [Since this time my own Tides and Kindred Phenomena in the Solar System (Murray) has 
been published. ] 


5. 


ON THE HARMONIC ANALYSIS OF TIDAL OBSERVATIONS 
OF HIGH AND LOW WATER. 


[Proceedings of the Royal Society, XLVII. (1890), pp. 278—840. ] 


§1. Introduction. 


EXTENSIVE use of the tide-gauge has only been made in recent years, and 
by far the largest number of tidal records consist only of observations of high 
and low water (H. and L.W.). Such observations have usually been reduced 
by determining the law governing the relationship between the times and 
heights of H. and L.W. and the positions of the moon and sun, This method 
is satisfactory so long as the diurnal inequalities are small, but it becomes 
both complex and unsatisfactory when the diurnal inequality is large. In 
such cases the harmonic notation for the tide is advantageous, and as, except 
in the North Atlantic Ocean, the diurnal inequality is generally considerable, 
a proper method of evaluating the harmonic constants from H. and L.W. 
observations is desirable. 


The essential difference between the method here proposed and_ that 
followed by Laplace and his successors is that they introduced astronomical 
considerations from the first and applied them to each H. and L.W., whereas 
the positions of the sun and moon will only be required here at a single 
instant of time. In their method, the time of moon’s transit, and hence the 
interval, was found for each tide; the age of the moon, and the moon’s and 
sun’s parallaxes and declinations were also required. An extensive table 
from the astronomical ephemeris was thus necessary, and there still remained 
the classification of heights and intervals according to the age of moon, and 
two parallaxes, and two declinations. The classification could hardly be less 
laborious, and was probably less mechanical, than the sorting processes 
employed below. There is probably, therefore, a considerable saving of labour 
in the present method, and, besides, I conceive that the results are more 
satisfactory when expressed in the harmonic notation. 
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My object has been to make the whole process a purely mechanical one, 
and, although nothing can render the reduction of tidal observations a light 
piece of work, I believe that it is here presented in a form which is nearly 
as short as possible. 

The analytical difficulties to be encountered in such a task are small, but 
the arrangement of a heavy mass of arithmetic, so as to involve a minimum 
of labour and therefore of expense, is by no means easy. How far I have 
succeeded must be left to the decision of those who will, I hope, use the 
methods here devised. 


When a question of this kind is attacked, the solution cannot be deemed 
complete unless the investigation is left in such a state that an ordinary 
trained computer is able to use it as a code of instructions by which to reduce 
a series of observations, without any knowledge of tidal theory. 


An actual numerical example is thus essential, both to test the method 
and to serve as instructions to a computer. The Appendix contains so much 
of the reduction of three months of observation at Bombay as will serve as 
such a code. If the series be longer than three months, or in such cases as 
the proper treatment of gaps in the series, it is necessary to refer back to the 
body of the paper for instructions. 


I now pass to the theoretical reasons for the rules for reduction. 


§ 2. Notation. 


The notation of the Report to the British Association for 1883 [Paper 1], 
and in use in the Indian tidal work and elsewhere, is here followed. 


The earth’s angular velocity is denoted by y; the hourly mean motions of 
the moon, sun, and lunar perigee by o, 9, @ (yf, cedjvn, HALos); the mean 
longitudes of moon, sun, and lunar perigee by s, h, p, and the mean solar 
hour angle by t. The R.A. and longitude in the lunar orbit of the inter- 
section of the equator with the lunar orbit are v, €; and W is the longitude 
of the moon’s node. 


The several harmonic tides are denoted by arbitrarily chosen initial letters. 
Those with which we shall principally have to deal are— 


Semi-diurnal. 


Name Initial Speed Equilibrium argument 
Principal lunar... M, 2(y—o) 2t-+ 2 (h—v)—2(s—£) 
‘ solar... S, 2(y—7) 2t 
Tsud-S0lar <5... ey 2t+2(h—v”) 


Larger elliptic ... N 22%y—38c0+o0 2t+2(h—v) —2(s—£) -(s—p) 
Smaller __,, . LL %@Ww-c-aw 2t+2(h—v)—2(s—£&)+(s—p)+a 
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Diurnal. 

Name Initial Speed Equilibrium argument 
Tiini-solatlcs..: 3.3 i Y t+(h-v)—ta 
SUUDAT diy aes deraas O y — 20 t+(h—v)—2(s—&)+4a7 
Ol aires: Saco thase ces ie y —2n t-ht+d4qr 


The symbol H denotes the mean semi-range of any one of the tides, and 
« its retardation of phase behind what it would be according to the equi- 
librium theory; f denotes a certain factor of augmentation of the lunar and 
luni-solar tides depending on the value of XN. 


The particular tide to which H, «, f refer will in general be indicated by 
a subscript small letter, the same as the letter constituting the initial of the 
tide. Thus, for example, the M, tide is expressed by 

fin Hin cos {2t + 2(h — v) — 2(8 — E) — km} 

I have allowed a departure from this notation in the case of the tides 
K, and K,, where I write H”, «”, f” for the first, and H’, «’, f’ for the second. 
The angles 2v” and v’ (which, like v and &, are functions of NV) are also 
involved in the arguments* (or angle under the cosine in the expression for 
the height of the particular tide) of these two tides. 


It is obviously necessary to suppose the reader to have some acquaintance 
with the harmonic notation, or it would be necessary to repeat the Report on 
Tides above referred to. 


$3. The General Method of Treating H. and L.W. Observations. 


Noon of the day on which the observations begin is to be taken as the 
epoch, and the mean solar time elapsed since epoch is denoted by ¢#. V with 
the proper subscript letter denotes the increase of argument since epoch ; 
for example, Vm»=2(y—<«)t. 

Then the height of the water h, estimated from mean sea-level, is 
expressed by a number of terms of the form A cos V+ Bsin V, or, in an 
alternative form, Rcos(V— ). 


In order to explain the principle of the method proposed, let us take two 
typical terms involving V, and V,, and let the rates of increase of V, be p, 
and of V, be g. 


Then we have 
h= A, cos V, + B, sin Vp + Ag cos Vy + By sin Vg ....00-00> (1) 
Since at H. or L.W. h is a maximum or a minimum, we must have 


0 = A, sin V,— B, cos Vy +5 Agsin Vy — 7, By 008 Zee, Gee (2) 


* It is well to explain that I have sometimes elsewhere used argument to denote the argu- 
ment according to the equilibrium theory, that is to say, with « equal to zero. In this paper 
I call the latter the equilibrium argument. 4 
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Let us write 


Then multiply (1) by cos V, and (2) by sin V,, and add; and again 
multiply (1) by sin V, and (2) by cos V,, and subtract, and we have 
h cos V, = A, + A,(cos V, cos V, +k, sin Vp sin Vq) 
+ By, (cos Vp sin Vq—kq sin Vy cos Vq) |, 


pameesace 4 
h sin V, = B, + A,(sin V, cos Vy — k, cos V,sin V4) © 
+ B, (sin V, sin V, +k, cos V, cos V,) 
Let ~=4tc0s(V,— V,)+ 4 cos(V,+ V,)= cos V, cos Vy 
A=}cos(V,— Vz)—4.cos(V,+V,)= sin Vzsin V, 2 
=tsin(V,—V,)+4sin(Vp+V,)= sinVpcosV,| (5) 
=4sin(V,— V,)—4sin(V,+ V,)=— cos V,sin V, 
Also let B= 42 -44,4;5 f=o+k,6 (6) 
G==mEe oie Ny Stle) Te ge a 
Then our equations are : 
heos V,=A,+FA,+ GB, 7) 
a ae a tee | ring, he ese ( 


A similar pair of equations will result from each H. and L.W. When a 
series of tides is considered, we may take the mean of the equations and 
substitute a mean F, G, f, g. 

The general principle here adopted is to take the means over such periods 
that the mean F, G, f, g become very small. In fact, we shall, in several 


cases, be able to reduce them so far that these terms are negligible, and get 


: 1 cos Pay 
= s 
simply ee ah V Sans ; but in other cases, where what is typified as 


the p tide is a small one, ae one or more of the tides typified as q is large, 
it will be necessary to find F, G, f, g. The finding of these coefficients is 


clearly reducible to the finding of the mean values of nV Vig): 


Another useful principle may be illustrated thus: i the g tide does not 
differ much in speed from the p tide, we may put V,=V,+ vt, where v is a 
small speed. Then we write 


h = R, cos (Vp — &,) + Ry cos (V, + vt — &,) 
= cos V, {R, cos , + R, cos (vt — &,)} 
+ sin V, {R, sin §, — R, sin (vt ~ €,)} 
If we neglect v/p, the condition for maximum and minimum in conjunction 


with this gives 
hcos V,= R, cos € + R, cos (vt — €,) 


hsin V, = R, sin €, — R, sin (vt — €,) 
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Then taking the mean of these equations over a period beginning 
with t=0 and ending when t=7/v, we have (writing A, = R, cos &, 
B, = BR, sin ,) 


al Yh cos V, = Ay + AR, cos (a — £4) 


aes 4] 
| 2hsin V, = B, —rAR, sin (a — 4) 

m+ 
where 2 and gare certain constants, depending on the sum of a trigonometrical 
series. 


Again, if we take means from t= 7/v to t=27r/v, the second terms have 
their signs changed. 


Hence the difference between these two successive sums will give 
AR, cos(a—E,) and AR, sin(a—f,). There will be usually two terms such 
as those typified by q, and we shall then have to take two other means, viz., 
one beginning at 7/2v and ending at 37/2v, and the other beginning at 
37/2v and ending at 57/2v. From the difference of these sums we get 
—rR,sin(a—¢,) and AR, cos(a—€,). From these four equations the two 
Rs and the two &,’s are found. The solution is. a little complicated in 
reality by the fact that it is not possible to take t=0 exactly at the beginning 
of the series, because the first tide does not occur exactly at noon, but this is 
a detail which will become clear below. 

When all the A’s and B’s or R’s and ¢’s have been found, the position 
of the sun and moon at the epoch, found from the Nautical Almanac, and 
certain constants found from the Auxiliary Tables in Baird’s Manual of Tidal 
Observations*, are required to complete the evaluation of the H’s and x’s. 


The details of the processes will become clear when we consider the various 
tides. 


It may be worth mentioning that I have almost completely evaluated 
the F’s and G’s, which give the perturbation of one tide on another, in the 
case considered in the Appendix. Without giving any of the details of the 
laborious arithmetic involved, it may suffice to say that the conclusion fully 
justifies the omission of all those terms, which are neglected in the computation 
as presented below. 


§ 4. The tides N and L. 
These are the two lunar elliptic tides. 


For the sake of brevity all the tides excepting M,, N, L are omitted from 
the analytical expressions. 


Since Vn=Vin—(o — @)t, Vi=Vn+(o-—o)t 


* Taylor and Francis, Fleet Street, 1886. 
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the expression becomes 
h= Amos Vin + By sin Vin + Ry cos [Vin —(o — @) t — Sn] 
+ R, cos [Vin +(o — @)t— &] 
= 608 Vin {Am + Ry cos [(o — ) t + Sn] + Ri cos [(o — w) t— f,]} 
+ sin Vn {Bm + Rysin[(o —@)t + &,] — Rysin[(o — w) t— &]} 


Hence, taking into account the equation which expresses that h is a 
maximum or minimum, and neglecting the variation of s—p compared with 
that of V,,, we have 


h cos Vn = Am + Ry cos [(o — w) t+ f,] + Ry cos [(o — w) t — &] ; 
hsin Vpn, = Bn + Ry sin [(¢ — o) t+ 6] — Rrsin [(o — w) t— &] J ast) 


The mean interval between each tide and the next is 6°210 hours. Then 
if e be the increment of s—p in that period (so that with o—@ equal to 
0°54437 per hour, e is equal to 3°°3807), and if a, b be the values of 
(o—@w)t+6, and (c—a)t—£,at the time of the first tide under considera- 
tion, the equations corresponding to the (7 +1)" tide are approximately 


h cos Vi, = Am + Ry, cos (a + re) + R; cos (b + re) 


Ke Soot 9 
hsin V,, =B, + R, sin (a + re) — R; sin (b + re) | 


If we take the mean of n+1 successive tides, the two latter terms on the 

right of (9) will be multiplied by Biba ele) and the r in the arguments 
~ (n+ 1) sin $e 

at+re, b+re, will be equal to $n. If the (n+2)™ tide falls exactly a semi- 
lunar-anomalistic period later than the first, (n+1)e=7. On account of 
the incommensurability of the angular velocity «—a@ this condition cannot 
be rigorously satisfied, but if the whole series of observations be broken up 
into such semi-periods, then on the average of many such summations it may 
be taken as true. 


Then, since $e is a small angle, 
(n+1)sinte=47, and sn¢(n+lje=1; 
hence the factor is 2/7. 
Again $ne= 42 —te; thus, if m+1 is the mean number of tides in a semi- 
anomalistic period, our mean equations are 
; cs 1) {2h cos Vin — Am} = — R, sin (a — $e) — R; sin (b — | a 


T 


Xn +1) {2h sin Vin— Bm} = Ry cos (a — te) — R; cos (b — de) | 


where the summations > are carried out over the first semi-lunar-anomalistic 
period, which may be designated as 1. 
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In applying these equations to the next semi-period 2, the result is got 
by writing a+(n+1)e or a+7 for a, and b+ a for b. 


Thus the equations are simply the same as (10), with the signs on the 
left changed. 


The equations for semi-periods 3, 4, &c., will be all identical on the right, 
with alternately + and — signs on the left. 


Let the observations run over m semi-lunar-anomalistic periods; then 
double the equations appertaining to periods 2, 3, ... (m—1), and add all the 
m equations together, and divide by 2(m—1), and we have 


7 


si ee : Ber ‘ r 
CSC om Vin =— R, sin (a — $e) — R, sin (6 — $e) 


(11) 
7 

4(n+1)(m—1) 
where > now denotes summation of the following kind: 


{= (1) — = (2)} + {= ()— = 2)} + [2 (8) -= (HM + [2 (5) — 2 (4)} + &e. 


the numbers (1), (2), &., indicating the number of the semi-lunar-anomalistic 
periods over which the partial sums are taken. 


Lhsin Vin= Ry cos (a — $e) — R, cos (b — fe) 


Suppose the whole series of observations to be reduced covers 2m+1 
quarter-lunar-anomalistic periods, which we denote by 1, 11, ii, &e. 


First suppose that the semi-period denoted previously by 1 consists of 
i+, that 2 consists of 111 +1v, and so on. 


Let t, be the time of the first tide of the series, and since we take noon 
of the first day as epoch, t¢, cannot be more than a few hours. 


Let j=he—(o —@) t, =1°'6903 —(¢ —a@)t,, a small angle 
Then i e iat (¢ —@)to+ on = ye = Gn = ) (12) 
b= tes(o = 0)t, -—G—he=— (47) ) eee eeerenees 2 
T 


; eee ee ar ’ : 
Then denoting the operation Mae aby CSA Wes by S° (the mark 
indicating that the first tide included is nearly at epoch, when (o —aw)t=0), 
we have from (11) and (12) 
S°h cos V,, = — R, sin (€, —j) + Ry sin (& +7) 
S%sin Vin = Ry cos ($ —7) — Rr cos (&% +7) J 
Secondly, suppose the semi-lunar-anomalistic period indicated by 1 consists 
of ii+ iu, that 2 consists of iv + v, and so on. 


Obviously the result is got by writing t,+47/(¢—@) for ¢,, or, what 
amounts to the same thing, by putting 7-47 in place of 7; but we must also 
11—2 
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write S37 for S°, so as to show that the summation begins when (o—@)¢ 1s 
nearly equal to $7. Then 


Sith cos Vin = — Ry cos (Em —7) — RB, cos (f +9) 


: : : Ov Breguet ne (14) 
Sih sin V,, = — R, sin (6, —7) — R, sin (§, +7) j 
Hence RK, sin (€; —j) = — S°h cos Vn, — S27 sin Vin, 
Ry cos(E_—J) = Shsin Vn — Sh cos Vin{ (15) 
R, sin (6 +j)= S°hcos Vy», — S?7h sin Vin, 
R, cos (& +7) =— Sh sin Vip — S?27h cos Vin 


These four equations give the four unknowns k,, §, R,, &, and y is equal 
to 1°69 —(¢-a)t,. 
Then if u,, uw, denote the equilibrium arguments of the tides N and L at 
epoch, we have 
Un = 2 (h, < v) 7 (s, os &) a (s, =) 
Wy = 2(h, — v) - 2M (it) ol EP Ps ce 
where h,, 8,, p, are the mean longitudes of moon, sun, and lunar perigee at 


epoch, and v and & are small angles, functions of the longitude of the moon’s 
node (tabulated in Baird’s Manual)*. 


Then if f,, is the factor of reduction (also tabulated by Baird) for the 
tides M,, N, L, 


Kn = as + Un; Ki = g, + Uy 
Ik R 
Hose Hee 
n ta 1 i 


In this investigation the interferences of the solar and diurnal tides are 
neglected, on the assumption that they are completely eliminated. 


The difference between a lunar period and an anomalistic period is so 
smal] that the elimination of the diurnal tides will be satisfactory, but the 
effect of the solar tide will probably be sensible, unless we have under 
reduction 13 quarter-lunar-anomalistic periods, which only exceed 6 semi- 
lunations by about 25 hours. 


The evaluation of the elliptic tides N and L from a series of observations 
shorter than a quarter year would be very unsatisfactory, and it is not likely 
that such an evaluation will be attempted. But if such a case is undertaken, 
the solar disturbance may be found by a plan strictly analogous to that 
pursued below in the case of the tides K,,O, P. The reader may be left to 
deduce the requisite formule from the theory in § 3. 


In the case of a long series of observations, each quarter year should be 
reduced independently, and the mean values of H, cos «, and H,, sin «, should 


* [Given also in algebraic form at the end of the first paper in this volume.] 
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be adopted as the values of the functions; whence H, and x, are easily found. 
The L tide is, of course, to be treated similarly. 


§ 5. The Tide M,. 
This is the principal lunar tide. 


If we take the mean of n+1 successive tides, the equations (9) give us 
approximately 


ae ad be eons aa (16) 


see Dh cos V5. = A. 
n+1 


n+l 


We here assume that in taking this mean over an exact number of semi- 
lunations, the lunar elliptic tides, the solar tides, and the diurnal tides are 
eliminated. 


With respect to the elliptic tides, this condition can only be approximately 
satisfied, because no small number of semi-lunations is equal to a number of 
anomalistic periods, and the like is true of the diurnal tides. In the example 
given below the diurnal tides are much larger than the elliptic tides, and 
I have found by actual computation (the details of which are not, however, 
given) that the disturbance in the value of the M, tide arising from the 
diurnal tides is quite insensible, and it may be safely accepted that the same 
is true of the disturbance from the elliptic tides. 


With respect to the disturbance arising from the principal solar tide S,, 
I find that it is adequately, although not completely, eliminated by making 
the number n+1 of tides under summation = cover an exact number of 
sem1i-lunations. 


If the whole series of observations be short, it would be pedantic to 
attempt a close accuracy in results, and we may accept these formule ; if the 
series be long, the residual errors will be gradually completely eliminated. 


We have then 
Lifer, COS Gm = ey, in sin Cie = Be, 
If wu, be the equilibrium argument at epoch, we have 
tim = 2 (hy — ») — 2(s, ~€) 


R 
Whence in=CmtUn, aud H,= 7m 
m 


The meanings of h,, s,, v, &, fn, have been explained in the last section. 
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§ 6. The Tides S, and Ky. 
These are the principal solar and luni-solar semi-diurnal tides. 


If the tide S, is in the same phase as K, at any time, three months later 
they are in opposite phases. Hence, for a short series of observations, the 
two tides cannot be separated, and both must be considered together. It is 
proposed to treat a long series of observations as made up of a succession of 
short series; hence I begin with a short series. 


For the sake of brevity all the tides excepting S, and K, are omitted 
from the analytical expressions. 
Since V"’ = V,+ 2nt 
h= R, cos(V; — 6) + R” cos (Vs + 2nt — &") 
= cos V, {R, cos §& + R” cos (2nt — §”)} 
+sin V,{R,sin &,-— R” sin (2nt — &)} 
Hence, taking into account the equation which expresses that h is a 


maximum or minimum, and neglecting the variation of 2h or 2nt compared 
with that of V,, we have 


hcoos V,= R, cos €,+ R” cos (2yt — &”) 
h sin V,= R, sin €,— R” sin (2nt — €”) 
The mean interval between each tide and the next is 6"*210. Then if g 


be the increment of 2 in that period (so that with 2y equal to 0°:082 per 


hour, g is equal to 0°°510), the equations corresponding to the (r + 1) tide 
are approximately 


h cos V,= R, cos €, + R” cos (rg — &”) 
hsin V,= R, sin €,— R” sin (rg — €’) 
Now, if P be the cube of the ratio of the sun’s parallax to its mean 
parallax, the expression for S,, together with its parallactic inequality (the 
tides T, R of harmonic notation), is PH, cos (2t — xs). 
Since t is the mean solar hour angle, 2t is the same thing as V,. 
Hence R,=PH;, €,= ks 
Also if P, be the value of P at epoch, then for a period of two or three 
months we may take P = P,(1 + pt), where Pp is equal to dP/dt. 


Again, if we put y= Hw’ have 
8 
1 er sy ied oh Gi 8 
Also since the argument of the K, tide is 2t + 2h — 2v” — x”, where 2v’” is 
a certain function of the longitude of the moon’s node (tabulated by Baird), 
and since t = 0, h = h, at epoch, it follows that 


— €” =2h, — 2v"— kK" 
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Now, when the means of the equations (17) are taken for n+ 1 successive 


; Xr 
tides, the latter terms become a R® in (4ng — "), where 


An ay ae UES We Dg AOD OOM PRM OnD OOD DO OnLOr (18) 
(n + 1) sin $9 
Also, if we write 
w = 2h, — 2v” + dng 


II = P,(1 + $np x 6"21) 


WA = SF Zh eos V, PLUME AS eee (19) 


+1 


1 : 
B,= rh sin V, 
n+1 


our equations become 
A, = IIH, cos x, + f’ >, H, cos (@ — «” 
B, = 11H, sin «, — f”2X, Hy sin (w — «”) 
It may be observed that II is the mean value of P during the interval 
embraced by the +1 tides. 
In reducing a short series ‘of observations we have to assume what is 
usually nearly true, viz., that «” = «, and y = 0:272, as would be the case in 
the equilibrium theory of tides. 


With this hypothesis, put 
U cos $ = II + A, f” cos w 
Usin ¢ = Ant” sin w 
from which to find U and ¢. Then 
A,=H,U cos (x; — $) 
B,=H,U sin (x, — ¢) 
from which to find H, and x«,. 
Lastly, CK =e, Ho eye 0272, 

In order to minimise the disturbance due to the lunar tide M,, we have 
to make the n+ 1 tides cover an exact number of semi-lunations, namely, 
the same period as that involved in the evaluation of M,. The elimination 
of the M, tide is adequate, although not so complete as the elimination 


of the effect of the S, tide on M,, because M, is nearly three times as large 
as Sy. 


A Long Series of Observations. Suppose that there is a half year of 
observation, or two periods of six semi-lunations, each of which periods 


contains exactly the same number of tides. 9 
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Then each of these periods is to be reduced independently with the 
assumption that y=0°272 and «,=«”’. If this assumption is found sub- 
sequently to be very incorrect, it might be necessary to amend these reduc- 
tions by multiplying A, by H” + 0°272H,, and by adding «,—«’ to w; but 
such repetition will not usually be necessary. From these reductions we 
get independent values of H,cos«,, H,sin x, from each quarter year, and 
the mean of these is to be adopted, from which to compute H, and xs. It 
remains to evaluate H” and x”. 


The factor f” and the angle 2v” vary so slowly that the change may be 
neglected from one quarter to the next, although each quarter is supposed to 
have been reduced with its proper values. 


Let h, and h,’ be the sun’s mean longitude at the two epochs; they will 
clearly differ by nearly 90°, and we put 2h, =2h,+7+26h. Hence it is 
clear that the value of w in the second quarter is + 26h+ 7. 


Thus the four equations, such as (20), appertaining to the two quarters, 
may be written 


A, = ITH, cos «+ Mn .£”H” cos (@ — #”) 
4 
v Xn My 1S fap / 
B, = 11H, sin x, — —.f”H” sin (@ —« 
a 
Ay lH coe 2 £7” cos (w+ 28h — x”) 
, / be Xn 1h wt S Ww 
B, = IVH, sin «, + —.f”H” sin (@ + 26h — &”) 
we 
where the accented symbols apply to the second quarter, and where 
An sin¢(n+1)q9 


== ——4~- = 0'656, a constant. 
y (n+1)sintg 


From (21), 
A,—A, —(II — II’) H, cos «, = 2 = .£”H” cos dh cos (wm + dh — x”) 


— B, +B, + (1 — 1) H, sin «, = 2 2®> fH’ cos Sh sin (@ + Sh" 
yi 


From these two equations, H” and «” may be computed, and since TT — II’ 
is very small, approximate values of H, cos «,, H, sin «, suffice. 


§7. The Diurnal Tides K,, O, P. 


Amongst the diurnal tides I shall only consider K, the luni-solar diurnal, 
O the principal lunar diurnal, and P the principal solar diurnal tides. 

There is the same difficulty in separating P from K, as in the case of K, 
and S,, and therefore in a short series of observations P and K, have to 
be treated together. It is proposed to treat a long series of observations as 
made up of a succession of short series; hence I begin with a short series. 
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For the sake of brevity all the tides excepting K,, O, P are omitted from 
the analytical expressions. 


If 4V,,, denotes (y —o) t, we have 
V' =3Vn+ ot, Vio=tVinn — ot, Vp =4Vm+(o — 2m) t, and 
h= RP cos (4V i», + ot — £') + R, cos (4 Vin — ot — 6) 
+ R, cos {4 Vin + (a — 2m) t — €} 
=cos $V, {R’ cos (ot — €’) + R, cos (ot + £) + R, cos [(o — 2) t — &]} 
+ sin3V,, {— R’ sin (ot — &') + R, sin (ot + €,)— R, sin [(o — 2) t — &]} 
Hence, taking account of the equation which expresses that h is a 


maximum or. minimum, and neglecting the variation of of compared with 
that of 4V,,*, we have 


hoos}V,= RK’ cos(ct —&’) + R, cos (ot + &) + R, cos {(o — 2) t — &)} 
hsintV,, =— R sin (ct — £’)+ R, sin (ot + &) — R, sin {(o — 2) t — &,} 
The mean interval between each tide and the next is 6210. 


Then if e be the increment of s, and z the increment of s—2h in that 
period (so that with o equal to 0°5490 per hour and o—2n equal to 
0°-4669 per hour, e is equal to 3°4095 and z equal to 2°°8994); and if a, b, c 
denote the values of ot — £’, ot + &, (o —2m)t— &, at the time of the first 
tide under consideration, the equations corresponding to the (r+1)th tide 
are approximately 

heostV,, = R’ cos(a+re)+ R, cos (b+ re) + Ry cos(c +72) } -.(22) 
hsin3V,,=—R’ sin (a + re) + R, sin (b + re) — R, sin (¢ +72) 


If we take the mean of +1 successive tides, the first pair of terms will 


soda) 
be multiplied by = heres 
4 


z in place of e; also the r in the arguments must be put equal to $n. 


and the last term by the similar function with 


If the (n+ 2)th tide falls exactly a semi-lunar period later than the first, 
(n+1)e=7. On account of the incommensurability of the angular velocity 
a, this condition cannot be rigorously satisfied, but if the whole series of 
observations be broken up into such semi-periods, then, on the average of 
many such summations, it may be taken as true. 

Since de is a small angle, (n+1)sin}e= $7, and sn$(n+1)e=1; 
hence the first factor is equal to 2/z. 

Again, 

oO 


—2 : 
4(n+ I)z=h(nt1e.-= $77. Ti =76° 32’ in degrees 


—2 
and (n+ 1) siniz=}7.—— 


oO 


* I have satisfied myself by analysis, which I do not reproduce, that on taking means this 
error becomes very small. 4 
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Therefore 
sni(nt+l)z 2 o 
(n+1)sin$z wm o-2n 


sin 76° 32’ = 2. 1-1436 = Z x dX, Suppose 
7 7 


Again tne =4tr—he= hm —1°7048 
dnz=40 —13°°4647 — 1°-4497 = dor — 14°'9144 
Now let a=a— 1°7048 
BSB ASTUAS ecu a ee ee (23) 
yao 1400144 
and we have a+tne=tr+a 


b+ dine sei Mar 8 ieee. sedan feieae vale seekers (24) 
c+ttnz=4r+y 
Thus, if 2 +1 is the mean number of tides in a semi-lunar period, the 
means of equations (22) become 
Tn 1) wh 008 8Vin = — FR’ sna— Rk, sin8—rR, siny | 
i i 2 
2(n+1) 
where the summations are carried out over the first semi-lunar period, which 
may be designated as 1. 


(25) 
thsin$Vy,=— R’ cosa+ R, cos B - rR, cos y 


In applying these equations to the next semi-period 2, the result is 
obtained by writing a+(n+1)e for a, b+(n+1)e for b, and ¢+(n+1)z 
for c; that is to say, a+a for a,.b+ for b, and c+153°0706 or 
6+ m7 — 26°°9294 for c. 


If, therefore, we put ¢= 26°9294, we obtain the result from (25) by 
changing the signs on the left and writing y—e for y. 


The equations for semi-periods 38, 4, 5, &., will be alternately + and - on 
the left, and identical as regards the terms in @ and 8, but with y — 2e, y — 3e, 
y —4e, &e., successively in place of ry. 


Let the observations run over m semi-lunar periods; then double the 
equations appertaining to periods 2, 3...(m—1), add all the m equations 
together, and divide by 2(m—1). 

The terms in R, will involve the series 

sin 


sin 
cos 


sin : > sin - 
Deere sul gS teasenec Ze) Foot 


y—(m—1)e} 
sin $(m—1)esin 


This is equal to 2 
4 tande cos 


{y —$(m—1) ¢} 
Then if we put 
_ rsind$(m—I1)e 


a (m —. 1) tan de 2 where A= 11436 
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our equations (25) become 


T 
4 (n+ 1)(m—1) | 
=— ff sna— kh, sin 8 — pR, sin (y—$(m—1)e} | 


Sh cosé Vin 


--.(26) 


T 
4(n+1)(m—1) 
=— FR’ cosa+t+ R, cos 8— wR, cos Sy —} (m—1).e} 
where > now denotes summation of the following kind: 


(= (1) — = (2)} + (2 (3) — = @)} + [2 @)-= A} + 


Suppose the whole series of observations to be reduced covers exactly 
2m-+1 quarter-lunar periods, which we denote by I, H, III, &c. 


rh sin $V, 


First suppose that the semi-period denoted previously by 1 consists of 
I+], that 2 consists of ITI+IV, and so on. 


Let t, denote the time of the first tide of the series, and since noon of the 
first day is epoch, t, cannot be more than a few hours. 
Let t= t4e—-—ot, = 1°7048 — at, 
and k=42—(o0— 2m) t, = 1°4497 —(o — 2m) t,} 
7 and k are clearly small angles. ; 
Since ¢ = 26°-9294, te + 1°-4497 = 14°-9144; and from (23) 
a = ot, — €’ —1°'7048 = —(6' +7) 
Beaty hoi L048 = 1 yh AP et (28) 
=(o¢—2n)t, — §& —14°9144 =— 6, —k—te 
If the same notation be adopted as that explained in § 4 (the only 
difference being that we now deal with quarter-lunar instead of quarter- 
anomalistic periods), we have 
S*heostV,= RK’ sin (€'+7)—R,sin(,—7) +p, sin (& +k + a 
S°hsin $V, =— R' cos (6 +7) + R, cos (€, — 1) — wR, cos (€ + k + 4me) 
Secondly, suppose the semi-lunar period indicated by 1 consists of 
II + III, that 2 consists of IV +V, and so on. Then, obviously, the result 
is got by writing ¢,+47/o for t,; that is to say, write 1—4m for 7 and 
—1(¢—2n) r/o, ork—4r+4+ r/o fork. But n7/o is equal to $e, and we 
write k— 4r+4e for k. Therefore, following the notation used in § 4 for 
N and L, 
S?*h cos 4 Vin = — RP’ cos (f' + 1) — BR, cos (€, — 7) 
— pR, cos {& +k+4(m+1)e} 
Sie Fein p ee We gin et ta) aR, inl (42) 
—pR, sin {€, +k+4 (m4 lye} 


(29) 
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These four S’s require correction for the disturbance due to the semi- 


diurnal terms M, and §,, and I shall return to this point later. In the 
meantime write 


W) 


o7 COS We 
X j = ce 4Vin + corr., 


a = Sih a AV gy HCOTES Sects: (31) 


and we have 


$(W+ Z)=—- R,sin(¢, —7)— wR, sin fe cos {[f, +k +4 (Qnm4+1)e} }.. (82) 
$(X—Y)= R,cos(f,-71)—pRy sin fe sin {6 +4 +4 (2m + le} 
s(W-—Z)= R’sin(¢’+7)+puR, cos fesin {f&, +k +4 (2m +4 le} |..(38) 
2 (X+ Y)=— RP’ cos (f’ +7) — wR, cos fe cos 1 +k +} (2m + 1)e} 
If we put L= {4(X + Y)+ RB’ cos (€’ + 2)} tan fe automo * (34) 
M ={4(W—Z)— R’ sin (¢' +2)} tan te) 
the equations (33) may be written 
EASE ih ans Sas tone tga Je ell Ne (35) 
4(X-Y)+M= R,cos(& —1) 


The four equations (32), (33) involve six unknown quantities, R’, &, 
R,, €, Ry, €), and are insufficient for their determination. 


In reducing a short series of observations it is necessary to assume what 
is usually nearly true, viz., that «, =x’, and H,/H’ = 0°3309, as would be the 
case in the equilibrium theory of tides. 


Then, writing q for 0°3309, we have approximately R, = p= Gr ae le 
argument of the K, tide is t +(h— v')—4a—«’, where v’ is a certain function 
of the longitude of the moon’s node (tabulated by Baird); and the argument 
of the P tide is t—h+4m— ky. 


At the noon which is taken as epoch t= 0, h =h,, and the two arguments 
are equal to — [’ and — &,. 


Hence —-C= h-v—-tr-«' 
— b)=—ho +h — kp 
Therefore p= 0 + 2h, —v —1 + (kp— Kk) 


Putting «,=«' as explained above, 


Cptk=CO +44+2h,—-y —wrt+l 


where l=k—i1=[1°450 - (¢ — 2n) t,] —[1°°705 — ot,] 
== O° 255 + 2at,, a SMAL) ADGIC .ccwnes cece ctuees cate saee (36) 
Then, if Oe Teak heal eM Wis eee (37) 
Pm = Ip COS 46 
we have 
4(W-Z)= f'H'sin(f +72) — pm’ ae (38) 
4(X + Y) =— fH’ cos (& +) + pmH’ cos (f’ +1 + 8) 


1890] DIURNAL TIDES. 173 


Let T cos p= f’ — pm cos 0) (39) 
T sin = pm sin 0 § Ce 2 
whence T and y may be computed ; and 
I a ands ike meine (40) 
4(X + Y) = — H’T cos (6 +2 —- ) 


From these we compute H’ and ¢' and ¢ +7. 
Then if wv’ =h, —v' — $n, the equilibrium argument at epoch of K,, 
K=O +U 
We have also H, = gH’ = 0°3309H’, np =«’. 
Returning to equations (84) and (35), we compute &’=f’H’, and hence 
ay a (€’ +72), and then L and M. 


Having these, we compute A, and &, from (35). 
Then, if wu, =h,-—v—2(s,—&)+47, the equilibrium argument at epoch 
of O, 
H, 
f, 


0) 


K=6+4,, and K,= 


where f, is a certain function of the longitude of the moon’s node, tabulated 
in Baird’s Manual. 


A Long Series of Observations. Suppose that there is a half year of 
observation, or two periods of thirteen quarter-lunar periods, each of which 
contains exactly the same number of tides. 


Then each of these periods is to be reduced independently with the 
assumption that ¢g=03309 and «,=«’. If this assumption be found 
subsequently to be very incorrect, it might be necessary to amend these 
reductions by adding «,—«’ to the value of 6, and by multiplying p» by 
H, + 0°3309H’, but such repetition will not usually be necessary. 


From these reductions we get independent values of H’ cos’, H’sin x’, 
H, cos«,, H,sinx, from each quarter year, and the means of these are to be 
adopted from which to compute H’, «’, H,, «,. 


It remains to evaluate H, and xp. 


The factor f’ and the angle v’ vary so slowly that the change from one 
quarter to the next may be neglected, although each quarter is supposed to 
have been reduced with its proper values. 


Let h,, h,’ be the values of the sun’s mean longitude at the two epochs; 


then since the second epoch is nearly a quarter year later than the first, 
h,’ will exceed h, by about 90°. 


Let h, =h, +47 + 6h, so that 8h is small. ; 
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If ¢'+686', &+8f, be the values of ¢’, § at the second epoch, we 
have (4+ 86/=—h, +0’ +4r+«, 0 =—-h,+v'+4r4+«’, and therefore 
86’ =—4r—- 6h. 7 

Again, Cot 86, =ho —tr + kp, Sp=h,—drt+ kp 
and therefore 56, = $7 + oh 

Let 7+ 6, k+68k be the values of 7 and & corresponding to the second 
epoch, and let W’,.X’, Y’, Z’ be the values of those quantities in the second 


quarter. Then, replacing }(2m+1)e by 87°5, since that is its value when 
2m +1 is 13, we have from (33) 


4(W — Z’) =— R’ cos (6 +74 62 — bh) 
+ uR, cos te cos (€ + k + 8k + bh + 875) 

4 (X’4+ Y’) =— RB’ sin (6 +74 & — bh) 
+ wR, cos te sin (€ +k + dk + dh + 87°'5) 
4(W-Z)= R’sin(€'+7)+pR, cos fe sin (€, + & + 875) 
4(X + Y) =— R'cos (6 +72) — wR, cos fe cos (€, + k + 875) 

Hence 

1(W-Z)-4(X4+Y)=  R’sin} (8 — 8h) sin {6 +744 (Si — 8h)} 
+ wR, cos te cos $ (8k + dh) cos {, +k +4 (dk + bh) + 87°'5} 
4 (W-Z)4+4(X'4+ Y’) =— RB’ sin } (8 — bh) cos [F +1 + 4 (8 — bh)} 
+ wR, cos te cos 4 (hk + dh) sin {f, +k + 4 (dk + dh) + 875} 


Seal) 


In these equations R’ is equal to f’H’ and R, is equal to H,. 


The terms involving R’ are clearly small, and approximate values of R’ 
and ¢’, as derived from the first quarter, will be sufficient to compute them. 
Afterwards we can compute R, or H, and &,; then if u, denotes —h, +47, 
the equilibrium argument of P at the first epoch, «yp = €) + Up. 


The values of H,, xp thus deduced ought not to differ very largely from 
those assumed in the two independent reductions. 


The same investigation serves for the evaluation of the P tide from any 
two sets of observations, each consisting of thirteen quarter-lunar periods, 
and with a small change in the analysis we need not suppose each to consist 
of thirteen such periods. But the two epochs must be such that sin éh is 
small and cos 6h is large, or the formule, although analytically correct, will 
fail in their object. 
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§ 8. The Disturbance of K,, O, P due to M, and S,,. 


It has been remarked in § 7 that the diurnal tides are perturbed by the 
semi-diurnal. The general method has been given in § 3, by which to 
calculate the effect on any one tide, whose increment of argument. since 
epoch is V, and speed is p, due to a tide whose increment is V, and speed q. 


Since in the present instance all the diurnal tides have been consolidated 
into one of speed y—a, we have to calculate the effect of the tides whose 
- speeds are 2(y—o) and 2(y— 7) on the tide whose speed is y—o. It 
follows, therefore, that the factor g/p or ky of (3) is in the first case equal to 
2(y—«)/(y—«¢) or 2, and in the second case is 2(y—7)/(y—o@) or 2°070; or 
kina 2, k, = 2:070. 


The coefficients F, G, f, g, as due to the tide M, of speed 2 (y — ), will be 
written with suffix m, and as due to the tide S, of speed 2(y— 7), with 
suffix s. The sums and means have also to be taken in the two ways 
denoted by S° and S!*. Hence we have altogether to compute sixteen 


coefficients, which by an easily intelligible notation may be written 
Fy,”, Gn; a f,2”), gan) 


In order to compute the sixteen coefficients, it 1s necessary to find the 
mean cosines and sines of the four following angles, viz.: 


4Vin + Vin, 4Vm + Vs, and the means have to be taken in the two ways 
denoted S° and S*. 


These means are exactly the same in form as what the means of h cos and 
hsin (which had to be evaluated in S° and S!*) would be if all the heights 
were regarded as positive unity, irrespective of whether they are H.W. or 
L.W. Hence the same plan of computation serves here as elsewhere; the 


plan is explained in the following section. 
By comparison of equation (7) and the definitions (31) of W, X, Y, Z in 
the last section, we have 
W =S°h cos 4V mn —{[AmFinm® + BnGm +AsF;° + BGs} 
X=S°hsin$Vm —{Amfm® + Bingm™ +Acf, + Begs} | 
Y = Shh 008 iVin—{AmFn¥?) + By Gn”) +AgE,H” +B,G,0m) (7?) 
Z=S*hsinkVn—{Amfn?” + BnnBm? + Acfe” + Begs*} | 


The four quantities Am, Bm, As, Bs; are known from the evaluations of the 
tides M, and S,; whence the corrections referred to in § 7 are calculable. 
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§ 9. On the Summations. 


It will be seen from the preceding sections that sums have to be found of 
the following functions : 


cos cos 
hue V aah ere eye 
sin) (Yideeitiv Ch isin ae 
and also of 
cos GOs cos 
ie Ye wad Vi Ph eee 
sin?) ™ sin? ™ sin © m 3) 


It is necessary to calculate the five angles 4Vim, Vs, $Vm + Vs, and Viet 
for each tide, and the reader will easily see, by the example in the Appendix, 
how they may be computed with considerable rapidity, by aid of an auxiliary 
table A. 


The computation of sines and cosines and multiplication by heights, may, 
with sufficient accuracy, be abridged, by regarding the cosine or sine of any 
angle lying within a given 5° of the circumference as equal to the cosine or 
sine of the middle of that 5°. 


The process then consists in the grouping of the heights according to the 
values of their V’s (Vin, Vs, Vm, as the case may be). The heights in each 
group are then summed. Since the L.W. heights are all negative, they are 
treated in a separate table, and are considered as positive until their combi- 
nation with the H.W. at a later stage. We shall, for the present, only speak 
of one of these groupings, taking it as a type of both. 


Since oe (a+ 180°) =— Ee a, the eighteen groups forming the 3" quadrant 


may be thrown in with the 1* quadrant by a mere change of sign; and the 
like is true of the 4° and 24 quadrants. 


Since cos (180° — a) = — cos a and sin (180° — a) = sin a, it follows that we 
have to go through the 2™¢ quadrant in reversed order, in order to fall in with 
the succession which holds in the 1%* quadrant, and, moreover, the cosine 
changes its sign, whilst the sine does not do so. Hence the following 
schemes will give us the eighteen groups which all have the same cosines 
and sines: 


for cosines (1st — 3r¢) — (224 — 4th) reversed 
for sines (1st — 3r¢) + (274 — 4th) reversed 


Thus, one grouping of the heights serves for both cosines and sines, and, 
save for the last step, the additions are the same. 


The combination of the H.W. and L.W. results is best made at the stage 
where 18 — 3™ and 224 — 4¢h have been formed. 
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The negative signs for the L.W. results are introduced before addition to 
the H.W. results, and total 18* — 3"? and 24 — 4 are thus formed. 


After the eighteen cosine and sine total numbers are thus formed, they 
are to be multiplied by the cosines or sines of 2° 380’, 7° 30’, 12° 80’, ... 87° 30’. 


Ss 


5 CO 
The products are then summed so as to give yh ee 


It was noted at the beginning of this section that we also have sums of 
the form > oF . These sums are obviously made by entering unity in place 


of each height, and, of course, not treating the L.W. as negative. Thus, 
where the H.W. and L.W. are combined it is not necessary to change the 


sign of the L.W., as was done in the combination of H.W. and L.W. for 


cos P i 3 
Sh = These summations are considerably less laborious than the others. 
sin 


In the case of the tides M, and §S,, the division of the sums =h Be by the 


total number of entries gives the required results. But for N, L, and 
similarly for the diurnal tides K,, O, P, the grouping and summations have 
to be broken into a number of subordinate periods, which are to be operated 
on to form S° and S#. The multiplication by the eighteen mean cosines and 
sines is best deferred to a late stage in the compttation. 


Thus, for example for N and L, the quarter-lunar-anomalistic periods, 
i, i, 1, &., are treated independently, and we find (1%*— 3") + (2nd _— 4th 
reversed) for each. There are thus eighteen cosine numbers and eighteen 
sine numbers for each of 1, 1, 11, Wc. 


differences (i+ 11) — (lili + iv), (v+vi)—(iii+iv), &c.; add the differences 
together; then multiply by the eighteen cosines or sines of 24°, 74°, &., and 


finally multiply , and so find S°h ae 


b TiS. 
Y 4(n+1)(m—1) 
We next go through exactly the same process, but beginning with 


ii instead of i, and so find Solan? 


The same process applies, mutatis mutandis, for finding S° and Si a : 


There are two cases which merit attention in particular. The sorting of 
heights in quarter-lunar-anomalistic periods, according to values of Vin, 
serves, in the first instance, for the evaluation of N and L, but it serves, 
secondly, to evaluate M,, for we then simply neglect the subdivision into 
quarter periods and treat the whole as one series, but stop at the end of a 


semi-lunation. , 


Dy, fh 12 
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The sorting of heights in quarter-lunar periods, according to the values 
of £V,, also serves several purposes. 


We first find from it S° and S?*h ee es and secondly, by merely 


counting the entries in each group for each quarter period, instead of adding 
up the heights, we arrive at S° and Si™cos4V,,. (It may be noted in 
passing that what is wanted, according to preceding analysis, is the sum 


of a (2Vin — Vm), 80 that there will be a change of sign in the sine sum to 


get the desired result.) 


But, besides these, S° and S?* a (£Vin+ Vm) can be obtained with 


sufficient accuracy from the same sorting. 

The angles 4V,,, were sorted in four times eighteen groups, for each 
quarter-lunar period. If each angle were multiplied by three, the eighteen 
entries of the 18* quadrant would be converted into three groups of six, lying 
in three quadrants, viz., Ist, [I™¢, III?; the 274 quadrant is changed to IV", 
Ist, TI=4; the 3 to IlI™4, IV, I**; and the 4 to [I™¢, III™?, IV". Hence 
eighteen entries of 1st — 3" are converted into three sixes, Ist — III", 
IJn¢4— Tv, — {I**— TIT}; and eighteen entries of 2™¢— 4% are converted 
into three sixes, — {II™¢—IV*}, Is*— JIT, IIn¢- IV", 

Hence a new I*t — IIT of six entries is made up thus: 

first six of former 1%*—93r4 
+ second six of former 2¢— 42 
— third six of former 18*~— 3rd 
And a new II™*—IV" of six entries is made up of 
— first six of former 224 — 4th 
+ second six of former 1**—3"4 
+ third six of former 274— 4‘ 
These I**—JII™* and II"*—IV"™ may now be treated just like the other 


ones. Thus, without calculating 3V,,, we have from the former 1%t— 3" and 
2nd — 4th the results of a fresh grouping according to values of 3V,,,. 


It is true that there is a considerable loss of accuracy, because all angles 
within 15° are now treated as having the same sine and cosine. 
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§ 10. Rules for the Partition of the Observations into Groups. 


It appears from the preceding investigations that it is required to divide 
up the observations into groups. This may be done, with all necessary 
accuracy, and with great convenience, by dividing the tides just as they 
would be divided if every H.W. followed L.W., and wice versd, at the mean 
interval of 6°:2103. 


Now a quarter-lunar-anomalistic period is 1653272, a quarter-lunar 
period is 163"-9295, and semi-lunation is 354-3670. Hence, dividing these 
numbers by 6"'2103, we find that there are 26°62145 tides in a quarter- 
anomalistic period, 26°3964 in a quarter period, and 57-0612 in a semi- 
lunation. 


It may be remarked in passing that these results show that the n+ 1 of 
(10), § 4, is 53:243, and the n+ 1 of (25), § 7, is 52°793. 


It is, of course, impossible to have a fractional number of tides, and, 
therefore, we make a small multiplication table of these numbers, and take 
the nearest integer in each case. For example, in the case of the semi- 
lunations, we have 


dope (0012 os 4, 2282448 228 
2. 1141224 114 5. 285°3060 285 
Bo SLd1tS836. 171 6. 3423672 342 


These have to be divided between H. and L.W. For the sake of con- 
venience, I suppose that we always begin the series with a H.W., then when 
the integer is odd we put in one more H.W. than L.W., and thus have the 
following rule: 


No. of semi-lunation... 1 2) 3 4, 5 6 
No. of last H.W. in the 

Semil=lumatlonse sc... 29 57 86 114 143 eval 
No. of last L.W. in the 

semi-lunation......... 28 57 85 114 142 illzal 


The H.W. and L.W. are here supposed to be numbered consecutively from 
1 onwards in separate tables. 


The other rules of partition given in Appendix E are found in the same 
way. 


§ 11. On the Over-Tides. 


Observations of H. and L.W. are very inappropriate for the determination 
of these tides (of which the most important are M,, Mg, S4, So), because they 
express the departure of the wave from the simple harmonic shape, and we 
are supposed to have no information as to what oceurs between two tides. 

12—2 
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These tides make the interval from H. to L.W. longer than from L. to H.W., 
and there is no doubt that, assuming the existence in the expression for h 
of a term of the form Ay, cos 2Vin+ Bom sin 2Vin, we shall get an approxima- 
tion to Ayn and By» by finding the mean of hcos2V,, and hsin2Vm%. But 
the computation of the F, G, f, g, coefficients for the perturbation of M, by M, 
would be essential, and thus the amount of additional computation would be 
very great, whereas in the analysis of continuous observation the over-tides 
are found almost without any additional work. I am inclined to think that 
it would be best to obtain hourly observations for several days at several 
parts of a lunation, and by some methods of interpolation to construct a 
typical semi-diurnal tide-wave, from which, by the ordinary methods of 
harmonic analysis, we could find the ratio of the heights of the over-tides to 
the fundamental, and the relationship of their phases. 


I make no attempt at such an investigation in this place. 


§ 12. On the Annual and Semi-annual Tides. 


These tides are frequently of much importance, so that they ought not 
to be neglected from a navigational point of view. It is obviously impossible 
to obtain any results from a series of observations of less than a year’s 
duration. 


Rules for the partition of tides into months or 12" parts of a year are 
given in the Appendix E. The mean of all the H. and L.W. observations 
for each month may be taken as the height of mean water at the middle of 
the month, and the 12 values for the year may be submitted to the ordinary 
processes of harmonic analysis for the evaluation of these two tides. 


We have supposed in the previous investigation that the tide heights are 
measured from mean sea-level, and although it is not necessary that this 
condition should be rigorously satisfied, it might be well, where there is a 
large annual tide, to refer the heights to different datum levels in the different 
quarters of the year. 


§ 13. On Gaps in the Series of Observations. 


It often happens in actual observations that a few tides are missing 
through some accident, or are obviously vitiated by heavy weather. Now 
the present method depends for its applicability on the evanescence of terms 
in the averages. It is true that it is rigorously applicable even for scattered 
observations, but if applied to such a case all the F, G, f, g coefficients have 
to be calculated, and, as every tide reacts’on every other, the computation 
would be so extensive as to make the method almost impracticable. Thus, 
where there is a gap, observations must be fabricated (of course noting that 
they are fabrications) by some sort of interpolation, and even values which 
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are very incorrect are better than none*. If the interpolation is extensive, 
it might be well to test its correctness in a few places when the reduction 
is done. If a whole week or fortnight be missing, and if the computer 
cannot find a plausible method of interpolation, I can only suggest a pre- 
liminary reduction from the continuous parts, and the computation of a tide 
table for the hiatus. Each such case must be treated on its merits, and it is 
hardly possible to formulate general rules. 


APPENDIX. 
Tables and Rules of General Applicability. 


A. To find 4Vn. 


The following table is for finding what would be the mean moon’s hour- 
angle, if the moon had been on the meridian at the epoch. This angle is 
denoted by $V, or (y—c)t, and is equal to the angle through which the 
earth has turned relatively to the mean moon (at 14°°4920521 per mean solar 
hour) since epoch, 


It would be advantageous to extend the table up to 90 days, but it can 
be used as it is for periods greater than 30 days ’by the division of the time 
into sets of 30 days. In the second period of 30 days 5°°7 must be subtracted 
from the tabular entry, for the third period 11°'4, and so on F. 


For example: Find 3V,, for 784° 11" 23". The day is 184 of the third 
30, and the tabular entry for 1837 11" is 113°9, and subtracting 11°4 we 
have 102°5; 23™ gives 5°6, so that 4V,,=108°1. The correct result is 
107°-99, and it is obvious that an error of 0°1 may easily be incurred by the 
use of the table. 


The row for day — } is given because it may be necessary to use one tide 
before epoch; this row is used in the example below. 


* Fabricated times and heights would very likely be no worse than real observations during 
a few days of rough weather. A perfect tide table only claims to predict the tide apart from the 
influence of wind and atmospheric pressure; and, conversely, tidal observations must be 
sufficiently numerous to eliminate these influences by averages. 

+ Observe that the decimals run thus, ‘0, ‘5, -0, &c., then °4, °9, ‘4, &., then ‘8, °3, ‘8, &., 
and soon. The first entry in which the sequence alters I call a ‘‘ change.” The incidence of 
“ changes’ may be found thus: y—o is 145—°00795; take Crelle’s multiplication table for 798, 
and note where the last digit but three, having been 4, becomes 5; I say that this is a ‘‘change.”’ 
For example, 559 x 795 = 444405, and 560 x 795=445200; then a change occurs at the 560 hour, 
or at the (12 x 46+8)* hour, or at 234 8"» If the table be continued to 60 and 90 days, &c., by 
subtracting 5°-7, 11°°4, &c., the changes will fall a little wrong, but they may easily be corrected 
by means of Crelle’s table, as here shown. 
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To find V,. 


No table is necessary for the conversion of time into angle at 30° per 
hour to find V,, or 2(y—7)#, since we multiply the hours by 30, and add 
half the number of minutes. This rule is the same for every day. 


B. The tides S, and K,. 
It is required to compute U and ¢ from 
U cos @ = IT 4+ Anf” cos w 


U sind = Anf” sin w 
where w = 2h, —2v” + ay 
a (sun’s parx. — mean pars 
on) Dees \ mean parx. 


the sun’s parallax referred to being its value at the middle of the period 
under reduction. 


If, for example, February 14 is the middle of the period, II is found 
thus: 
Sun’s parx. Feb. 14= 895, mean parx.= 885, diff.=+0"10 
3 x 0:10 
Then i= S85 


The period under reduction consists in this case of an exact number of 
semi-lunations. The following table gives i, and a, according to the number 
of semi-lunations : 


= 1:034 


No. of semi- 
lunations ... 1 2 3 4 5 6 


log A, «94800 9°4159 9°3920 9°3575 9°3113 9°2517 
ay, 14°28 28°82 43°°36 57°90 72°°43 86°97 
h, is the sun’s mean longitude at epoch, found from Nautical Almanac ; 
and 2v”,f” are found from Baird’s Manual in the tables applicable to the 
tide K, {or from the formule at the end of Paper 1]. 


C. The Tides N and L. 


Summations are carried out over quarter-lunar-anomalistic periods, 
numbered i, 11, 11, &. Grand totals are then made in two different ways, 
viz. 

(> + 11) — = Gu + iv)] + [2 (v + vi) — 2 (iii + iv)] 
+ [5 (v + vi) — = (vil + vill)] + &e., to find S° 
and [= Gi + ii) — Gv + v)] + [2 (vi + vii) — 3 (iv + v)] 
+ [= (vi + vii) — = (viii + ix)] + &e., to find S# 
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where, for example, > (i + ii) denotes summation carried over the half period 
made up of i and ii. These totals are multiplied by certain mean cosines 
and sines (whose values are given in F), and are summed. The next process 
is multiplication by a factor ® (7/4 (n + 1)(m—1) of § 4), of which the value 
depends on the number of quarter-lunar-anomalistic periods under treatment. 
The following table gives the value of this factor : 


No. of 4-lunar- 
anom. periods ... iii. Vv vii. The x0 xiii. 


® 0:02950 0:01475 0:007388 0:00492 0:00369  0:00295 
The angle 7 is also required; it depends on the time of the first tide 
under reduction. If t, be the time in hours since epoch to the first tide, 
7 = 1°'690 — 0°'5444 t, 
For instance, in the example below the first tide is at 8" 14™ of day —4; 
this is 8 46™, or 8-77, before epoch, so that ¢,=—8"77; then 
7 = 1°'690 + 0°°'5444 x 8:77 = 4 6°46 


D. Phe Tides K,,, 0; P: 


Summations are carried out over quarter-lunar periods numbered I, II, III, 
&c., and totals are formed like those mentioned in C, and a factor YW (which 
differs slightly from ®) is required in the formation of S° and S!. This 
factor depends on the number of quarter-lunar periods under treatment, and 
the following table gives its value: 


No. of 4-lunar 
periods ... III. Vv. VII. IX. XI. XIII. 


ite 0:02976 001488 0:00744 0:00496 0:00372 0:00298 


The angles 7 and / are required ; they depend on the time of the first tide 
under reduction. If t, be the time in hours of the first tide since epoch, 


i= 1°705 — 0°549 t, 
1 = — 0°255 + 0°:082 t, 


For instance, in the example below we have, as shown in C, t,=—8"77, 
and 
1= + 6752 
l=—0°97 


It is required to compute T and wz from 
T cos p = f’ — py, cos 8 
Tsiny = pn sin @ 
where 96=2h,—v+14+ Br ; 
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The period under reduction consists in this case of an exact number of 
quarter-lunar periods, and the following table gives the values of p, and Bn, 
according to the number of quarter-lunar periods : 


No. of 4-lunar 
periods ... Il. v WAU IX, XI. XIII. 


log pn 95749 95628 95508 953808 95009 94618 
Bn 20°20 §=6388"66° «47°13 ~ 6059 74°06 877-52 


h, is the sun’s mean longitude at epoch, the formula for / is given above, 
and v’, f’ are found from Baird’s Manual in the tables applicable to the tide 
K, [or from the formule at the end of Paper 1]. 


E. Rules for the Partition of the Observations into Groups. 


If the first event after epoch is a L.W., either omit it from the reductions, 
or let the first tide be the H.W. which precedes epoch. Thus we are to begin 
with a H.W.* 


The H.W, and L.W. are treated apart in separate tables. 


Each tide (H.W. or L.W., as the case may be) is numbered consecutively, 
from 1 onwards. 


The following are rules for partitions: 


* This is not necessary, but it makes the statements of the subsequent rules simpler, as they 
have not to be given in an alternative form. 
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For 


Semi-lunations 


INO: OneSelniclumablon ase tneteneeete 


No. of last H.W. in the semi- 
MUMA TION aterm ecesceccsccuetes tame 


No. of last L.W. in the semi- 
JUMATION Mec anesscsocseentcc crass eeece 


Total No. of tides up to end of 
each semi-lunation...............++« 


M, and §,. 
numbered 1, 2, 3, &e. 
1 me 3 4 (9) 6 


57 114 WA 228 285 342 


For Annual and Semi-annual Tides. 


Months, or =," parts of a year, numbered 1, 2, 3. 


12 

IN‘; Of MONTH AR eat een e aceon ae ec 1 2 3) 
ING, OF JEG IBLE, shah THETNEY  jogqqnnooscconbeonanaes 59 118 176 
ING, Or Jey IDLE shay TENN Ocqsaasuopaondnosooncasou6 59 iLily/ 176 
Total No. of tides up to the end of each month 118 235 352 
Nom ofstides: inmeach Mmonbiresrcaneoesssettescncees 118 117 117 


The epoch for the second quarter year should be 91 days after first epoch, 
that for the third 92 days after the second, for the fourth 91 days after the 
third, except in leap year, when the last should also be 92 days. 


There are six tides (or about thirty-seven hours) more in a quarter year 
than in xiii quarter-lunar-anomalistic periods; the times of these six tides 
(or ten tides in one of the quarters) are to be omitted from the reduction, 
and their heights are only required when the annual or semi-annual tides are 


to be found. 


F. Cosine and Sine Factors for all the Tides. 
These are the cosines and sines of 2° 30’, 7°30’, 12° 30’, &c. They are 


as follows: 


Cosine and Sine Factors. 


Read downwards for 


0999 
0:991* 
0976 
0954: 
0:924* 
0°887 
0843 
0°793* 
0°737 


eS es ae 


Sa! 


; COS , 
In the evaluation of 8°. 3V,,, 
sin * 


* are required. 


cosines, upwards for sines. 


10. 0676 
1d. 0:609* 
12. 0°537 
13. 0°462 
14, 0°383* 
15. 0301 
16. 0°216 
Lig 40:130% 
18. 0:044 


4 COS 
and S!* sin th ™ only the factors marked 
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G. Increments of Arguments in Various Times. 


The following table gives the increments of arguments of the several 
tides in various periods, multiples of 360° being subtracted. This table 
facilitates verification of the calculation of the harmonic constants. 


M, Sy Ne N 
im hourmeeene 28°-984104 30°-00000 30°:08214 28°°43973 
a SS ee ae — 24 3815 0 eal seyalg} — 37 °4465 
10 days ...... +116 °185 0 + 19-713 — 14-465 
100 days ...... + 81°85 0 — 162 ‘87 —144 ‘65 
i Ke O P 
{l TROUEP secnos 29°-52848 15°-04107 13°-94304 14°-95893 
idayewsr. — 11 3165 + 0 ‘9856 — 25 3671 — 09856 
10 days...... —113 165 + 9-856 +106 °329 — 9 :856 
100 days ...... — 51°65 +98 ‘56 = 18 Al — 98 °56 
EXAMPLE, 


(a.) Place, Time, Datum Level, and Umt of Length. 


The case chosen is three months of observation (in reality the tidal 
predictions of the Indian Government) at Bombay, and the epoch is 05, 
January 1, 1887. 


A datum at or very near mean water-mark is taken, so that all the H.W. 
are positive and the L.W. negative. This datum is found by taking the 
mean of all the H.W. and L.W. of the original observations. In this case 
99 inches was subtracted from all the tide heights. I might more advantage- 
ously have subtracted 102 or 103 inches, but 99 inches was chosen from 
considerations applicable to my earlier attempts, but which do not apply to 
the computation in its present form. 


At places where there is a large annual inequality in the height of water, 
it would be advisable to use a different datum for each quarter of a year. 
It is not, however, important that the datum should conform rigorously to 
mean water-mark, for even the discrepancy of 34 inches, which occurs in my 
example, does not materially affect the result. 


In recording the heights, a convenient unit of length is to be used, and 
it is advantageous that the H.W. and the L.W. should be expressible by two 
figures, so that the larger H.W. and L.W. shall fall into the eighties and 


nineties. The unit of length is here the inch. 
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(b.) Times and Angles. 


The times of H.W., numbered consecutively, are entered in a table, as 
shown on p. 191. Since 0" astronomical time is the epoch, the P.M. tides will 
come in the half days which are numbered with integrals, and the a.m. tides 
in the half days which fall between the integral numbers. 


From time to time there will be a half day with no H.W.; this row in 
the table should be left blank, but there happens to be no such row in the 
sample shown. A computation form for times and angles might be printed, 
for, although the exigencies of the printer have not allowed the entries to be 
equally spaced in the sample below, yet the computation form might be 
printed with equal spaces, and the dividing lines are to be filled in by hand. 


The L.W. table is similar. 


Both H. and L.W. are to be divided into quarter-lunar-anomalistic and 
quarter-lunar periods, and semi-lunations, according to the rules given in E. 
These partitions and the numbering of the entries could not be printed, 
because of the occasional blank rows. 


The formation of $V,, and of V,, by means of Table A and the rule 
following it,is obvious. In the subtractions and additions under the headings 
4V,,—V, and £V,, + V,, 360° is added or subtracted where necessary. V,,, 1s 


found by doubling $V,,,. 


2 


(c.) The Heights. 


The H.W. heights are written in columns, as shown in the column of 
figures on the margin of the table on the next page (with the same blanks as 
in the table of times and angles), and are so arranged, either on strips of 
paper, or by folding the paper, that the heights may be pinned to the times, 
bringing each height opposite to an angle on the same row with the time 
corresponding to that height. The heights will on one occasion have to be 
pinned opposite the V,, column, on a second occasion opposite the V, column, 
and on a third occasion opposite the $V,, column. 


The L.W. heights are written in similar columns, but the minus signs 
should be omitted. 

It is well to divide the columns, or to put fiducial marks in the table 
for easy verification of the proper allocation of the heights with the times. 
Any marks suffice, but the division into quarter-anomalistic periods, as shown 
in the column of heights printed at the margin of the table on the next page, 
seems to be as good as any other. 


If it is proposed to evaluate the annual and semi-annual tides, it is 


necessary to carry on the heights beyond the times by 3 (or 5) H.W. and 
(Continued on p. 195) 
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3 (or 5) L.W., and to partition them into months. The mean for each month 
is evaluated, and if the successive quarters of the year are referred to different 
data, the mean monthly heights must all be referred to a common datum. 
This process is not carried out in my example, because it is useless to 
attempt the evaluation of these tides of long period from three months of 
observation. 


The sum of all the H.W. entries to the end of xii is 9791. The sum of 
all the L.W. entries to the end of xiii is 8577. There are 173 H.W. and 
173 L.W. Hence mean sea-level is 34, (9791 — 8577), which is equal to 
+3°51. It would have been better, therefore, to have subtracted 103 inches 
instead of 99 inches from all the heights. This would have given mean sea- 
level at — 0°49 from the datum adopted. 


(d.) Sorting the Heights according to the Values of the Angles. 


In the tables on pp. 192, 193, 194 the column 0° belongs to all angles 
between 0° and 5°; 5° belongs to 5° to 10°; and so on. 


Where an angle falls exactly on a multiple of 5°, an arbitrary rule of 
classification 1s required, and it is easiest to’deem it to belong to the next 
succeeding 5°, rather than to the preceding 5°. 


(e.) Sorting according to Values of V,,. (See pp. 192, 1938, 194.) 


The H. and L.W. are treated in separate tables, similar in form save that 
the — signs of the L.W. heights are omitted. 


The sheets of heights (c) are pinned opposite to the V,,’s on the tables 


of angles (b), and the heights are then entered successively into the columns 
corresponding to their V,,,’s in a table like that on pp. 192, 193, 194. 


v 


The division into quarter-lunar-anomalistic periods is maintained, but as 
this sorting is to serve a double purpose, it is necessary to mark the end of 
the last semi-lunation. In these tables there are two H.W. and two L.W., 
which fall after the end of 6 semi-lunations, and before the end of xii quarter- 
lunar-anomalistic periods. 


Nearly all the entries fall into one quadrant for H.W., and into another 
for L.W. Thus there are no H.W. entries in the 4 quadrant, and no L.W. 
entries in the 2"¢ quadrant; there are altogether only 10 H.W. entries in 
1** quadrant, and 3 in 3" quadrant; and there are only 4 L.W. entries in the 
1%. quadrant, and 17 in 3° quadrant. Something like this would hold true 
at all ports. 
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(f.) Table of Sums for N and L. (See p. 197.) 


Maintaining the divisions i, ii, ii, &., it is now necessary to sum each 
of the four times 18 vertical columns in each of the xiii divisions, to subtract 
the 18 columns of the 3™¢ quadrant from the 18 columns of the 1*, and to 
subtract the 18 columns of the 4% quadrant from the 18 of the 2". The 
gn — 4%» columns have then to be reversed. 


Since in this case nearly all the H.W. fall in the 2"¢ quadrant, and nearly 
all the L.W. fall in the 3™¢ quadrant, it is easy to write down at once 27¢ — 4! 
and 1s*— 3", as shown on the next page. 


In this the — signs of the L.W. entries have to be reintroduced, but as 
the L.W. lie mostly in 3" quadrant, which enters with negative sign, they 
become positive again. It thus happens that nearly all the columns come 
out +; there are, however, a few — in xi. 


(g.) Table of Sums for M,. (See p. 198.) 


We now disregard the sub-divisions i, u1, ili, &c., and sum the 4 times 
18 columns into grand totals, stopping the summations, however, at the end 


of 6 semi-lunations (i.e. at 171 H.W. and 171 L.W.). 


It would hardly be wise to attempt in this case the subtractions 1*%*— 3°47, 
2nd __ 4" without the intermediate steps. 


The following table (p. 198) gives the results. 


(h.) General Rule for Cosine and Sine Summations. 


For ‘cosines’ the 18 numbers required are derived from (1% — 3") 
— (274 — 4th reversed). 


For ‘sines’ the 18 numbers required are derived from (1%*— 3") +. (2nd— 4th 
reversed). 


G.) valuations of N and L (continued). (See p. 199.) 


Cosines. From Table (f) of Sums enter the 18 ‘cosine’ numbers, in 
accordance with (h) in xii vertical columns, and perform the operations 
indicated in the example on page 199. 


The column of ‘cosine factors’ are those given in F, and ® is given in C 


for xiii }-lunar-anomalistic periods. 
4 Pp 
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Cosines (continued). Form columns ii+iii, iv+v, vi+ vii, vill+ix, 
x+xi, xii+xii. Form difference columns (ii + iii) —(iv+v), (vi+ vil) 
—(iv+v), (vi+ vil) — (vili+ix), (x + xi) — (vill + ix), (x + xi) — (xii + xi); 
add the 5 difference columns together; multiply by cosine factors; sum and 
multiply by ® or 0:00295. 

The result is S*h cos V,, = — 8:38 


Sines. From Table (f) of Sums, enter 18 “sine” numbers, in accordance 
with (h) in xiii vertical columns. 


Perform all the same operations as those on “cosine” numbers, save that 
we use sine factors, which are the same as cosine factors in inverse order, viz., 


beginning with 0:044 and ending with 0999. 


The two results are 


SAsin V,, =+ 5°94, Sth sin V,, = + 10:06 
Collecting results, proceed thus: 
S hes V,,=+ 11°38: S*h cos V,, =— 838 
S'7/ sin V,,, = + 10°06. S‘asin V,, =+ 5:94 
Sum = + 21°44, Sum =— 2:44 
Diff. =+ 1°32. Diff. = — 1432 
P=sum =+1072. R=tssum =— 1°22 
Q=tdiff. =+ 0°66. S=idiff. =—, 716 


(j.) valuation of M, (continued). 


From the Table (g) of Sums for M, enter in one vertical column 18 cosine 
numbers, in accordance with (h); multiply them by cosine factors; add up 
and divide by the total number of entries for 6 semi-lunations, viz., 342. 


The result is Ay = zig=h cos V,, = — 30°58 


mM 


Then enter in vertical column 18 sine numbers, in accordance with (h); 
multiply them by sine factors, add up, and divide by 342. 


The result is B,, = z1,2/A sin V,, = + 88°47 


m 342 m 
(k.) Sorting according to Values of V,, and HKvaluation of S., Kg. 
The H. and L.W. are treated in separate tables, similar in form save that 
the — signs of the L.W. heights are omitted. 
The sheets of heights (c) are pmned opposite to the V,’s on the Tables 
of Angles (b), and the heights are entered successively into the columns 


corresponding to their V,’s in a table like (e), which was used for sorting 
according to values of V,,. The sorting is carried as far as the end of 
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an exact multiple of a semi-lunation,—in this case to the end of 6 semi- 
lunations. No sub-division is necessary, but for the purpose of verification 
it is useful to break the entries into groups of about 40. This is conveniently 
done by a division after each third }-lunar-anomalistic period, so that 1, 11, 1 
would be the first group; iv, v, vi the second; vii, vill, ix the third; and 
X, X1, x, and all but the end of xiii, the last. 


In this case the entries fall into all the four quadrants with about equal 
frequency. 


We next sum the four times 18 columns, just as with M, in (g), and form 
1* — 3" and 24 — 4, reversed, in the same way. 


Next we write the 18 cosine numbers, (1*t— 3) — (224 — 4", reversed) in 
vertical column, multiply by cosine factors, add, and divide by the total 
number of entries, which is 342. Afterwards write the sine-numbers 
(1 — 3°) + (2m — 4th yeversed), multiply by sine factors, add, and divide by 
342. 

The results are 

A, = ghp2h cos V, = + 21°08. B, = gigzh sin V, = + 3°62 


(1.) Sorting according to Values of $V,,. 


The whole process is precisely parallel to the sorting according to values 
of V,,, in (e); the thirteen divisions are, however, given by the quarter-lunar- 
periods I, II,... XIII. The only difference lies in the substitution of the 
factor V (for XIII equal to 0.00298) for ®. It is unnecessary to give an 


example. 
The results are 
S°h cos 4V,, = — 10°50, S’sn iV, =+804 


Sh cos4V,,=+ 0°40, S?hsin dV, =+3°74 


am 


| 
| 


(m.) Sorting of 4Vin. 
It is required to find what the sums in (1) would be if every H.W. height 


had been unity, and every L.W. the same both in magnitude and sign; in 


fact to find S° cos 1V,,, S27 cos 4V,,, &e. 


; me 

This is done by counting the entries in the preceding sorting in (1) 
without regard to magnitude, taking the L.W. entries as actually positive, 
instead of being (as they are) negative quantities with the negative sign 
suppressed, 

Since in this case we have simply to count entries which are all treated 
as positive, the table of sums of H. and L.W. may be written together. The 
following example gives part of the work : 
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We next proceed to form XIII columns of cosine numbers, and generally 
to operate exactly as though these numbers were heights; and then proceed 
with XIIT columns of sine numbers in the same way. 


The results are 
S° cos iV,, =—0:0522, S°sindV,, =+0°0117 
S?* cos LV, = — 0:0168, S? sin $V, = — 0°0129 


m 


(n.) Formation of the Mean Sums of cos$V,, and sin ’V,,. 


These may be found with sufficient accuracy from the last Table (m) of 
Sums, part of which is given. In that table lines are drawn dividing the 
columns into three divisions of six each. These are treated in the way shown 
in the following example : 


H. and LW. 3V,,. 


| Refer to preceding 
sorting (1m) 


ib 5 / 2 : F - — 1st six of Qnd— 4th 
F k .. <8 0 0) + 2nd gix of 1s¢— 3rd 
—-3 +1 : : A ; +3rd six of 2nd — 4th 

TSS IS —-3 +1 -—3 6) 0 


+18¢ six of 18t—3rd 


. #t +i $1 (=e =9 42° giz of Ont de 
=| 2) 5 : : — 3rd six of 18t— 3x4 
ee eee ee eee mariie Meet ae Gs 
gnd_ 4th rey, .., Oe On fe SC eee 
ie : : ; ; : : — 18* six of Qnd— 4th 
‘ ; : : A =3 49nd six of 18¢— 3rd 
+3 43° : : ; 5 437d six of Qnd— 4th 
Dae AERO neaioeoes +3 43 ; : . —3 


: ; 418¢ six of 1st— 3rd 
= = 8 + 9nd six of Qnd— 4th 


Ho SB) os 2 we ees of 1 — oe 
| ib ee ae +2 —3 =% mint ene 
gnd_ 4th yey, .., 8 ; : . +3 +3 
IIL. &e, ae 


We have now only 6 instead of 18 sub-divisions of the quadrant, but the 
cosine and sine numbers are found in exactly the same way as before. 
_ The following example shows part of the treatment, and the cosine factors 
* 4 
are those marked * in F. 
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The remaining process is exactly like that pursued before, and the four 
results are 


S° cos $V, = + 0:0347, S° sin 38V,, =—0:1830 
S# cos 3 V,, = — 0:0479, S! sin 8V,, = — 00178 


(o.) The Sorting of 4V,,+V, and of 4V,, — V,. 


5 


These angles have to be sorted without reference to the heights, or just 
as though all the heights were unity. Every entry is to be regarded as 
unity. The following example shows part of the sorting of $V,,+ V,, and 
1 denotes a H.W., + a L.W.; by this device H. and L.W. may be sorted on 
the same paper. 


We may also, if it is found convenient, put on it_the sorting of 4V,,—V, 


by adopting, say 0, to denote a H.W. and * a L.W., each one of these four 
signs denoting simply unity. 


[5 
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We then proceed to count these 1’s and +’s just as was done with the 
number of entries in the sorting of $V,,,, and to operate on them in the same 
way. 


The results are 


S° cos (4V,, — V,) = — 0078, S° sin(4V,, — V,) =— ‘0060 
S?" cos (4V,,, — V,) = + 0280, S? sin ($V, — V,) = +0078 
S° cos(4V,, + V,) = +1244, S° sn (4V,,, + V,) = + 0094 
S? cos (4V,, + V,) = + 0147, Si sin (4V,, + V,) = + 0834 


cp.) Hoaluatian-o7 Fo, Gy.) ta, Oy) Lat Gee” 


(7 
m 2 Las: oe ie 


2 
1 1 > (1 1 
F,?, G,, £,%, g,, Fa”, G8, fa", gam, 
see be ee COs, 
These 16 coefficients are required to correct the four sums S’h .” £Vin, 
sin 
She : 4 LV,,, tor the influence of the tides M, and 8,. 


I call S°A cos $V,, + corrn., W, S°hsin $V, + corrn., X, and the other two 
Y and Z. 


The correction to be appled to S*hcos4V,, to get W is 
—[F,,0A,, + G,%B,, + FO A,+ Gs Bs] 

and the correction to be applied to S’hsin 4 V,,, to get X is 
= [fnAm + Sn? Bm + iA, + 0B] 


and the two other corrections are given by symmetrical formulee with (47 
in place of (0). 


These coefficients are computed from S° and S$? Be (Vin + V,,) and 
of |G Vin + Vs), a8 given in(m)(n) (0). It must be especially noticed that 


we have above in (m) computed 8° and $ of sin $V,,; but £V,,—V,,=—4V,,, 


Mm m 


so that the signs of our previous results must be Sate in these two cases. 


If we remark that k,, and k, are constants found by theoretical con- 
siderations, that A,,, B,,, As, Bs, are already found, and that in the first 
column we are compelled to omit the affixes to the letters 8, %, and the E's 
and G’s, because they indicate various sorts of S’s and k's and F's and G’s 
in the different columns, the computations in the following table are easily 
followed : / 
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Se Se quit gat 
[ih 9? ip ORO Ne k,= 2:07 
Vn= ess Vos I’, v= = Ve V>= Ves 
S cos ($Vi,—V,)  — 0261 — -0039 — 0084 +°0140 
1S cos (4Vn,+ Vp)  +°0174 +0622 +0240 +0074 
Sum > — ‘0087 + :0583 — ‘0324 +0214 
Dit. A — ‘0435 —‘O661 +0156 +0066 
k> — ‘0174 +°1207 — 0648 +0443 
kA — ‘0870 —'1368 +:0312 +0137 
S+kA=F — ‘0957 — 0785 — ‘0012 +0351 
A+hs =g¢g — ‘O609 + we ep — 0492 +0509 
38 sin($V,,—V,)  — +0059 — ‘0030 +0065 +0039 
48 sin ($V,,+V,)  —'0915 + 0047 - 0087 + 0417 
Sum o — 0974 + 0017 = (022 +°0456 
Diff. 6 +0856 —'OO77 +°0152 — ‘0378 
ko —"1948 +0085 — 0044 +0944 
kd +:°1712 =015 59 +0304 — ‘0782 
o+hkd=f +°'0738 — 0142 +°0282 = (326 
—(d+ko)=G +°1092 +0042 — 0108 — ‘0566 
Coefficients...... —An —B,, —A, — Bb, 
(S*2 cos $ Vin) —10°50 (Fy,°) —'0957 (Gp?) +°1092 (F,°) —:0785 (G,°) +:0042=W 
(SAsin kVp) + 8:04 (fn?) +:0738 (Em’) — 0609 (f,°) —-0142 (g,°) +:0546=X 
(S! S!™/ cos 3Vin)+ 0-40 (F,,27) — 0012 (Gro) OlOSs a(B ‘")+°0351 (G, 2") ~ 0826 = 
(S!AhsindVin)+ 3°74 (fy27) +:0282 (2m?) — 0492 (£27) —-0566 (g,2") +0509=Z 
Multiply by —A,,=+30°58, —B,,=— 38°47, —A,=-—21°:08, —B,=—3°53 
— 10°50 —2:91 — 4°23 + 1°66 —0';01 =W 
+ 8:04 + 2°24 +2°36 +0°30 —019 =X 
+ 0°40 — 0:04 +0°42 — 0°74 1-071 oe VA 
+ 3°74 +0°86 +1:91 +1°20 -O18 =Z 
W xX ZL 
ar = sr a ats = ae = 
10°50 8:04. 0:40 3°74 
2°91 2°94 0-04 0°86 
A235) NN ee2roG 0°42 191 
1:66 0°30 O74 1:20 
O01 0:19 012 018 
1 65 | 12°94 0°94. 0'78 aa 
1°66 O19 78 0-18 
— 15:99 +12: +016 +753 
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W =— 15:90 X= 12:75 
L=+ 753 Y=+ 016 
W+Z=— 846 X+Y=+1291 
W —Z=— 2352 X-VY=41259 
1(W4+2Z)=— 428 1(X+V)=+ 6:46 
UWiet7) = 11:76 1(X—Y)=+ 6:30 


(q.) Computation of Astronomical and other Constants. 


Find s,, the moon’s mean longitude (see Nautical Almanac), and h, the 
sun’s mean longitude (sidereal time reduced to angle) from the Nautical 
Almanac, and p, the longitude of moon’s perigee, from Baird’s Manual*, 
Appendix Table XII (there called 7), at the epoch 0°, January 1, 1887, 
Bombay mean time, in E. Longitude 4855. 


From Baird, Tables XIV, XV, XVIII, find NV the longitude of Moon’s 


node, and J, v, & at mid-period, February 14, 1887+ [or see the Nautical 
Almanac and the formule at end of Paper 1]. 


With the value of J find f,, from XIX (1) for the tides M,, N, L; from 
XIX (3) find f, for the tide O; from XIX (8) find f’ for the tide K,; from 
XIX (9) find f” for the tide K,; from XX find v’ for the tide K,; and from 
XXI find 2v” for the tide K,; [or use the formule at the end of Paper 1]. 

The results are 


8, = 359°°48, - h, = 280°63,  p, = 165°:36 
y = 9°-60, £= 9°00 

1/f,, = 0:9709, 1/f, = 1161, f’=0:915, f” = 0'802 
v’ = 6°30, Qu” =11°-75 


Then compute initial equilibrium arguments, in the symbol for which 
the subscript letters indicate the tides referred to, 


Um = 2 (h, — v) — 2 (8, — &), Uy =(h, — vv) — 2 (8, — &) + 42, Ue = 0° 


= 201°20, = 20°17 
for K,, uw’ =h, —v' — 4n, for K,, u/ = 2h, — 2v” 
= 184°°33, = 189°°51 
Un = Um, — (8) — Po)s Uy = Un, + (8, — Po) + 7 
= 7°13, = 215°-27 


Up = —h, + hr = 169°'37 
We have already shown in B the way of computing IT, and IT = 1:034f. 


* Manual for Tidal Observations, by Major Baird. Taylor and Francis, Fleet Street, 1886. 

+ In making these reductions I have really used the value of N for July 1, 1887, because 
I am operating on tidal predictions made for the whole year 1887, which were doubtless made 
with mean N for that year. The difference is almost insensible. 

+ As the Indian tide-predicting instrument takes no account of solar parallax, I should in 
reality have done better to take II as unity. But of course this consideration does not apply to 
rea! observations. 4 


iD: de 14 
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In C and D we have shown how to compute j, 2, J, and 7 = + 6°46, 
(= + 67°52; l= 0797. 
By the formula in B, with a, = 86°97 for 6 semi-lunations, 
w = 2h, —Qv" +a, =u" + ay 
= 27648 
= — 83°52 
By the formula in D, with 8, = 87°52 for XIII quarter-lunar periods, 
0=2h,—v+l4+ Bn 
= ISI >) ='— 18,749 
By the formula in B, viz. : 
Ucos$¢=I114+2,f” cos 
U sin ¢ = Ant” sin w 
With log X, = 9°2517 for 6 semi-lunations, and with the above values of 
Tt car 
b= — 7°72, (+) log U = 0:0251 
By the formula in D, viz.: 
T cos W = f’ — p, cos @ 
I sin 4 = Pn Sin 6 


with log p,=9'4618 for XIII quarter-lunar periods, and with the above 
values of f' and @: 


ap = — 18°32, (+) log T = 9:9557 


(x.) Final Evaluation of My. 


From (j) B,,=+ 38°47, A, = — 30°58, tan ¢,, = ie. 


m™m 


B,, 1s + and A,, is —, so that €,, lies in second quadrant ; whence 


t= 1 — 51°51 = 128°-49 


Then H,, Bi . . 35 COSEC Cn 
whence, on reducing from inches to feet, 
| begemnaed EPs iy 
Also Kia = Cm + Wm, = 128°°49 + 201°20 = 3829°°69 


where the value of w,, is taken from (q). 
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(s.) Hinal Evaluation of N and L. 
Taking the values of P, Q, R, S from (3), 


finn sin (F, —7) = — P=— 10°72, fH, sin (€, +9) =+ Q =+ 0°66 
frHn cos (€,-—j)=—-S=+ 716, f,,H, cos (¢, +7) =— R=+4+ 1:22 
€,—) lies in 4*" quad., ¢,+ lies in 1** quad. 
whence En —) = — 56°27 
Then H,= = cosec (€, —7) x (— P) 
whence, on reducing from inches to feet, 
By = 104%. 


Again, since from (q) 7=+6°54, we have 6, =— 49°73 =310°27, and 
Kn = bn + Un = 310°27 + 7°13 = 317°-40, where the value of wu, is taken 
from (q). 


Turning to the second pair of equations, 
C, +) = 28°°4 
Then H, =; sec (f, +7) x (— RB) 
whence, on reducing from inches to feet, 
H, =0'11 ft. 
Again, since 7 = + 6°5, we have €, =21°9, and 
Ky => ‘4 + U;, = 21°°9 + 72) 5°38 = We 


where the value of w, is taken from (q). 


(t.) Final Hvaluation of S, and Kg. 
B 


From (k) B,=+ 3°62, A, =+ 21°08 ; tan! €5== iC ; 
B, and A, are +, so that ¢, lies in 1* quadrant ; 
whence 6,=9°71 
A, sec &, 
Then H,=— 7 


whence, with log U already found in (q) as 0:0251, and, reducing inches to 
feet, 


H, = 1°68 ft. 
Again Kea ceo 9 lat 2 17-99 
where the value of ¢ is taken from (q). 
Lastly, H?= 02/20,=0°46 ft, ends h == 2) 
‘The factor 0°272 is an absolute constant. 4 
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(u.) Final Evaluation of K,, O, P. 
Taking the values of }(W —Z), $(X+ Y) from (p), 
TH’ sin (6’+7-—wW) =4(W —-Z) =—- 11°76 
TH’ cos (€ +4-—-W) =—-4(X 4+ Y) =—- 6°47 
¢’+7%—y lies in third quadrant, and 
C+4—-pa=rt 61°2 = 241°2 
Then since, from (q), = — 18°32, we have ¢’+7=222°9; and since from (q) 
1 = 6°52, therefore £’=216°'4; whence 
K=C +u'=216°44 184°3 = 40°7 
where the value of w’ is taken from (q). 


sik —_ Lg, 
Then He LT cosee(t’ Fi) 


whence, with log T already found in (q) as 99557, and reducing from inches 


to feet, 
H’= 1°24 ft. 


Also H,=0331H'=041, and «= =41° 
The factor 0°331 is an absolute constant. 
We now have to compute 
=1(X + Y) tan fe + fH’ cos (€’ +2) tan fe 
M=4(W-—Z) tan te—f'H’ sin (&’ +2) tan fe 
where log tan f¢=9°0677, an absolute constant for all times and _ places. 


With the values of f’ and $(X + Y) and $(W —Z) given above in (q) and (p), 
and with the values of H’ and ¢” +7 just found, there results 


L=—0°410 M =—°281 
“Now f,H, sin (€,—- 7) =-4(W+Z)4+L 

f,H, cos(€,-71)= 4(X-Y)+M 
We have found in (p) 


£(W + Z)=— 423 4(X — Y)=+ 6:30 
so that f,H,sin(f—7)=+3'82 f,H, cos (€ —7) =+ 6°02 
Whence €, —7 lies in the first quadrant, and 
£,—t=32°-40 
Then H=; 0 (EEA EM seete 


whence, reducing from inches to feet, 


H, = 0°69 ft. 
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Again, 
Ko = Cy + tly =(E— 1) +4 +, = 32°40 + 6°52 + 20°17 = 59°09 


where the value of w, is taken from (q). 


(v.) Final Reduction of Mean Water Mark. 


We subtracted 99 inches from all the heights before using them, and the 
mean of the heights was then +38°51 inches. Hence mean water is 102°51 
inches, or 8:54 feet above the datum of the original tidal observations. 


(w.) Results of Reduction. 


Error of present cale. 
in inches and 


Mean of 9 yrs. obs. minutes 
Mean water, 8°54 ft. $°223 4 in. 
M H = 3°98 ft. 4043 2 in. too small 
= 330° Sear nil 
= IES ik 625 2 in, too large 
Rae an 2™ too slow 
K es 0°46 ft. 0°405 , #1. too large 
"le =2° By 20™ too fast 
N = 1°04 ft. 0-997 Zin. too large 
«= 317° Bliss: 8™ too fast 
L H=011 ft. 0-088 + in, too large 
K = 237° 308° 2» 21™ too slow 
K = 1:24 ft. 1396 13 in. too small 
“lke =41° 4.5° 16™ too slow 
0 H = 0°69 ft. 0°658 3 in. too large 
fe == iso)” 48° 44™ too fast 
Pp H = 0-41 ft. 0°404 zy in. too large 
K =41° 43° 8™ too slow 


The second column is given because, if the calculation had been con- 
ducted by rigorous methods instead of approximately, my results should have 
agreed very nearly* with these. The causes of several of the discrepancies 
are explicable. The error of mean water mark is due to the necessity for 
neglecting the annual and semi-annual tides in a short series of observations. 
The error in phase in K, is a necessary incident of the shortness of the series 
of observations. The tide L is only about an inch in height, and accuracy 
of result could not be expected. 


_ *'T do not know the exact values of the constants used in the Bombay Tide Table, which has 
been used as representing observation. 
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The magnitude of the error in time in the diurnal tides is rather dis- 
appointing, but it is clear that the length of observation has not been 
sufficient to disentangle the O tide from the K, tide. It may be remarked 
also that an error of 1° in phase makes twice as much difference in time with 
the diurnal tides as with the semi-diurnal. 


Lastly it is probable that all these errors would have been sensibly 
diminished if I had subtracted 103 inches from the heights all through 
instead of 99, and I know that this is to some extent the case. 


(x.) Verification. 


In a calculation of this kind some gross error of principle may have been 
committed, such, for example, as imputing to some of the «’s a wrong sign; 
and this is the kind of mistake which is easily overlooked in a mere verification 
of arithmetical processes. It is well, therefore, to test whether the tide 
heights and times are actually given by the computed constants. This is 
conveniently done by selecting some three or four tides from amongst those 
from which the reductions have been made, and it makes the calculation 
much shorter if we pick out cases in which it is H. or L.W. within a few 
minutes of noon. 


For example, in the present case it was L.W. on February 16 (day 46) 
at 0” 7™ p.M., and the height was 4 ft. 0 in. 


Now, if U denotes the value of any equilibrium argument whose value 
at the epoch, 0%, January 1, was denoted in (q) by u, and if A, denotes the 
height of mean sea-level above datum, the expression for the height of 
water is 


h=A,+f,,H,, cos(U,, — €,) + Hs cos (U; — «s) +f” H” cos (U” — &”) 
+f,,H, cos (Un — kn) + f,,H, cos (U, — «,) + fH’ cos (U’ — x’) 
+ f,H, cos (U, — «,) + H, cos (Uy — xy) 


The time of H.W. depends on a formula involving the sines of the same 
angles in place of cosines. 


Since we have chosen cases where it is H. or L.W. at noon, the U’s exceed 
the w’s by an exact number of days’ motion. 


The evaluation of the separate terms may be conveniently made by means 
of an ordinary nautical traverse table, where (neglecting the decimal point) 
fH is represented by the “Distance,” and fH cos(U—«) is given by 
“Latitude,” and fHsin(U—«) by “Departure.” 

If we know the time of H. or L.W. within 20™ or so, the following 
calculation will give the true time and height. In this case we know that 
there should be a L.W. at about 0" of day 46. The increments of argument 


1890] 


VERIFICATION, 


215 


are computed from the Table G, and the «’s are subtracted either by actual 
subtraction or by addition of 2a — x. 


Increment in 40° 
Ditto 64 


Ditto 464 
Uu= 
ae 


= 
ae 


Semidiurnals 


Diurnals 


M, Sp Ko N L Ky O 12 
464°7 789 — 57-9 —452-7 394 425°3 
—146°3 118 —224-7 — 67:9 59 —152°2 (see K,) 
318°4 90°'7 —282°6 —520°6 45°3 273'1 — 45:3 
2012 189°5 ell 2153 196°9 3°4 169°4 
519°6 280°2 —275:5 —305°3 242°2, 276°5 124°1 
—329°7 -2:0 — 20 + 426 41228 -— 40°77 — 59:1 — 40°7 
189°9  —2:°0 278:°2 —232°9 —189°5 201°5 QT 83°4 
m+10 —2 — 82 ar —538 7 —2 wmt+22 7437 83 
f H fH U—-k fH cos (Uk) fH sin (U—k) 
ay = =f = 
1:03 3°98 4-10 a +10° 4:04 P71 
1:0 1:68 1:68 -—2 1:68 0:06 
0°80 0-44 0°37 — 82 0:05 0°37 
1:03 1:04 1:07 a —53 0°64 0°86 
EOS O11 O11 ar —2 OPI 0:00 
+1°73 —4:79 +0°86 —1:14 
+1°73 +0°86 
O:915 > Ie: 114 7 +22 1:06 0°43 
0°86 0°69 0°59 w+37 0°47 0°36 
1:00 0°41 0:41 83 0:05 0°41 
+005 —1°53 +0°41 —0°79 
+0°05 +0°41 
Ay= — 1°48 B= — 0°38 
gAi= —0°37 $B, = —0°19 
Ao+zA,= — 3°43 Bo+3B,= — 0°47 
: Bo+4B, 47 
= —120™ | —* 4. ) = —-120™x —— = —16M™=]]5 44™ aM. 
Time 120 Ge) 120™x 343 6 A.M 


Tabular time=0" 7™ p.m. 


Error = — 23™ 


A,+A,=— 4:54 


Mean water 


+8°54 


Height= 4:00 


Eieiont Wares cca ser 
Tabular height...... 


Error 


er 


4 ft. 
4 


0 in. 
(0) 


This result is as good as might be expected, and, considered as a prediction, 
would be amply sufficient for navigational purposes. 


4 


6, 


ON AN APPARATUS FOR FACILITATING THE REDUCTION 
OF TIDAL OBSERVATIONS. 


[Proceedings of the Royal Society, Li1. (1892), pp. 345—889. ] 


§ 1. Introduction. 


THE tidal oscillation of the ocean may be represented as the sum of a 
number of simple harmonic waves which go through their periods approxi- 
mately once, twice, thrice, four times in a mean solar day. But these simple 
harmonic waves may be regarded as being rigorously diurnal, semi-diurnal, 
ter-diurnal, and so forth, if the length of the day referred to be adapted to 
suit the particular wave under consideration. The idea of a series of special 
scales of time is thus introduced, each time-scale being appropriate to a 
special tide. For example, the mean interval between successive culminations 
of the moon is 24% 50™, and this interval may be described as the mean lunar 
day. Now there is a series of tides, bearing the initials M,, M,, M;, My, &c., 
which go through their periods rigorously once, twice, thrice, four times, &c., 
in a mean lunar day. The solar tides, 8, proceed according to mean solar 
time; but, besides mean lunar and mean solar times, there are special time 
scales appropriate to the larger (N) and smaller (L) lunar elliptic tides, to 
the evectional (v), to the diurnal (K,) and semi-diurnal (K,) luni-solar tides, 
to the lunar diurnal (O), &e. 


The process of reduction consists of the determination of the mean height 
of the water at each of 24 special hours, and subsequent harmonic analysis. 
The means are taken over such periods of time that the influence of all the 
tides governed by other special times is eliminated. 


The process by which the special hourly heights have hitherto been 
obtained is the entry of the heights observed at the mean solar hours in a 
schedule so arranged that each entry falls into a column appropriate to the 
nearest special hour. Schedules of this kind were prepared by Mr Roberts 
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for the Indian Government*. The successive rearrangements for each sort 
of special time were made by recopying the whole of the observations time 
after time into a series of appropriate schedules. The mere clerical labour 
of this work is enormous, and great care is required to avoid mistakes. 


All this copying might be avoided if the observed heights were written 
on movable pieces. But a year of observation gives 8,760 hourly heights, and 
the orderly sorting and re-sorting of nearly 9,000 pieces of paper or tablets 
might prove more laborious and more treacherous than recopying the figures. 


It occurred to me, however, that the marshalling of movable pieces might 
be reduced to manageable limits if all the 24 observations pertaining to a 
single mean solar day were moved together, for the movable pieces would be at 
once reduced to 3865, and each piece might be of a size convenient to handle. 


The realisation of this plan affords the subject of this paper, and it will 
appear that not only is all desirable accuracy attainable, but that the other 
requisite of such a scheme is satisfied, namely, that the whole computing 
apparatus shall serve any number of times and for any number of places. 


The first idea which naturally occurred was to have narrow sliding tablets 
which should be thrown into their places by a number of templates. It is 
unnecessary to recount all my trials and failures, but it will suffice to say 
that the sldes and templates require the ‘precision of a mathematical 
instrument if they are to work satisfactorily, and that the manufacture would 
be so expensive as to make the price of the instrument prohibitive. 


The idea of making the tablets or strips to slide into their places was 
then abandoned, and the strips are now made with short pins on their under 
sides, so that they can be stuck on to a drawing board in any desired position. 
The templates, which were also troublesome to make, are replaced by large 
sheets of paper with numbered marks on them to show how the strips are to 
be set. The guide sheet is laid on a drawing board, and the pins on the 
strips pierce the paper and fix them in their proper positions. 


The shifting of the strips from one arrangement to the next is certainly 
slower than when they slid into their places automatically, but I find that 
even without practice it only takes about 7 or 8 minutes to shift 74 of them 
from any one arrangement to a new one. 


* An edition of these computation forms was reprinted by aid of a grant from the Royal 
Society, and is sold by the Cambridge Scientific Instrument Company, but only about a dozen 
copies now remain. In the course of the preparation of the ‘‘ guide sheets” of the method 
proposed in this paper, I found that there are many small mistakes in these Indian forms, but 
they are fortunately not of such a kind as to produce a sensible vitiation of results. I learn that 
the mistakes arose from a misunderstanding on the part of a computer employed to draw up 
the forms. [The whole of this edition of computation forms has, now in 1907, been sold.] 

The accuracy of my guide sheets was controlled by aid of Mr Roberts’s forms, and it was the 
occasional discrepancy between my results and the forms which Jed to the detection of the errors 
referred to. 
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The strip belonging to each mean solar day is divided by black lines into 
24 equal spaces, intended for the entry of the hourly heights of water. The 
strip is 9 in, long by + in. wide and the divisions (2 by 4) are of convenient 
size for the entries. There was much difficulty in discovering a good material, 
but after various trials artificial ivory, or xylonite, was found to serve the 
purpose. Xylonite is white, will take writing with Indian ink or pencil, and 
can easily be cleaned with a damp cloth. It is just as easy to write with 
liquid Indian ink as with ordinary ink, which must not be used, because it 
stains the surface. 


The strips have a great tendency to warp, and I have two methods of 
overcoming this. A veneer of xylonite on hard wood serves well, or solid 
xylonite may be stiffened by sheet brass let into a slot on the under side. 
In the first plan the pins are fixed in the wood, and in the second the brass 
is filed to a spike at each end*. Whichever plan is adopted, the strips are 
expensive, costing about £7 for a set, and I do not at present see any way of 
making them cheaper. 


The observations are to be treated in groups of two and a half lunations 
or 74 days. A set of strips, therefore, consists of 74, numbered from 0 to 78 
in small figures on their flat ends. 


If a set be pinned horizontally on a drawing board in vertical column, 
we have a form consisting of rows for each mean solar day and columns for 
each hour. The observed heights of the water are then written on the strips. 


When the 24 columns are summed and divided by the number of entries 
we obtain the mean solar hourly mean heights. The harmonic analysis of 
these means gives the mean solar tides. But for evaluating the other tides 
the strips must be rearranged, and to this point we turn our attention. 


Let us consider a special case, that of mean lunar time. A mean lunar 
hour is about 1" 2™ m.s. time; hence the 12" of each m.s. day must le within 
31” m.s. time of a mean lunar hour. The following sample gives the incidence 
to the nearest lunar hour of the first few days in a year: 


Mean solar Mean lunar 
time time 
Dies A Tee = Loa alee 
i ey = ica tek 
oe ea. = LU) 
Si l2 es 3 9 
Ar 12, = 4 8 
Eye a4 = 5 8 
6 12 = 6 7 
La Beko = 6 6 
&e. &e. 


* [The first of these two plans was found to be the more convenient one.] 


G. H. Darwin’s Scientific Papers. 


Abacus for the harmonic analysis of tidal observations. 
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The successive 125 of mean solar time will march retrogressively through 
all the 24 hours of mean lunar time. 


Now, if starting from strip 0, we push strip 1 one division to the left, 
strip 2 two divisions to the left, and so on, the entries on the strips will be 
arranged in columns of approximately lunar time. 


The rule for this arrangement is given by marks on a sheet of paper 
18 in. broad; these marks consist of parallel numbered steps or zigzags 
showing where the ends of each strip are to be placed so as to bring the 
hourly values into their proper places. 


At the end of a lunation mean solar time has gained a whole day over 
mean lunar time and the 12” solar again agrees with the 12> lunar. On the 
guide sheet we see that the zigzag which takes its origin at the left end of 
strip 0 has descended diagonally from right to left until it has reached the 
left margin of the paper, and a new zigzag then begins on the right margin. 


When the strips are pinned out following the zigzags on the sheet marked 
M, the entries are arranged in 48 columns, but the number of entries in each 
column is different. The 48 columns are to be regarded as appertaining to 
OU 1s ..., 225 235 Oh 1% ..., 22 23 Thus, the number of entries in the 
left-hand column of any hour added to the number of entries in the right- 
hand column of the same hours is, in each ‘case, 74. The 48 incomplete 
columns may, in fact, be regarded as 24 complete ones. 


The 24 complete columns are then summed; the 24 sums would, if 
divided by the total number of strips, give the 24 mean lunar hourly heights. 
The harmonic analysis of these sums gives certain constants, which, when 
divided by the number of strips, are the required tidal constants. It must 
be remarked, however, that, as the incidence of the entries is not exact in 
lunar time, investigation must be made of the corrections arising out of this 
inexactness, 


The explanation of the guide sheet for lunar time will serve, mutatis 
mutandis, for all the others. 


The zigzags have to be placed so as to bring the columns into exact 
alignment, and printers’ types provide all the accuracy requisite. Accordingly, 
the computing strips are made to suit a chosen type. The standard length 
for one of the 24 divisions on the strips was chosen as that of a “2-em English 
quadrate”; 24 of these come to 9 inches, which is the length of a strip. 
I found the English quadrate a little too narrow, and accordingly between 
each line of quadrates there is a “blind rule,” of 42 to the inch. The depth 
of the guide sheet is that of 74 quadrates and 74 rules, making 15$ in, The 
computing strips are 1 in. broad, and 74 of them occupy 144 in. The excess 
of 154 above 144, or 5%, in., is necessary to permit the easy arrangement of 
the strips. ‘ 
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[The plate opposite p. 219* shows portion of one of the guide-sheets 
(that applicable to 2224 to 295°) for M or mean-lunar time. Thirty-seven of 
the strips are shown in position, and the lower part of the sheet is still bare.] 


To guard against the risk of the computer accidentally using the wrong 
sheet, the sheets are printed on coloured paper, the sequence of colours being 
that of the rainbow. The sheets for days 0 to 73 are all red; those for days 
74 to 74473, or 147, are all yellow; those for days 148 to 148+ 73, or 221, 
are green; those for days 222 to 222+4773, or 295, are blue; and those for 
days 296 to 296 +73, or 369, are violet. 

Thus, when the observations for the first 74 days of the year are written 
on the strips all the sheets will be red; the strips will then be cleaned, and 
the observations for the second 74 days written in, when all the guide sheets 
will be yellow, and so on. 

I must now refer to another considerable abridgment of the process of har- 
monic analysis. It is independent of the method of arrangement just sketched. 


In the Indian computation forms the mean solar hourly heights have 
been found for the whole year, and the observations have been rearranged 
for the evaluation of certain other tides governed by a time scale which 
differs but little from the mean solar scale. I now propose to break the 
mean solar heights into sets of 30 days, and to analyse them, and next to 
harmonically analyse the 12 sets of harmonic constituents for annual and 
semi-annual inequalities. By this plan the harmonic constants for 11 different 
tides are obtained by one set of additions. In fact, we now get the annual, 
semi-annual, and solar elliptic tides, which formerly demanded much trouble- 
some extra computation, A great saving is secured by this alone, and the 
results are in close agreement with those derived from the old method. 


The guide sheets marked S and the computation forms are arranged so 
that the observations are broken up into the proper groups of 30 days, and 
they show the computer how to make the subsequent calculations. 

I have also devised an abridged method of evaluating the tides of long 
period MSf, Mf, Mm. The method is less accurate than that followed hitherto, 
but it appears to give fairly good results, and reduces the work to very small 
dimensions. 

Before entering on the details of my plan it is proper to mention that 
Dr Borgen has devised and used a method for attaining the same end. He 
has prepared sheets of tracing paper with diagonal lines on them, so arranged 
that when any sheet is laid on the copy of the observations written in daily 
rows and hourly columns, the numbers to be summed are found written between 
a pair of lines. This plan is excellent, but I fear that the difficulty of adding 
correctly in diagonal lines is considerable, and the comparative faintness of 
figures seen through tracing paper may be fatiguing to the eyes. Dr Bérgen’s 


* [From my Tides and Kindred Phenomena in the Solar System.] 
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plan* is simple and inexpensive, and had I not thought that the plan now 
proposed has considerable advantages I should not have brought it forward. 


In the investigations which follow the notation of the Report of 1883 
to the British Association on Harmonic Analysis [Paper 1, above] is used 
without further explanation. 


S:2. Hvaltionon of A,, Sa! Ssa, S,, 8,, 8, S51 R,. Ky, K,, P. 


The 24 mean solar hourly heights of water are entered in a schedule of 
24 columns, with one row for each day, extending to n days; the 24 columns 
are summed, and the sums divided by 1; the 24 means are harmonically 
analysed ; it is required to find from the results the values of the harmonic 
constituents. 


The speed of any one of the tides differs from a multiple of 15° per hour 
by a small angle; thus, any one of the tides is expressible in the form 
H cos [(15°¢ — 8)t—€], where q is 0, 1, 2, 3, &., and @ is small. 


When ¢ lies between 0" and 24" this formula expresses the oscillation of 
level due to this tide on the day 0 of the series of days. 


If multiples of 24" from 1 to n—1 be added to ¢, the expression gives the 
height at the same hour, ¢, of mean solar time on each of the succession of 
days. 

Then if } denotes the mean height of water, as due to this tide alone, at 
the hour #, we have 


b= 73 Hoos [(15'q— 8) t— $+ (15g 8)24(n—1)] 


1 2 
eo ee Bese ey pee (eee (1) 
When ¢ is put i equal to 0", 15, ..., 23" we get the 24 values of 
which are to be submitted to harmonic analysis. 


The mean value of §, say A, (not to be confused with A, as written at the 
head of this section, where is denoted the mean sea level above datum) is 
found by taking the mean of the 24 values of ). 


By the formula for the summation of a series of cosines it is easy to 


prove that F 
fe sin 12n : a F 
ASS 24n, sin (48 — 489) cos [f+ (12n — $)8 + 4$q]......... (2) 


We will now find the p'" harmonic constituents A,,.B,. By the ordinary 
rules 


“a COS | wo 
B “| 2b ne [Oe ae Rr STE (3) 


p 
* Annalen der Hydrographie und Maritimen Meteorologie? June, July, Aug., 1894. 
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COs 133 
Now 2 em 15° pt cos [(15¢ — B)t -€-—128 (n—-1)] 


=< [{15° (q+ p) - B} t-F-128 (m-D] 


sin 

+ cos : 

~ gin HLS’ @ — p) — BJ} #-—  — 128 (n — 1) 
and ;!; of the sum of the 24 values corresponding to t= 0, I,..., 23 is 


, sin 12[15° (¢ + p) — 8] cos 7 ~ 
24 sin $ (15° (q+ p)—A] sin [38 {15° (q + p) — B} — §— 128 (n—1)] 


+ the same with sign of p changed. 


This expression admits of simplification, because 12 x 15° = 180°; making 
this simplification, and introducing the result into (3), we obtain 


— COS 


7 H sin 12n8 i sin [$+ (12n- 3) B+ 4 (q +P) 
5; = sin n sin [48° (¢ + p) — $8] 


we at Nica Eth Oo ni pant (4) 
sin [49° (q—p)—38] 


In the particular case where p=q, we have 


* (o+ (120 —4)84+15° q] 
A + sin 
sory Can ce oes ~ sin (15° q — $8) 
+ cos 
+ sin Lek ee al erat res: (5) 
sin dB. 


If the number of days n be large, A,, B, will be small unless the de- 
nominator of one of the two terms in (4) be very small. This last case can 
only occur when p=q and when £ is small. Hence, in the analysis of a term 
of the form under consideration, we may neglect all the harmonics except 
the g* one. Accordingly (2) and (5) are the only formule required. 


A case, however, which there will be occasion to use hereafter is when 
n= 80, q = 2, when (4) becomes 


— GOR 


an «(6 + 3594 BB) | gin Ot salt ae ...(6) 
B. sin¢ sin (30° — 48) 

For the present we have to apply (5) in the two cases g = 1, 8 = 0°:0410686 
and q = 2, 8 = 0°0821372; now the ratios of cosec $8 to cosec (15°¢ — 4) in 
these two cases are 722 to 1 and 697 to 1. In both cases the first term of 
(5) is negligible compared with the second. 


cos 
“t = 74,H sin 3608 | 
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SS 
24n sin 2B 


Now write = Pion erg: (7) 
and (5) becomes, with sufficient exactness, 
yal ex H cos 1 
fe > Ff nl [E+ (12x = x) B] eee rec cneeerececenes (8) 


If this be compared with (2), we see that when g=0 this formula also 
comprises (2). 


In the applications to be made @ is very small,so that 4f is approximately 
a function of the form @cosec @. This function increases very rapidly when 
@ passes 90°, but for considerable values less than 90° it only slightly exceeds 
unity; for example, when @= 60°, ff =1°2, but when @= 180°, 4F = infinity. 


It follows, therefore, that if the number n of days in the series is such 
that 12n8 is less than say 60°, the magnitudes of A,, B, are but little 
diminished by division by ff; but if 128 is nearly 180°, A,, B, become 
vanishingly small. 


If the typical tide here considered be the principal lunar tide M,, and if 
the number of days be as nearly as possible an exact multiple of a semi- 
lunation, 12n8 is nearly 180°, and the corresponding A,, B, become very 
small. No number of whole days can be an exact multiple of a semi-lunation, 
so that A,, B, corresponding to M, cannot be miade to vanish completely. For 
the present they may be treated as negligible, and we return to this point in 
the next section. ; 


The above investigation shows that in the expression for the whole 
oscillation of sea level upon which the proposed analysis is performed all 
those tides may be omitted from which 8 is not very small, and also all those 
whose frequencies are such that the period under consideration 12n8 is nearly 
180°. 

Since the period under consideration will be a lunation, it follows that, 
as far as is now material, the general expression for sea level may be written 
as follows, t denoting mean solar hour angle equal to 15° ¢: 


awe Alliiall. 2. seaee seuss A, + Hyq, cos (h — Ksa) 
semi-annual ...... + F. gsq, COS (2h — Kssa,) 
Solar tides, GS), > --sserts. + H,, cos (t — k35) + H, cos (2t — Ks) 
Sr saeze.. + H,, cos (4t — ks) + Hys cos (6t — K35) 
Bolar ellie cesar aceanc + H, cos (2t —h+p,— kt) 
Besos nos etapa + H, cos (2t +h —p,+ 7 — ky) 
Tini-solar, I. ters ess + f"H” cos (26 + 2h — 2v” — x” 
| ener eee + fH’ cos (t +h—v' —4a —-«’) 


Solar diummalyP 2 .2...% + H, cos (¢ —h +h — ky) vcrsacecesevens (9) 
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This includes all the tides whose initials are written at the head of this 
section. 


It is now necessary to break up the year into 12 equidistant lunations of 
30 days. This can be done by the omission of 5 days in ordinary years, and 
of 6 days in leap years. 


If the days of the year are numbered 0 to 364 (865 in leap year), the 


twelve months are as follows: 


0, 0° to 29%; 1, 304 to 59%; omit 60%; 2, 61% to 904; 3, 914% to 120°; omit 
121%: 4, 122% to- 151%; 591529 401819; ong 182";°6, 183% to 212%, 
7, 2139 to 2424; 8, 2434 to 272%; omit 278°; 9, 274° to 3034; 10, 3044 
to 333°; omit 3347; 11, 335° to 364°; in leap year omit 365°. 


The increments of sun’s mean longitude from 07% 0° of month 0 up to 0* 
of the day numbered 0 of each group of days or month are as follows: 


0,0°; 1, 30°—0°431; 2, 60°124; 3, 90°—0°306; 4, 120°-249; 5, 150°—0°182; 
6, 180°373; 7, 210°—0°057; 8, 240°-0°488; 9, 270°068; 
10, 300°—0°364; 11, 330°191. 


Thus if h, be the sun’s mean longitude at 0* 0° of month 0, the sun’s 
mean longitude at 0° 0? of month 7 is A, + 30°7, with sufficient approxi- 
mation. 


Now let V with appropriate suffix denote the initial “equilibrium argu- 
ment” at 0% 0° of month 0, so that 


Vira Vere) Vi=—ho+p, Vr=i,—p am, Vo 2h 2p 
VW=h,-—v'-tr, V,=-h, +40 
then the general expression (9) for the tide in the month rt becomes 
A, + Hoa cos (nt + Vieq + 80° — Ks) + Hosa, cos (2nt + Vesa + 60°T — kessa) 
+ H,, cos (15°t — «43) + Hs cos (30°¢ — xs) + Hos cos (60°t — Ks) 
+ H;, cos (90°¢ — #35) 
+ H; cos [(30° — n) t + Vi — 30°r — x1] 
+ H, cos [(80° + ») t+ V, + 30°r — x,| 
+ f”H” cos [(80° + 2n) t+ V” + 60°r — &” 
+ fH’ cos [(15° + 9) t + V’ + 30°r — &’] 
+ H, cos [(15° — n) t+ V, — 30°r 7 My | ons Sasis wnnearsnies. es eee (10) 


Each of these terms falls into the type cos [(15°q—)t-—], and @ is in 
every case either + 9, — 2m, or 0. 


Now, when harmonic analysis of the mean of 30 days is carried out, 
coefficients jf are introduced. 
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Write therefore 


_ 24 x 80 sin $n _ 24 x 30 sin » 
Ales sin 860n fa = sin 720n 
With the known value of , 
log fF, = 0:00483, log ff. = 001945 


In applying the method investigated above, it will be observed that a 
term of any frequency 15°¢— 8 only contributes to the harmonic constituent 
of order g. 

Then applying our general rule (8) term by term*, and observing that 
359$n = 14°76, and 719 = 29°53, the result may be written as follows: 


A, =A,+ 7 COS (Kea — Vea — 30°7 — 14°°76) 


+ A ssa COS (Kssa, — Vssa — 60°r — 29°53) 


ue 
= WV = 30°r — 14276) 


, Ap cos 
ae , sin 


a - cos rode cos 


(kp — Vp + 30°r + 14°76) 


(r) 
oT = Hy x. + _ oe (a= Ve + 807 + 14°76) 
+F co (46, = Vp = 80°r — 14°76) 
1 
EE! cos 
2 : ” <= dd ee fe) ae 9 o-5 
+ FF, sin (x” — V" — 60°r — 29°53) 
A” A,” Cos 
33. si 7 28 es Kos ; 23. 4 — Vals sin Kgg seve cereeseeeeerceves (11) 
4 6 


With the meaning of the term month in the present context, the sun has 
a mean motion of 30° per month, and each of the first tive @’s and 4's is a 
function with a constant part and with annual and semi-annual inequalities. 


When 7 has successively the 12 values 0,1,..., 11, we have 12 equidistant 
values of the Q’s and 38’s. These may be harmonically analysed for annual 
and semi-annual inequalities. 


* [The formule in the text are devised for the case when a whole year’s observations are 
under reduction. When a short period is being treated, such as a fortnight or a month (as in 
Papers 3 and 4 above), it is advisable to treat 15 or 30 days for semi-diurnal tides, but only 14 or 
27 days for diurnal tides, I therefore give here, in the form of a schedule, certain numerical 
values which have been used in the previous papers: 


| n (12 — 3) 2n | log F, ] n (122-4) log F, 

| 5 14°-76 | 00483 4 6°°83 00105 
30 SE | sg a 13°-29 00391 

| ‘] 


Doe 15 
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Suppose that the several coefficients to be determined by harmonic analysis 


are defined by the following equations : 


QA,” = A,+ A, cos 30°7 + B, sin 30°7 + A, cos 60°7 + B, sin 60°r 
Ay Gi Cr DD: 
ph ae reel ee gies in 30° 0s 60°r +4, | sin 60° 
Qn | ~ E,{ E, a F, Sl a E, cos 60°r E, sin 60°r 
43,” Co ey f, Cy f, 
is ela () = 7a BY, 7p 2a, B,, Troe = = Ag, 75 3B,” = B, san(12) 
Then on comparing (12) with (11) we see that: 
A, =A, 
Ae ela COS Se A;) +H, cos a 
at = Fi any (Ks5— Vea — 14 76), zn Fe ein (% ssa — V ssa — 29 53) 
ra Sager 
Cy sin 
C,) +f’ cos se hel COS te 
DPT Fe ain (VMS 76) 7 PO (cy — Vp + 14°76) 
Gq) +f Hsin), 7 yjoneyt ee 8 2 
peers cos Vv’ -—14 Oa oe (Kp — Vp + 14°76) 
a ear cos ’ 
&y sin 
E,) _ + H; cos 7 Bie av ek bts COS x 
ian (x,—- Vit+14 were sin Kk, — V,— 14°76) 
e, ) .+H,sn , ona, t H; sin a 
; = FFF, con (te Vet 1476) oe ON (r= Ve 1476) 
E,)  +£°H" cos, wn a 
= ee ea (x” — V" — 29°58) 
e, ) +f A’ sin, 7 ys 
: \-* Feo cng TW 29°B) verses ssesttteetnenae (13) 
From these equations we get 
4(C, -d,) fH’ cos 
2 at 1 (Ai i O; 
4 (c, + Date Si sin C re o) 
4(C, + d,) avs H; hy) os 
Wome F, Bef —V,+14°76) 
1 
4 (E, — fi) | = ie cee Be 
4(e, + F,) fi maa — Vr 1818) 
4 (E, +f) dak SHS 
2 1 t 
Hon B)f™ Fyain *t> Ver 17S) 
4 (KE, — f,) fag er Kl . % 
eons = oe SV 320753) eee (14) 
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The tidal constants of the several tides enumerated at the head of this 
section are determinable from these equations. 


Our rule is accordingly to analyse in twelve groups of 30 days, and then 
to analyse the resulting harmonic constituents for annual and semi-annual 
inequalities, combining the final results according to the formula just found. 


The edition of “guide sheets” and computation forms which I have drawn 
up are so arranged as to facilitate the whole process and to render it quite 
straightforward. By this single set of additions it is thus possible to evaluate 
eleven tides and mean water. 


§ 3. Clearance of T, R from perturbation by Mg. 


The method of the last section was designed to render all the tides 
insensible excepting those enumerated. But M, is so much larger than any 
other tide that there is a small residual disturbance which ought to be 
corrected. 


I have made computations, which I do not give, but which show that the 
disturbance of all the harmonic constituents except @,, 28, is insensible. It 
is required then to determine the comections! to be applied to @,, 3B., and 
thence those for E, F, e, f. 


Suppose that, when time t is counted from 0* 0" of month 7, the M, tide 
is expressed by M cos [(380° — 8) ¢—€], where 8 = 1°°0158958. 


When means taken over 30 days are harmonically analysed the formula (6) 
gives the contributions to @,, 38,. As it is now required to obliterate these 
contributions, the signs must be changed, and the corrections are 


th » (6+ 35948) res 30° + 35948) 
8A) _ Msin 360 tCLD) 
$33, { ~ Spa B\ sin48 gin (80° — 48) 
For reasons which will appear below I now write 
PP 
€= fp! — 05258 
Then introducing the value of 8 into (15), I find 
sa.” ee (Em + 4°°689) 
2 ES ee 1 ji ‘ Y ° F WP ! 2 
cael eee? |e. oy s0 86 
— cos 
34°°689 
+ sin bm ie ae BE9) sy) 
sin 29° 2952 


Let &, denote the value of {” at 0° 0 of month 0, and let Gm = m+”, 
and let fF, denote a certain factor whose logarithm is 0°00849, and let 
M= fH, 

15—2 
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In the harmonic analysis for the M, tide, considered below in § 6, we 
shall have 


fH. fH, 
A, =— cos Cn; B, = —* sin Cn 
tf 2 Ss 2 
i Mite cineetel 
Accordingly MG Ey = ff | Aa on OM | Bie 0 | 


These values of M ae ¢,,( must now be introduced into (16), but the 


algebraic process need not be given in detail. If we write 


LG 4P) sin 5° 43°35 © er (4° 41°32) 
4(R+ on th0S}: sin 0 30: ie Sa 
4(8—P)) sin 5° 43” 35 (34° 41’-32) 
1 i 
4(R- ote = aod: sin 29° 397 31/4 


it follows that 
P=0:01564, Q=000114, R=0:00147, S=001611 


Then, when the substitution of the values of u® “ance 7. is carried out, 


we find 


ee = cos 6) E A, Y : B, + sin 0” ag Q A, a Bay 

By the definition of 6 it appears that — 6 is the increment of twice 
the mean moon’s hour angle during the time from 0° 0 of month 0 up to 
0* 0° of month 7, that is to say 0° =—2(y—o)¢t for the time specified. The 
following table gives the values of @™ and of its cosine and sine for each 
month : 


No. of days 
Month from epoch 0 
(7) to epoch r oo) cos sin 0 

0 0 0° 0 1:000 0:000 
1 30 Lip 27 0'980 0°199 
2 61 47 16 0678 0°735 
3 91 58 43 0°519 0°855 
a 122 7—85 28 — 0:079 0:997 
5 152 aw—-74 1 — 0'275 0961 
6 183 7-38 II — 0'786 0°618 
7 213 7-26 44 — 0°893 0°450 
8 243 ~7—15 18 — 0°965 0:264 
9 274 7+20 32 — 0:937 — 0351 
10 304 7m+3l 59 — 0848 — 0°530 
i 335 a7+67 49 — 0378 — 0°926 
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If cos 0, sin # are regarded as quantities having annual and semi- 
annual inequalities, we may write 
cos 8) = a, + a, cos 30°r + 8, sin 30°r + a cos 60°r + B, sin 60°r +... 
sin 0°) = ry, +, cos 80°r + 6, sin 30°r + y, cos 60°r + 8, sin 60°r +... 


On analysing the numerical values of cos 6, sin @@ by the ordinary 
processes, I find 


a = — 0:165, Yo = + 0°273 
a, = + 0°626, y, = — 0°500 
By = + 0756, 5, = + 0642 
a, = +0159, Y2 = — 0'046 
B.=+0°199, 5, = +0166 


But in § 2 the harmonic constituents of @, when analysed for annual and 
semi-annual inequality were denoted by E,, E,, F,, E., F,, and the con- 
stituents of 25, were denoted by e, €,, fi, 2, fp. Hence the ten corrections to 
the E’s and F's are (with an easily intelligible alternative notation) 


SEp, 1, 2 = (— Pao, 3, 2+ Qo, 1, 2) Ae + (Qeto, 1, 2+ Pro, 1, 2) Be 
dF, 2=(— PA, 2 + QS, 2) 42+ (QP, 2+ PS, 2) B, 
8€p, 1, 2 = (— Rao, 1, 2 — Sryo, 1, 2) Ae + (+ Sa, 1, 2 + RYo, 1, 2) Be 
df, »=(— RB, .—S68,, 2) A2+ (—SB,, 2+ Rd, .) B 
On substituting the numerical values of a, 8, y, 6, P, Q, R, 8, I find 


Coeffit. of A, Coeffit. of B, 
dE, = + 00029 + 0°:0041 
de, = — 0:0042 + 0°0081 

81 (E, + f,) =— 00109 —0:0091 
84 (E, — f,) = +0-0006 + 0:0020 
64 (e,+ F,) = — 00020 + 0:0000 
84 (e,- F,) = +0:0091 — 00108 
51 (E, + £,) =— 00028 ~0:0018 
54 (E, — f,) = + 0°0002 + 0°0012 
83 (e, + F,)= — 00012 +0:0001 
84 (e,— F,)=+0-0017 — 0:0027 


Most of these corrections are negligible, but the four which affect the 
solar elliptic tides T, R must be included, because those tides are so small 
that a small error affects them sensibly. Hence we may take, with sufficient 
accuracy, 

84 (ec, — F,)=4+0:009A,—0°011B,, 6} (e,+ F,)=— 00024, 

.O¢ (EB, + f,) =—0°011A,—0°009B,, 84 (K, —f,) - + 0:0006.4, + 0°002B, 
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where A,, B, are the components of the M, derived from the reduction of 
that tide by the process of § 6. 


Provision for these corrections is made in the computation forms. 


§ 4. Evaluation of A,, Sa, S,, Se, Si, Sz, K., Ki, P, when a complete 
year of observation is not available. 


It is now proposed to consider the case where the period of observation 
is aS much as six complete months and less than a complete year. 


The method of the last section apparently depends on the completeness 
of the year, yet, with certain modifications, it may be rendered available 
for shorter periods. 


We suppose that so much of the year as is available is broken into sets 
of 30 days by the rules of the last section, and that the means are har- 
monically analysed. The results of such harmonic analysis for month (7) are 
given in (11) of § 3, but for the purpose in hand they now admit of some 
simplification. It is clear that it is not worth while to evaluate the very 
small solar elliptic tides T and R from a short period of observation. If 
then, we denote by P the ratio of the cube of the sun’s parallax to its mean 
parallax at the middle of the month (7), the first three terms of the third of 
(11) may be included in the expression PH, a8 ks. The last term of this 
equation really does involve the solar parallax to some extent and we may, 
with sufficient approximation, write the third pair of equations 


QA,” + Po 7.8 f”H” cos 
23,0) + P\~ “sin fee ff. sin 


Let us now consider the value of P™. The longitude of the solar perigee 
is 281° or — 79°, and the ratio of the sun’s parallax to its mean parallax is 
approximately 1+e,cos(h+79°), and the cube of that ratio is 1+3¢,cos(h+79°) 
or 1 + 0:0504 cos (h + 79°). Now h, the sun’s longitude at the middle of 
month (7), is h, + 15° + 30°7; hence 


P =1 40-0504 cos (hy + 30°r + 94°) 


1 ° ° 
and (ales 1 — 0°0504 cos (h, + 80°r + 94°) 
Thus it is easy to compute the values of 1/P for the successive months, 
when we know /, the sun’s mean longitude at 0* 0" of the month 0. 


(x — V" — 60°r — 29°53) 


The semi-annual tide, being usually small, may be neglected in these 
incomplete observations, and the equations (11) now become 
HA. 
A,” = A; + ee COS Cea tipo Vee = 30°r eee 14°76) 


fi 
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ae = Hy tye + n («= V’~80°r — 14°76) 
+ 7 <i. (kp — Vp + 30°r + 14°76) 
Be a pont Hoe eat EE 8" Vv" 0rr— 29°58) 
v Le Ae sin “* 
ayahs Hy. Kae a = 1 —0:0504 cos (hy + 30°r + 94°) 


When the series of successive values of the Q’s and 38’s are harmonically 
analysed (by processes which we shall consider shortly) the several coefficients 
resulting from such analysis will be defined by 


Q,” = A, + A, cos 30°r + B, sin 30°r 


AP) GC) 6, al gael 
io ee aa cos 80°r a sin 30°7 
A. +P?) K,). E, paca las: e 
93,0) + Pel = 3 + ih eos 60°r ure | sin 60° 
Mean &,) = Ay, Mean 38,7 = B 
Mean &,") = Ag, Mean 35, = By ...sccccsessees (18) 


Then the subsequent procedure as given in (13) and (14) holds good, 
the only difference being that we do not obtain the semi-annual and solar 
elliptic tides. 


We shall now consider the harmonic analysis of an imperfect series of 


values. 
It must be premised that each monthly value of A,”, 93, is to be 
divided by its corresponding P” before the analysis is made, 
Suppose that C™ denotes a function which is subject to semi-annual 
inequality, and that 
CO” = A,+ A, cos 60°r + B, sin 60°r 
Then it is clear that Co = A,+ A, 
C® = A, + 4A, + 3/3 B, 
C® = A,—4A,+ 4/3 B, 
&e. ose! 4 
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I now define D,, D,, D, thus: 
D, = 0% +C% 4 004+... 
D,=C +40 — 30... 
D,=0.0 +473 0% +4/3C®.. 


If there be n equations and if they be treated by the method of least 
squares, we get 


D,=nA,+A,1+4- 4...) +B,(0+4738 +473...) 

D,=A,(1+$-4...)+A,(1+$44+4...)+B,(0+473—48...) 

D,= Ay (0+ 373 +473...) + A,(0 +1738 —1/3...)+B,(04+342...) 
These are the three equations from which A,, A,, B, are to be found. 


A schedule is given below for the formation of D,, D,, D,, and a table 
of the solutions of these equations according to the number of months 
available. 


Next, suppose C” denotes a function which is subject to annual inequality, 
and that 
C® = A,+ A, cos 30°7 + B, sin 30°r 


Then CO=A,+A, 
C = A, +473 A, + $B, 
C®) = A,+4A,4+ 4/3 B, 
&e., &e. 
In this case the method of least squares gives 
D=C0%4+ 0408... 
=nA,+A,(14+4/34+4...)+B,(0+4+478...) 
D, = C + 4/3 0% 4400... 
=A, (1+3V3+4...)+A (1 +244...)+B, (0+473 +43...) 
D,=0.C + 40 4 4/30... 
=A,(0+$4+4V3...)+ A, (044/38 +1/3...)4+B, (04142...) 


Tables are given below for the formation of D,, D,, D,, and of the 
solutions of the equations according to the number of months available. 
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Rule for finding semi-annual inequality from an incomplete serves. 


Number of 
months 
available Coefft. of Dy Coefft. of D, Coefft. of Dy 
6 Ay= +0167 
Cee + 0°333 
B= + 0°333 
7 A,= +0148 — 0087 
A,= —0:037 + 0°259 
B= +0333 
8 A,= +0136 — 0°045 — 0:026 
A,= —0°045 +0°253 — 0019 
B,= — 0-026 — 0019 + 0°275 
9 o= +0123 — 0:027 — 0:047 
A,= —0:027 + 0'228 +0011 
B,= -—0:047 +0°011 +0°241 
10 Ay= +0107 —0°041 
A,= + 0'182 
B,= —0:041 + 0'238 


Rule for finding annual inequality from an incomplete series. 


Number of 
months 
available Coefft. of Do Coefft. of D, Coefft. of D, 
6 A,= +0977 — 0'326 —1°215 
A,= —0'326 + 0°442 + 0°405 
B, =" — 1215 + 0°405 + 1845 
i Ay= +0°424 — 0528 
A,= +0°250 
B,= —0°528 + 0°990 
8 Aj= +0226 + 0°062 — 0'238 
A,=  +0°062 + 0°230 — 0:093 
B,= —0:238 — 0:098 + 0°552 
9 A,= +0146 + 0:057 — 0098 
A,= +0°057 + 0:280 — 0:083 
B,= —0-098 — 0:083 + 0'°326 
10 A,= +0110 + 0036 — 0°086 
A,= +0°:036 +0218 — 0:048 
B,= —0-036 — 0:048 + 0218 


We thus get the following rule for the evaluation of A, Ssa, S,, S., Sy, 
Sz, K., K,, P from 6, 7, 8, 9, or 10 months of observation : 
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Proceed as though the year were complete and find the A’s and 3B’s for as 
many months as are avatlable. Reduce the A,, 3B, by multiplication by 1/P” 
or 1 — 0:0504 cos (hy + 80° + 94°). 


Analyse A”, A, 3B,”, for annual inequality, and A,” /P, 3B" /P” 
Sor semi-annual inequality according to the rules for reduction of incomplete 
serves just given. 


Complete the reduction as in § 3. 


These rules for reduction do not include the case of 11 months, nor the 
case where any month in the series is incomplete (eg., if a fortnight’s obser- 
vation were wanting in one of the months), because these cases may be 
treated thus:—the Q’s and 38’s return to the same value at the end of a 
year, and therefore the case of eleven months is the same as that of a missing 
month at any other part of the year. In both these cases we may interpolate 
the missing @’s and 26’s and treat the year as complete. 


If three or more weeks of observation were missing they might fall so as 
to spoil two months, and in this case we should have an incomplete series. 
It is then to be recommended that the equations of least squares be formed 
and the equations solved. So many similar cases may arise that it does not 
seem worth while to solve the equations until the case arises. 


§ 5. Evaluation of A,, S., Si, K,, K,, P from a short period of 


observation*. 


If the available tidal observations only extend over a few months, it is 
useless to attempt the independent evaluation of those tides which we have 
hitherto found by means of annual and semi-annual inequalities in the 
monthly harmonic constants. We will suppose that 30 days of observations 
are available. Then when we neglect the annual tide, and the solar 
(meteorological) tide 8,, we have from (11) or (17), which give the analysis 
of 30 days, 


A. = Ay 
1 edal? @ : a H 
2B = Fain (~V~ 14°76) + 2 (ey Vp + 14°76) 
A cos ie TT eCos ” ° 
z,| St i ff. sin (eV 2953) 
A.) COs 45 
ag,{ ~ fie sin *”? P =1+4+0°'0504 cos (h, + 15°) 


It is now necessary to assume that the P tide has the same amount of 
retardation as the K,, and that the ratio of their amplitudes is the same as 


.* [See footnote to § 2 above for changes to be made in thisy section when only 15 days are 
available, and when the diurnal tides are analysed over either 27 or 14 days. ] 
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in the equilibrium theory. We also make the like assumption with respect 
to the K, and §, tides. 
Accordingly we put 
H,=3H', t=; HH” =3H,, Ko =kes 
Now since 
W=h,-—4tr-Yy, V,=—h,+4n, V" = 2h, — 2v” 
we have 
Ky — Vp + 14°76 = &’ — V’ — 14°76 + (2h) — v’ + 29°53) + 
x” — VW" — 29°53 = te, — (Qhy — 2v” + 29°58) 


Therefore 
Btn pan 176) 
5 + 08 (/ — V — 14°76 + 2h, — o + 29°53) 
ait = PHS ee we (a Bly + 20” — 29°53) 
ES SO ngs nn = at 
tan = i oe ee Es a say aS (19) 
Then 


A, H’ 3f' — cos (2h, — v’ + 29°58) cos, , ; : 
37 Si oe Bee So teen) 


A, 4 Pa +f" cos (2h) — 2v” + 29°53) cos, 
ot H, cap cone ac CAS Di ee (20) 
If therefore 
A, lp) cas a bse oss REO: 
2B, | sited Bn Psin 
we have «=0,+V'4+14°764+6=K, 
, 8Ffi R, cos ds 
oes 3f’ — cos (2h, — v’ + 29°53)’ Hon te 
K3 = 4 1 Vv =" 
Fhe side BcOe H’ =H, ...(21) 


11 PF. +t” cos (Qh) — 2v’” + 29°53)’ 

If there be several months available it is recommended that each 30 days 
be treated quite independently, so that from each group of days we shall get 
H’, « and H,, «;. Then the mean value of H’cos x’ is to be taken as the 
final value of that function, and H’sin«’ is to be treated similarly ; fina} |; 4 


aS 
Hf’, «’ are to be found, The several values of H;, x, may be treated in the 
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, 


same way. Of course we assume throughout that «, = «, H,=4H', «”=ks, 
H” =. H,, assumptions which are usually nearly correct. 


The mean value of @, must be taken as giving A), but at places with a 
considerable annual tide it is impossible to obtain a good value of mean 
water mark from a short series of observations. 


§ 6. On the evaluation of the several tides by grouping of mean 
solar days. 
Let n(y—x) denote the speed in degrees per m.s. hour of any one tide, 
n being equal to 1, 2, 3, 4, 5, or 6. Then 15°/(y - y) may be called one 
“special hour.” Since 15°/(y —7) is one m.s. hour, the ratio of the m.s. to 
the special hour is (y — x)/(y— 7). 


Let one m.s. hour be equal to 1 — @ special hour, then 


B=1— ; = , special hours 


Let it be required to express the 12" of any m.s. day of a series of days 
by reference to special time. It is clear that 12" m.s. time will be specified 
by one of the 24 special hours, with something less than half a special hour 
added or subtracted. 


Having fixed the 12" of m.s. time of a particular m.s, day in the special 
time scale, let us treat that m.s. day as a whole, and consider the incidence 
of the other 23 m.s. hours in special time. It is clear that in m.s. time we 
work backwards and forwards from 12" by subtracting or adding unity, and 
that in special time we subtract or add 1 — £. 


If 128 m.s. time be 2° +a, where a lies between +4 special time, the 
_ following is a schedule of equivalence: 


Mean solar 
time Special time 
Oh = (#—12")4+(a+128) 
1” = (#—-11")+(a44+ 118) 
22 = (#—10")+(a+108) 
12 = (a@— 1*)+(a+8) 
1 = ee ne 
13" = (28+ 1)+(a—8) 
22% = (x +10") +(a—108) 
23h = (#4114) +(a—11£8) 


In the column of special time it is supposed that 24" is added or sub- 
tracted, so that the result is less than 24". For example, if # is 10, the hour 
column of special time will run 22", 23", 0", ..., 9%, 10", 115, ..., 208, 21". 
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If the series of days be long # will have all integral values between 0 and 
23 with equal frequency, and since a has all values between + 4 and — 4 with 
equal frequency, the excess of the solar hour above the nearest exact special 
hour (which may be called the error) will have all its possible values with 
equal frequency. If the mean solar hours be arranged in a schedule of 
columns headed 0", 1", ..., 23" of special time, each column will be subject to 
errors which follow the same law of frequency. 


2 
o = a 


D’ 
Fie. 1. 
Let abscisse (fig. 1) measured from O along A’OA represent magnitude 
of a. 
Since a lies between + 4, the limit of the figure is given by OA=OA’ =4. 


If magnitude of error (7.e. m.s. — special hour), measured in special time, 
be represented by ordinates, a line BOB’ at 45° to AOA’ represents all the 
errors which can arise in the incidence of the m.s. 12? in the schedule of 
special time. 


If a line bb’ be drawn parallel to and above BB’ by a distance 8, we have 
a representation of all the errors of incidence of the m.s. 11”. If a series of 
equidistant parallel lines be drawn above and below BB’ until there are 12 
above and 11 below, then the errors of all the m.s. hours are represented, the 
top one showing the errors of the m.s. 0® and the bottom one the errors of 
the m.s. Jo". 


Any special hour corresponds with equal frequency with each solar hour, 
and hence each mode of error occurs with equal frequency. 


It is now necessary to consider in how many ways an error of given mag- 
nitude can occur. If in the figure AM represents an error of given magnitude, 
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then wherever MN cuts a diagonal line, it shows that an error may arise in 
one way. 


It is thus clear that there are no + errors greater than $+ 128, and no 
— errors greater than $+ 118, and 


Errors of magnitude 


$4128 to4+118 may arise in 1 way 


$+118 to$+108 ¥ 2 ways 
$+108 to4+ 98 . 3 ways 
$—108 to} —118 s 23 ways 
4—118 to —(4—- 128) : 24 ways 
— (4-128) to -—(4—-118) 7 23 ways 
—($+ 98) to —(¢ +10) . 2 ways 
— (¢ + 108) to —(4 + 118) , 1 way 


The frequency of error is represented graphically in fig. 2. The slope of 
the two staircases is drawn at 45°, but any other slope would have done 
equally well. 


A frequency curve of this form is not very convenient, and, as there are 
many steps in the ascending and descending slopes, I substitute the frequency 
curve shown in fig. 3. This is clearly equivalent to the former one. In fig. 3 
all the times shown in fig. 2 are converted to angle at 15° to the hour; 


. 


e accordingly denotes 15°6 
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Now let cosn(@—«) be the observed value of a function whose true 
value is cos 6, and suppose that w, the error of 6, has a frequency /(2); 
then the mean value of the function deduced from many observations 


will be 
+20 “$20 
| f (2) cos n (0 — a) da + f (2) dx 


In our case f(x) is the ordinate of the frequency curve whose abscissa 
182. 


Let OQ =h, QB =a, QB’ =b, OA=a+h, OA'=b +h; then 
+0 
| f(a) da =(a4+b+hyh 


ee 
| f(z) cos n (@ — a) dx 
am Ss a ath 
=| heen nana) (wth  «) eng n (0 — x) da 
0 is 


b b+h 
~ [22-008 n(O+a)de+ |, (b+h—2)cosn(0+4 2) dx 


J 0 
4, 
= a cos n [0 — 4 (a — b)] sin tnh sin tn(a +b+4 h) 


The algebraical steps involved in the evaluation of these four integrals 
and subsequent simplification are omitted. 

Hence the result is 

sin $nh sin $n (a+b+h) 
mG TEU cos n[@—4(a—b))] 

By reference to the figure it is clear that 

a+b+h=15°, h=24e, a=74°—11lte, b=7}°-12ke, a—bae 
12ne 1b°n 


Write, then = : 
ilps) 
sin 12ne sin 42° 


and we obtain as the mean value of cos 8, when found in this way 
d 


sen ee se) 


Hn 


It is obvious that if we had begun with sin nO, the argument in the result 
and the factor ff, would have been the same. Accordingly, a function 


cos [n (0 — $e) —€']. If 24 equi- 


R’ 

Sn 

distant results of this sort are submitted to harmonic analysis to find A,, B 
we shall get aaa 


R’ cos (n@ — €’) would yield the result 


k’ 
A,= ¥, cos (¢’ + ne) = R cos & suppose 


eee 
BA ae sin (¢" + $ne) = R sin &, suppose 
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Accordingly R= 7 ; 


But it is required to find R’, ¢’, so that 


R = FR, Crane 


Thus when the 24 observed hourly tide heights on any m.s. day are re- 
grouped so that the observed height at 12" m.s. time is reputed to appertain 
to an exact special hour, and each of the previous and subsequent hourly 
values of that m.s. day are reputed to belong to previous and subsequent 
exact special hours; and when a long series of m.s. days are treated similarly, 
and when the mean heights of water at each of the 24 special hours are 
harmonically analysed, we shall obtain the required result by augmenting R 
by a factor 4f,, and by subtracting 4ne from ¢. 


C=C’ + ine 


The values of ff, and of $ne will be different for each kind of tide, and 
the following table gives their numerical values. 


Table of fF, and ne. 


Initial of tide n log FF, dne 
M, il 0:00212 0°:26 
M, 2 0:00849 0°53 
M, 3 001915 0°79 
M, + 0:03416 1°05 
M, 6 007767 1 aye 
N 2 0:01361 0°82 
L 2 0:00570 0°24 

v 2 0:01278 0°78 
O 1 000535 ORai 
J 1 000225 — 0°28 
Q 1 001149 0°-90 
m 2 0:02016 1°09 
2SM 2 000805 — 0°49 
MS 4, 002342 0°52 
x 2 0:00595 ae 028 
2N 2 0:02136 Vs re 
OO 1 0:00481 — 0°53 
MK 3 0:01438 0°50 
2MK 3 0:02632 1°09 
MN 4 004328 te ao 


As it does not appear worth while to evaluate the tides written below 
the line, no use will be made of the last six results given in this table. 
16 
Dat 
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§ 7. On the periods over which the means are to be taken in evaluating 
the tidal constants. 


We have considered in previous sections the treatment of the group of 
tides which are associated with solar time, when the period of observation 
is less than a year, and we have now to consider the other tides. 


It is important that the means be taken over such a number of days that 
the perturbation arising from other tides shall be minimised. 


The perturbation between semi-diurnal and diurnal tides is always 
negligible. It is therefore only necessary to consider the action of the tides 
M,, S, in the case of semi-diurnal tides, and that of K, and O for diurnal 
tides. 

It is easy to see that the influence of a disturbing tide is evanescent 
when the means are taken over a period such that the excess of the argument 
of the disturbed over that of the disturbing tide has increased through a 
multiple of 360°. As, however, we are working with integral numbers of 
days, and as the speeds of tides are incommensurable, this condition cannot 
be exactly satisfied. 


From this consideration it appears that to minimise the perturbation of 
S,, 25M, » by M, (and we versd) we must stop at an exact multiple of a 
semi-lunation. To minimise the effect of M, on N and L, and of K, on J 
and Q, we must stop at an exact multiple of a lunar anomalistic period. To 
minimise the effect of M, on v, we must stop at a multiple of the period 
2r/(o+@—2n). To minimise the effect of K, on O, we must stop at an 
exact multiple of a semi-lunar period. 


For the quater-diurnal tide, MS, it is immaterial where we stop, and so 
it may as well be taken at a multiple of a semi-lunation. 


The following table (p. 243) gives the rules derived from these con- 
siderations. 


§ 8. On the tides of long period. 


The annual (Sa) and semi-annual (Ssa) tides are evaluated in the course 
of the work by which other important tides are found. These are the only 
two tides of long period which have a practical importance in respect to 
tidal prediction, but the luni-solar fortnightly (MSf), the lunar fortnightly (Mf), 
and the lunar monthly (Mm) tides have a theoretical interest. 


It will therefore be well to show how they may be found. The process 
is short, and, although it is less accurate than the laborious plan followed in 
the Indian reductions, it appears to give fairly good results. 

(Continued at foot of p. 248) 


1892] 


THE PERIODS OVER WHICH THE MEANS ARE TAKEN. 


243 


Number of the last day to be included in the evaluation of the several 
tides for observations eatending over any period up to a year. 


For M,, », 28M, MS. 


Stop with one 


of the following 


days 


(semi-lunations) 


14 
29 
43 
58 
73 


744 14 
+ 28 
+ 43 
+ 58 
+73 


148 + 18 
+ 28 
+ 43 
+58 
+72 


222 4+ 13 
+ 28 
+ 43 
+ 58 
+ 72 


296 + 13 
+ 28 
+ 43 
+57 
+72 


For O. 


Stop with one 
of the following 


days 


(semi-lunar periods) 


For N, L, J, Q. 


Stop with one 


of the following 


days 


(anom., periods) 


27 
54 


744+ 8 
+35 
+ 63 
148 + 16 
+ 44 
+71 


222 + 25 
+53 


296+ 6 
+ 34 
+61 


For v. 


(periods 


31 


74 + 20 
+ 52 
148 + 10 
+ 42 


222+ 0 
+ 31 
+ 63 


296 + 21 
+53 


Stop with one 
of the following 


For the sake of simplicity, let us consider the tide MSf. Its period is 
about 14 days, and therefore a day does not differ very largely from a twelfth 
part of the period. Accordingly, if about two days in a fortnight are rejected 


16—- 
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by proper rules, the mean heights of water on the remaining days may be 
taken as representatives of twelve equidistant values of water height. 


I therefore go through the whole year and reject, according to proper 
rules, the daily sums of the 24 hourly heights corresponding to certain 69 of 
the days out of 369. The remaining 300 values are written consecutively 
into a schedule of 12 columns and 25 rows, of which each corresponds to a 
half lunation. The 12 columns are summed, and the sums are harmonically 
analysed for the first pair of harmonic components. These components have 
to be divided by 24 times 25, or by 600, because the daily mean water height 
is j;" of the daily sum, and there are 25 semi-lunations. 


In the same way the semi-lunar period is about 13} days, and if we 
erase by proper rules 45 daily sums out of 369, we are left with 324, which 
may be written consecutively in a schedule of 12 columns and 27 rows, of 
which each corresponds to a semi-lunar period. The summing and analysis 
is the same as in the last case, but the final division is by 24 times 27, or by 
648. 


In this way we evaluate the luni-solar fortnightly and lunar fortnightly 
inequalities in the height of the water. 


The period of the moon is between 27 and 28 days, and if we erase 
appropriately about one day in eight we are left with sets of 24 values which 
may be taken as 24 equidistant values of the daily sums. Accordingly we 
erase 46 daily sums out of 358, and write the 312 which remain consecutively 
into a schedule of 24 columns and 13 rows, of which each corresponds to a 
lunar anomalistic period. 


The 24 columns are summed and the sums analysed for the first com- 
ponents. Finally, the components are to be divided by 24 times 13, or by 
312. In this way the lunar monthly tide is evaluated. 


But the result obtained in this way is, as far as concerns the tide MSf, 
to some, and it may be to a large, extent fictitious. It represents, in fact, a 
residuum of the principal lunar tide M,. That this is the case will now be 
proved. 


Suppose that ¢ 1s an integral number of days since epoch, being the time 
of noon on a certain day; then the principal lunar tide M, on that day may 
be written H,,cos[2(y—o@)(t+7)—€m], where + is less than 24 hours, 
Then the daily sum for that day will be 


sin 24 (y—o) 
sin (y— @) 
Now since ¢, is an integral number of days 2(y—o)t, only differs from 


—2(o—»)t, by an exact multiple of 360°; hence the argument of the cosine 
may be written 2 (a — 9) t— 23 (y—o) + Ey). 


cos [2 (y — ) th + 23 (y¥— 7) — Em] 


mm 
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But the true luni-solar fortnightly tide, which we may denote 
fH cos [2 (o —) (t+ 7) — §] 
varies so slowly in the course of a day that the daily sum is sensibly equal to 
24fH cos [2 (o — 7) t, + 23 (¢ —) — €] 


It thus appears that the residual effect of M, is of exactly the same form 
as that of MSf. It becomes, therefore, necessary to clear the harmonic 
components, determined as described above, from the effects of M,. 


In order to determine the values of these clearances, I found the values 
of cos2(o¢—)t and sin2(o—»)¢ for every noon in a year of 369 days. 
I then erased the values selected for the treatment of MSf and analysed the 
remaining values. In this way it was easy to find the effect of the known 
M, tide. 


Suppose that A,, B, are the first harmonic components determined by 
the treatment of a series of daily sums, and that &A,, SB, are the corrections 
to be applhed to them to eliminate the effects of M,, then I find that if 
An, B,, are the two components of M, as determined by the previous method 
(§ 6) of analysis, 

6A, = + 0:03804A,, — 0°0171B,, 
5B, = — 0°01714,, — 0°0304B,, 
C=A,+ 6A,, D=B, + 6B, 
C — 0:047D = 0:°992fH cos € 
D+0:047C = 0:°992fH sin € 


Whence f being known from Baird’s Manual (being a function of the 
longitude of moon’s node), H and € are determinable. We have also 


K=642(s,-E-h+v)+11°7 


In the set of computation forms which I have prepared for use on the 
present plan, it is shown what days are to be erased for each of the three 
analyses, and how they are to be entered in schedules, summed, and analysed. 


§ 9. On abridgment in the computations. 


It seemed probable that one decimal of a foot would suffice to express 
the hourly tide heights. In order to test this, I have taken several individual 
days of observation at Port Blair, and have found, by harmonic analysis, the 
time and amplitude of the diurnal and semi-diurnal H.W.,, first, when the 
hourly heights are expressed to two decimal places of a foot, and secondly, 
when they are only entered to the nearest tenth of a foot. I find that the 
times of H.W. agree within less than a minute of time, and that the 
amplitudes agree within a fraction of an inch. If this much be true of 
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individual days, the difference of results arising from two or one place of 
decimals will clearly entirely disappear when a series of days is considered. 
Hence, by taking as unit the tenth of a foot, or the inch, or even two inches 
at places with large tides, we may always express all, or nearly all, the 
heights on which we are to operate by two significant figures. The adoption 
of this rule not only saves the writing of a large number of figures, but also 
enormously diminishes the labour of the additions which have to be made. 


It also seemed probable that substantial accuracy might be attained from 
the harmonic analysis of only 12 hourly values instead of 24. In order to 
test this I took the tidal reductions for Port Blair, Andaman Islands (kindly 
lent me by the Survey of India), and have compared the results which would 
have been derived from 12 values with those actually obtained from 24 values 
by the computers of the Indian Survey. The following tables give the 
results : 


Semi-diurnal tides. 


sas Results from 12 | Results from 24 
Titial two-hourly values hourly values Heer Leas) 
ft. ft. ft. 

g { Noy = +0°6883 +0°6890 —0-0007 

By = +0°6775 + 0°6768 +0:0008 

M A, = - 1°7032 —1°7005 —0:0027 

= By = +1:0883 +1-0872 +0:0011 

K AC —0°1437 —0'1407 — 0:0030 

Bhs = — 0°2527 —0°2515 — 0:0012 

ie Ay = +0:0357 +0:0347 +0:0010 

Bo = +0:0612 +0'0610 +0:0002 

N Ay = +0°3422 +0°3486 —0:0064 

By = +0°2192 +0°2124 +0:0068 

. Nas —0'1217 —0'1165 —0:0052 

[by == +0:0867 +0:0887 —0'0020 

{As = +0:0857 +0:0849 — 0:0008 

PY By = +0:0383 ~ 00388 —0:0005 

2SM { A, = +0:0055 +0:0037 | +0:0018 

By = — 00198 —0:0200 +0:0002 


~~ 


ee 


So eee 
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Diurnal tides. 


fe Results from 12 Sees from 24 : ; 
Toxin! two-hourly values| hourly values Barone 2) 22) 
—— = _ = $$ ~ —— — _ —— 
ft. its ini 

g { IN c= +0°0175 - +0°0185 — 00010 

Ca +0°0223 +0°0216 + 0:0007 

M { a +0°0120 +0:0059 +0°:0061 

iP — 00168 —0:0173 + 0:0005 

K { A; = +0°3815 +0°3847 —0:0032 

By = +0'1398 +0:1396 +0:0002 

0 if aa = — 00818 — 0:0729 —0°0089 

ee +0°1335 +0°1386 —0:0051 

Pp ,Ay= —0:0167 — 00178 +0°0011 

| ee = — 0°1287 — 071280 —0:0007 

J [me —0°0193 —0:0167 —0:0026 

ee +0:0315 +0°0347 — 00082 

Q [= +0°0140 +0:0136 +0:0004 

a = — 0:0170 —0°0194 +0:0024 


The mean discrepancy in the case of the semi-diurnal tides is 0°0022 ft., 
and the greatest is + 0°0068; in the case of the diurnal tides the mean 
discrepancy is 0:0026 ft., and the greatest is 0:0089. 


In tidal work results derived from different years of observation differ far 
more than do these two sets of results, and hence the analysis of 12 two- 
hourly values for diurnal and semi-diurnal tides gives adequate results. 


1 find that this abbreviation does not give satisfactory results for quater- 
diurnal tides, and the sixth harmonic is not derivable from 12 values. 
Therefore, when these tides are to be evaluated the 24 hourly values must 
be used, 


It will still be necessary to write all the 24 hourly heights on each 
computing strip, but when the strips are put into any one of the arrange- 
ments, except where quater-diurnal tides are required, we need only add up 
the columns 0, 2, 4, ..., 22, and may omit the columns 1, 3, ..., 23. 


§ 10. On a trial of the proposed method of reduction. 


As already mentioned, I have the tidal reductions for one year (beginning 
April 19, 1880) for Port Blair, Andaman Islands. I am thus able to make a 
comparison between the results of the old method and of the new. The 
computation was, in large part, done for me by Mr Wright. 
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A TEST OF THE METHOD. 
Port Blair. 1880-81. 
I N 
; I-N I-N 
Indian New 5 
calculation method (Beene) OE) 
te fb; sue 
Aj = 4°792 4°795 — 0:003 
gH = 299 299 000 ; 
Ve = 163° 162° +1 
gga fH = ‘106 ‘111 — -005 
ea Wa 165° 164° He aie 
piH = 099 * 094 
k= 313° * 339° 
R H= 020 * ‘004 
Uk = 326° * 312° 
g {H= ‘028 026 + =002 
Ie = 49° 53° aa = ap 
ak 966 973 = -007 
ie = 316° Silay + 1° 
g jH= 003 003 000 
ro 107° 105° Y a 9 
K jH= “403 ‘401 + -002 
de = 326° 326° ae 0 
7 ees ‘286 268 + -018 
2k = 314° Sie ee ab BY 
pjH= "130 139 = -009 
k= 324° 323° ae ale 
uw, SH = ‘014 ‘013 + ‘001 
1) gos 23° 34° os aHile 
uojH = 2-042 2:043 = -001 
i 21k — 279° 279° 0 
uj H = 004 004 000 
oe 20° 54° = ye 
u, SH = 003 ‘006 = ‘003 
ae a 167° 264° a Or 
um. $4 = 004 005 — -001 
Ble 342° 315° +27° 
H = ‘023 023 000 
(24 values) Q| eee 236° 233° 4 3° 
H = 023 022 ‘001 
(12 values) Qi: zn 936° 934° e x 4 2 


* These are derived from 1880-82. 
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Tides of Long Period. 


I N 
Indian New a = y ie N 
calculation method (height) (phase) 
ft. ft. ft. Lid 
gp) H = 045 019 + 026 
MSf he: 163° 168° es ae 
mel = 056 056 000 
an = 356° 356° 2 0 
inti = 016 020 — 004 
Mm re 12° 13° ys 1 


It appeared sufficient to evaluate the tides of the S series and those 
allied with them, the tides of the M series, and the tide Q; also the tides of 
long period MSf, Mf, Mm. 


The S series test the new process of harmonic analysis of monthly 
harmonic components for annual and semi-annual inequalities. I chose M 
because it is the most important tide, and Q because it puts the proposed 
method of grouping to a severe test, and is very small in amplitude. 


In the Q time scale the day is 26" 52™ of ‘mean solar time, from which 
it follows that one of the 24 mean solar hourly observations may fall as much 
as 22 0™ away from the exact Q hour to which it is reputed to belong. Thus 
the hourly observations are arranged in wide groups round the Q hours, and 
the hypothesis involved in the method is put to a severe strain. 


Lastly, the results for tides of long period test my proposed abridgment. 


It will be seen in the table on p. 248 that the two methods give results 
in close agreement. There is, however, a sensible discrepancy in the K, tide, 
but in this case I am inclined to accept the new value as better than the old 
one. This tide is governed by sidereal time, which differs but little from 
mean solar time. Hence, in the Indian method of grouping, considerable 
errors of incidence of the S hours in the K time scale prevail for many 
days together, and the method seems of doubtful propriety, The same is 
true of the P tide, and here also the two methods give somewhat different 
results. 

The accuracy with which the very small Q tide comes out, whether from 
24 values or only from 12, is surprising, and may perhaps be, to some extent, 
due to accident. It shows, however, that the present method may be safely 
applied, even when the special time scale differs considerably from mean solar 
time. 

The results for the tides of long period are quite as close to the old values 
as could be expected. 
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§ 11. <A comparison of the work involved in the new and old 
methods of reduction. 


It has been usual in the Indian reductions to use three digits in expressing 
the height of water, and there have been 15 series, or even more. Now 
3 x 24x 365 x 15 is 394,000; hence the computer has had to write that 
number of figures in reducing a year of observation. This does not include 
the evaluation of the annual and semi-annual tides, so that we may say that 
there have been about 400,000 figures to write. 


I propose to express the heights by two digits, and they only have to be 
written once. Thus, in the present plan, the number of figures to write is 
2 x 24 x 365, or. 17,500. Thus the writing of 382,000 figures is saved. 


In the old method the computer had to add together all the digits written, 
say, 394,000 additions of digit to digit. 


I propose to use 24 hourly values in three series, viz.,S, M, and MS, 
and 12 two-hourly values in eight others. Therefore, the number of additions 
will be 3x2 x 24x 86548 x 2x 12 x 365 or 123,000. Thus 270,000 
additions are saved. 


We may say that formerly there were about 800,000 operations (writing 
and addition), and that in the present method there will be about 140,000. 
This estimate does not include a saving of several thousands of operations in 
obtaining the tides of long period. I am therefore within the mark when 
I claim that the work formerly bestowed on one year of observation will now 
reduce at least five years. 


It has been found that the manufacture of my computing strips of xylonite ~ 
is rather expensive, but as it formerly cost in England rather more than £20 
to reduce a year of observation, the cost of the apparatus will be covered by 
the saving in the reduction of a single year, and it will serve for any length 
of time. 


§ 12. On the completion of the record for short gaps and long gaps. 


In any long series of tidal observations there are usually some breaks in 
the record in consequence of the stoppage of the clock of the tide gauge, or 
from some other cause. Now the process of elimination by grouping depends 
essentially on the completeness of the record, and it is therefore necessary to 
fill in blanks by interpolation. 


Such interpolation has not been usual in the operations of the Indian 
Survey, and it might be thought that the complete omission of the missing 
entries is the proper course to take; but it is easily shown that this treat- 
ment is exactly equivalent to the assumption that the water remained stagnant 
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at mean sea level during the whole time of stoppage of the gauge. It is 
obvious, therefore, that any conjectural values are better than none. 


The process by which it is proposed to interpolate is best shown by an 
example. 


At Port Blair (beginning April 19, 1880) the column of 6" from days 99 to 
112 gives the heights shown in the first column of the table below. I suppose 
that the tide gauge broke down on day 103, and only came into action again 
on day 110*. There was really no breakdown, and the actuality during the 
supposed hiatus is shown in the last column but one. 


Now if we look back about a month we find that the water stood about 
the same height at the same hour of the day (viz. 6"). Then the “ previous 
record” (which is complete) beginning at 69% is entered in the next column. 
Similarly a “subsequent record” is found about a month later, and is entered 
in a third column. The mean of the previous and subsequent records is then 
taken as giving the values to be interpolated. 


Table of Interpolation. 


: : Mean of 
D 7 s Subs : : 
pears ce Berane nt previous and | Actuality Krror 
subsequent 


Day 65 Day 6) Day 65 | 
99. 2°54 69 2:02 129 2°56 2°29 
100 3:13 70 2°83 130 3:07 2°95 
101 3°86 71 3°70 131 3°70 SHO 
102 4:40 72 4:55 1382 4:27 4°41 


ee 73 5:10 133 4:88 4:99) « 4:83 +0:16 
OZE ye 74 5:60 134 5:27 5-44 | .g 5:24 +0:20 
105] 2. 75 5-72 135 5:35 5:54 | @ 5°39 +015 
1OGE ee: 76) 9567 106. 5:28 5:48 + S, 5-18 + 0°30 
KO ae 77 5:59 137 4:92 526 || > 4:90 +0°36 
108a 0 78 5:04 138 4:44 474\ 3 4:53 +0°21 
109 79 4-62 139 3:57 4-101 7 4-05 +0:05 


110 332 | 80 381 | 140 295 | 3:38 
111 2°64 | 81 326 | 141 250 | 2°38 
112 217 | 82 273 | 142 199 | 2:36 


The last two columns contain a comparison between the interpolation and 
what in the present case we know to have been actuality. There is a mean 
error of 0°20 ft. Thus it is clear that a fair record may be interpolated even 
with so long a break as a week. 

In this example I have only shown the interpolation for one column, but 


of course all the other twenty-three columns would really have to be treated 
similarly. 


* The days are here numbered from 1, instead of from 0. This has been the usage in India 
hitherto. 
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I find by trial that the result would be a little improved by a graphical 
method, but that process is slightly more troublesome than the numerical 
one. 


It may happen that the hiatus is too long for treatment in this way. 
I do not think it would be safe to treat much more than a fortnight by 
interpolation. 


It has been shown in § 4 how the tides associated with S are to be treated 
where the record is deficient, and it remains to consider the other tides. 


In § 7 are given the days with which we must stop in the analysis of an 
incomplete year, and this table affords us the means of treating a long hiatus 
in the observation. 


We may in fact omit all the entries between any two of the numbers 
given in the table without seriously affecting the result. 


Let us suppose, as an example, that the tide gauge broke down on day 
210 and was only repaired and in operation again on day 226. Now 210 is 
148 + 62, and 225 is 222 +3. 


Then we see by the table in § 7 that in finding the means for M, 2SM, 
MS, when the computing strips are written for the third time, we must 
remove strips 59, 60, 61 (which have numbers written on them) and may 
leave the remaining strips of that writing which are blank. When the strips 
are written for the fourth time strips 0, 1, 2, 3 will be blank, but we must 
remove strips 4 to 13 inclusive. When all the strips are used in a complete 
year there are 369, and this is the divisor used in obtaining the harmonic 
constants, but when there is this supposed hiatus we do not use 15 strips 
of the third writing and 14 strips of the fourth writing, so that the divisor 
will be 340. 


Again, when we are evaluating O in the third writing, strips 57, 58, 59, 
60, 61 must be removed, and in the fourth writing strips 4 to 9 inclusive. 
In a complete year the divisor is 369, but we now do not use 17 strips of the 
third writing and 10 of the fourth writing, so that the divisor becomes 342. 


Again, in evaluating N, L, J, Q, in the third writing we remove strips 
45 to 61 inclusive, and in the fourth writing strips 4 to 25 inclusive. The 
divisor is reduced from 358 to 303. 


Lastly in evaluating y, in the third writing strips 48 to 61 inclusive are 
removed, and in the fourth writing strips 4 to 31 inclusive. The divisor is 
reduced from 350 to 287. 


Any hiatus, be it long or short, may be treated in this way, but it is clear 
that if it be short enough to treat by interpolation, it is best to adopt that 
method. 


—e— SE Oo OO 


1892] INSTRUCTIONS FOR USE OF APPARATUS. 253 


INSTRUCTIONS FOR USING THE COMPUTING APPARATUS. 


The apparatus for the reduction of tidal observations, together with com- 
putation forms, can be purchased from the Cambridge Scientific Instrument 
Company at a price (as far as can be now foreseen) of about £8*. 


In case of any insufficiency in the following instructions recourse must be 
taken to the preceding paper. 


On the degree of accuracy requisite in the hourly heights. 


It will usually be sufficient if the heights be measured to within one- 
tenth of a foot, and the decimal point may, of course, be omitted in 
computation. 


This gives amply sufficient accuracy at a place where the semi-range of 
the principal lunar tide is 2 ft., and where spring range is from 6 ft. to 7 ft. 
At some places with small tides a smaller unit might be necessary, and 


at others with very large tides a unit of 2 in., or of a fifth of a foot, might 
suffice. 


Whatever unit of length be taken it is important, for the saving of work, 
and it is sufficient, that all or nearly all the heights should be expressed by 
two digits. 


Completion of record. 


If there is an accidental break in the record, it is very important that it 
should be completed according to the method shown in § 12, or by some other 
equivalent plan. 


The computation forms are drawn up on the supposition that the year 
of observation is complete, but with proper alterations, which will now be 
indicated, they may be used in other cases. 

In § 4 it is shown how to treat the tides of the S group when the obser- 
vations have been subject to a long stoppage in the course of the year, and 
also when the observations extend over any period from six months to a year. 

In § 5 it is shown how to treat the S group for a short period of obser- 
vation. 

If the stoppage be a long one, the method explained in § 12 must be 
adopted for all the other tides. The same section also shows the treatment 
for observations extending over any period, long or short, less than a year. 


' * [The price is, I believe, about £10. Hach strip has to pe carefully made by hand, and the 
demand for the apparatus is of course very small. (1907).| 
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“es and summations. 


intended to take writing in pencil or liquid 
nm ink. 
th a damp cloth, and a little soda may be put 
reasy. 
ne drawing board and set up the strips with their 
torresponding numbers. The strip numbered 60 


rd. 


hts for each day on the strip bearing the corre- 
for day 0, strip 1 for day 1, and so on up to strip 
urly heights are to be written in the 24 divisions 
the left with 0" and ending on the right with 235. 


formed by the divisional marks on consecutive sets 
s 0 to 29 afford 24 sums; days 30 to 59 afford the 
lays 61 to 73 afford 24 sums, which are the beginning 
of a third 5¥, to be completed when the second set of 74 days shall have been 
written on the strips. 


The numbers 0, 1, 2,..., 23, 0, 1,..., 28 at the head and foot of the guide 
sheet indicate the hours corresponding to the columns. 


The sums of the columns on the board are to be entered in the corre- 
sponding columns of the form “ Hourly sums of S series in twelve months.” 


Lay the red M guide sheet on the other drawing board, and transfer the 
strips from the first board to the new arrangement shown by the zigzag lines, 
strip 60 being now reintroduced. 


There will now be 48 columns (more exactly 47, since one of the columns 
will be found to have nothing in it), numbered at top and bottom 0, 1,..., 
23,0, 1,..., 28. Each of the 48 columns is to be summed from bottom to 
top (not as for S in groups of 30), and the sums are to be entered in the form 
“Sums of series M.”? The 24 sums which come from the left half of the 
board will be entered in the row marked “red left,” those from the right in 
the row marked “red right.” 


Lay the red N sheet on the other board, and transfer the strips. 


In accordance with § 9, it will now usually suffice to sum only the columns 
appertaining to the even hours 0, 2, 4,..., 22; as these hours are repeated 
twice, there will now be 24 columns to sum. 


The sums are then to be entered on the form “Sums of series N,” in. the 
alternate columns. ‘The complete form is provided, so that all the 24 hourly 
values may be used if it be thought desirable, but this labour seems un- 
necessary, at least in a long series of observations. 
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Lay the successive red sheets on the vacant board, transfer, sum, and enter, 
until all the red sheets are exhausted. 


In the case of S, M, MS the sums of all the columns are necessary, but 
in the other eight arrangements only the sums of the alternate columns, 
those of the even hours, are usually necessary. For a short series of obser- 
vations it may be best to use all the columns, but in this case it will certainly 


not be worth while to attempt the evaluation of v, J, Q, u, 25M, which are 
all small in amount. 


If the tides of long period MSf, Mf, Mm are required, the 24 numbers 
written on each strip must be added together, and the sum entered in the 
form “Long period tides—daily sums.” 

Clean the strips. 


In exactly the same way work through the next 74 days, from 74% to 
74° + 73%, with yellow guide sheets. Then clean the strips, and take another 
74 days with green guide sheets, and so on with the blue and violet. 


In the last (violet) set attention must be paid to the rules as to the places 
where the analysis is to stop in each arrangement. 


If the year of observation is so incomplete that the hiatus cannot be 
made good by interpolation, or if the series does not run over the complete 
year, the series must stop with one of the days specified in the table at the 
end of §7, and a note must be made of the number of days used in each series. 


The strips marked for omission on the violet sheets, or those selected for 


omission under the rules of § 7, may be hidden by a sheet of paper when the 
summations are being made. 


The additions of S, M, MS may be verified by proving that the grand 
total of all the numbers (inclusive of omitted strips in S) written in each of 
the sets of 74 days is the same in whatever way they are arranged. Thus, 
the sum of the 48 columns should be equal to the sum of the daily sums. 
An incomplete verification in the other arrangements, when only half the 
columns are summed, is found by showing that the sum of all the hourly 
sums of each 74 days is nearly equal to half the grand total of all the numbers 
written in that period of 74 days. 


When the guide sheets become worn with many pin pricks they may 
easily be patched with adhesive paper. There seems no reason why this 
patching should not go on almost indefinitely *. 


* Tt is possible that it may be desired to evaluate the tides OO and 2N, for which no guide 
sheets are provided. I therefore give instructions for the preparation of guide sheets for these 
cases. They will be understood by any one who has the set of guide sheets before him. With 
the instructions given below, the computer might indeed set up the strips without a guide sheet. 

I describe the staircase as descending from left to right or from right to left, and I define a 

- short step as being one space down and one space to the left ¢r right, as the case may be, and a 
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Hourly sums and harmome analysis. 


Complete the summations in the forms for hourly sums, and copy into 
the forms for harmonic analysis. In this copying it will generally suffice if 
the last figure in the hourly sums be omitted; for example, if the observa- 
tions are entered to the nearest tenth of a foot the hourly sums will be given 
in the same unit, and it will suffice if the hourly sums analysed be written to 
the nearest foot. 


There are 12 analyses (one for each month of 30 days) for the hourly 
sums in S, and one analysis for each of the other 10 arrangements. All the 
forms are provided with spaces for 24 hourly sums, but in the eight series 
N, L, v, O, Q, J, », 28M, where only 12 values will commonly be used, the 
entries will only be made on the alternate rows of 0%, 2",..., 22%. In these 
cases the divisor 12, which occurs in the penultimate stage of finding the A’s 
and B’s, must be replaced by 6. 


The large divisors (viz., 369 for M, w, 25M, MS; 369 for O; 358 for N, 
L, J, Q; and 350 for v) represent the number of days under reduction, and 
must be altered appropriately (see table, § 7) if there be long gaps in the 
observations, or if the year be incomplete, or if the series be a short one. 


If some one of the monthly analyses of S is deficient the missmg @’s and 
48’s are to be made good by interpolation. 


long step as one space down and two to the left or right, as the case may be. When I say, for 
example, that a short follows 2, I mean that 2 to 3 is a short step. The first mark on each sheet 
is specified by its incidence in the row of hours at the top. 

OO: descending from left to right. 

The sequence is long several times repeated and then short. 


Red; 0 between 0" and 1"; shorts follow 2, 7, 13, 19, 24, 30, 36, 41, 47, 53, 58, 64, 69. 
Yellow; 0 between 15" and 165; shorts follow 1, 7, 12, 18, 24, 29, 35, 41, 46, 52, 57, 63, 69. 
Green ; 0 between 6 and 75; shorts follow 0, 6, 12, 17, 23, 29, 34, 40, 45, 51, 57, 62, 68. 
Blue; 0 between 21" and 22"; shorts follow 0, 5, 11, 17, 22, 28, 33, 39, 45, 50, 56, 62, 67. 
Violet; 0 between 11> and 12"; shorts follow 5, 10, 16, 21, 27, 33, 38, 44, 50, 55, 61, 67, 72. 
The last strip used for a year is 72. 


2N: descending from right to left. 
The sequence is long, long, short, long, long, short, and at intervals three longs and a short. 


Red; 0 between 22 and 235; shorts follow 1, 4, ...... FUR PADS PBF Groce: OO GuOo, 42 smaraes 5 YS 
GLIG4 yer 5 (KDE 

Yellow; 0 between 18" and 19; shorts follow 2; 6,9,...... Led Osan AOA AAA eae ; 
59; 63, 66, ...... es 

Green; 0 between 135 and 14; shorts follow 1, 4; 8, 11, ...... 5 PADS By BB) canose , 45; 49, 
SP aacnee , 64; 68, 71. 

Blue; 0 between 8" and 9"; shorts follow 0, 3, 6, 9; 18, 16, ...... PIG BEE BEE a. sank , 50; 54, 
Dieters OO sie: 

Violet; 0 between 4" and 5; shorts follow 2, 5, ...... pe One 2 lean ao Sly ON eee , 023 
5G O09 weer mp thle 


The last strip used for a year is 61. 
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It is then necessary to analyse the monthly values of the @’s and 33’s 
derived from the 12 analyses of S. We thus obtain A,, A,, B,, A, B,, C,, 
Cy, C,, Dy, c, d,, Ey, &), Ey, F,, e,, f, E,, F.,e, f. The rules for these analyses 


when the year is incomplete are given in § 4, and the computation forms only 
apply to the case of the complete year. 


Astronomical data and final reduction. 


Determine from the Nautical Almanac and Major Baird’s Manual of 
Tidal Observations* the astronomical data at 0° local M.T. on day 0, and 
proceed according to the form to find the initial arguments and factors for 
reduction. The astronomical data are then to be used in the forms for final 
reduction. 


We have generally B=Rsin&, A=Reos€; the forms are arranged so 
that colog A is to be added to log B to find log tan & and thence ¢ If € 
hes between — 45° and 45° or between 135° and 225°, log sec € is added to 
log A to find R; if ¢ hes between 45° and 135° or between 225° and 315°, 
log cosec € is added to log B to find R. Accordingly the computation form 
has log sec &, room being left for the syllable “co” if necessary; underneath 
this is written log , and the computer will insert A or B as the case 
may be. 


There is usually required also a numerical factor 1/f or ff, or both; the 
logarithms of the 1/f are found amongst the astronomical data, and the 
logarithms of the constant 4f’s are printed in the forms in their proper 
places. 


The treatment of the 21 harmonic components derived from the harmonic 
analysis of the five &’s and 33’s is shown in the forms. 


The tides of long period. 


The processes involved in the evaluation of these tides are sufficiently 
shown in the forms. 


* Taylor and Francis, London, 1886, price 7s. 6d. 


ON TIDAL PREDICTION. 


[Philosophical Transactions of the Royal Society of London, CLXXXII. 
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INTRODUCTION. 


AT most places on the North Atlantic the prediction of high and low 
water is fairly easy, because there is hardly any diurnal tide. This abnormality 
makes it sufficient to have a table of the mean fortnightly inequality in the 
height and interval after lunar transit, supplemented by tables of corrections 
for the declinations and parallaxes of the disturbing bodies. But when there 
is a large diurnal inequality, as is commonly the case in other seas, the 
heights and intervals after the upper and lower lunar transits are widely 
different; the two halves of each lunation differ much in their characters, 
and the season of the year has great influence. Thus simple tables, such as 
are applicable in the absence of diurnal tide, are of no avail. 


The tidal information supplied by the Admiralty for such places, consists 
of rough means of the rise and interval at spring and neap, modified by the 
important warning that the tide is affected by diurnal inequality. Information 
of this kind affords scarcely any indication of the time and height of high 
and low water on any given day, and must, I should think, be almost useless. 


This is the present state of affairs at many ports of some importance, 
but at others a specially constructed tide-table for each day of each year is 
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published in advance. A special tide-table is clearly the best sort of 
information for the sailor, but the heavy expense of prediction and publication 
is rarely incurred, except at ports of first rate commercial importance. 


There is not, to my knowledge, any arithmetical method in use of com- 
puting a special tide-table, which does not involve much work and expense. 
The admirable tide-predicting instrument of the Indian Government renders 
the prediction comparatively cheap, yet the instrument can hardly be deemed 
available for the whole world, and the cost of publication is so considerable, 
that the instrument cannot, or at least will not, be used for many minor 
ports at remote places. It is not impossible, too, that national pride may 
deter the naval authorities of other nations from sending to London for their 
predictions *. 


The object then, of the present paper, is to show how a general tide-table, 
applicable for all time, may be given in such a form that any one, with an 
elementary knowledge of the Nautical Almanac, may, in a few minutes, 
compute two or three tides for the days on which they are required. The 
tables will also be such that a special tide-table for any year may be computed 
with comparatively little trouble. 


Any tide-table necessarily depends on the tidal constants of the particular 
port for which it is designed, and it is here supposed that the constants are 
given in the harmonic system, and are derived from the reduction of tidal 
observations. Where the observation has been by tide-gauge, the process of 
reduction is that explained in the Report to the British Association for 1883, 
but where the observations were only taken at high and low water a different 
process becomes necessary. I have given, in a previous paper, a scheme of 
reduction in these cases t. 


At ports not of first rate commercial importance, tidal observation has 
rarely been by tide-gauge, and thus it is exactly at those ports where the 
method of this paper may prove most useful, that we are deprived of the 
ordinary methods of harmonic analysis. On this account | regard my previous 
paper as preliminary to the present one, although the two are logically 
independent of one another. 


In the harmonic method the complete analytical expression for the height 
of water at any time consists of the sum of a number of heights, each 
multiplied by the cosine of an angle. Each of these angles or arguments 
involves some or all of the mean longitudes of moon, sun, lunar perigee, and 
solar perigee; there are, also, certain corrections depending on the longitude 
of the moon’s nodes. The variability of height of water depends principally 
on the mean longitudes of moon and sun, and, to a subordinate degree, on 


* The instrument may be used, I believe, on the payment of certain fees. 
+ “On the Harmonic Analysis of Tidal Observations of High and Low Water,” Roy. Soc. 
Proc., Vol. xivi11., 1890, p. 278. [Paper 5, in this volume.] | , 
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the longitudes of lunar perigee and node—for the solar perigee is sensibly 
fixed. There are, therefore, two principal variables and two subordinate ones 
besides the time. This statement suggests the construction of a table of 
double entry for the variability of water due to the principal variables, and 
of correctional tables for the subordinate ones; and this is the plan developed 
below. 


It would not be appropriate to retain the mean longitudes of moon and 
sun as principal variables, nor the mean longitude of lunar perigee as one of 
the subordinate variables. In the final table the principal variables are the 
time of moon’s transit, and the time of year, or strictly speaking the sun’s 
true longitude. As to the subordinate variables, the moon’s parallax is 
taken as one, whilst the longitude of the node is retained as the other. 


Throughout the first part of the analytical development the moon's true 
longitude, measured in the orbit, is taken as one of the principal variables. 
Transition is then made to the time of transit of a fictitious satellite whose 
right ascension is equal to the moon’s true longitude, and the final transition 
is to the transits of the real moon. This transposition of variables has 
necessitated a complete development of the tide-generating forces from the 
beginning, and thus the analysis of the paper is almost complete in itself, 
although reference is necessarily made to the harmonic method. 


Such a piece of work as the present can only be deemed complete when 
an example has been worked out to test the accuracy of the tidal prediction, 
and when rules have been drawn up for the arithmetical processes, forming a 
complete code of instructions to the computer. The example below is 
intended to carry out these requirements. 


T chose the port of Aden for the example, because its tides are more 
complex and apparently irregular than those of any other place, which, as far 
as I know, has been thoroughly treated. The tidal constants for Aden are 
well determined, and the annual tide-tables of the Indian Government afford 
the means of comparison between my predictions and those of the tide- 
predicting instrument. 


The arithmetic of the example has been long, and the plan of marshalling 
the work has been rearranged many times. An ordinary computer is said to 
work best when he is ignorant of the meaning of his work, but in this kind 
of tentative work a satisfactory arrangement cannot be attained without a 
full comprehension of the reason of the method. I was, therefore, very 
fortunate in securing the enthusiastic assistance of Mr J. W. F. Allnutt, 
and I owe him my warm thanks for the laborious computations he has carried 
out. After computing fully half of the original table, he made a comparison 
for the whole of 1889 bet-veen our predictions and those of the Indian 
Government. 
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I had hoped that tables, less elaborate than those exhibited below, might 
have sufticed. It appeared, however, that the changes during the lunation 
and with the time of year, which affect the height and interval, are so abrupt 
and so great, that short tables would give very inaccurate results, unless used 
with elaborate interpolation. We can clearly never expect sailors to use 
tables of double entry, in which interpolation to second and third differences 
is required; and indeed any interpolation is objectionable. It is proposed, 
therefore, that the tables shall be made so full that interpolation will be un- 
necessary. This plan, of course, throws the whole of the interpolation on 
to the computer, and although extensive interpolation—even when done 
graphically—is tedious, yet it is obviously best to have it done once for all, 
rather than piecemeal by the user of the tables. 

The first part of the paper gives the analytical development, the second 
contains the numerical example and rules of computation, and in the third 
I give some account of the comparison with other predictions and with 
actuality and suggestions for abridgements in cases where less accuracy shall 
be thought sufficient. 


The analytical formule of the first part are much scattered, and it may 
not always be easy to see whither they tend; but the second part virtually 
contains a summary of the first, and a comparison between these two parts 
will show both the reasons for the analysis and those for the arithmetical 
processes, 


I have tried to make the instructions to the computer so complete that 
he need not be troubled with the reason for his operations; but if there is, 
through inadvertence, any incompleteness, reference must be made to the 
analytical development for interpretation and instruction. 


Part I. ANALYSIS. 


§ 1. Development of the Tide-Generating Potential. 
Let A, B, C (fig. 1) be axes fixed in the earth, AB being the equator and 
C the north pole. 


Let r, p be respectively the radius-vectors of M the moon, and of P any 
other point. Let M,, M,, M, be the direction cosines of the moon, and 
£,, &, €, those of P, both referred to the axes A, B, C. 

Then by the usual theory the potential V, of the second order of 
harmonics, is 


¥ = A p2 (cos? Plea hearty sos ae ues ne (1) 


where M is the moon’s mass, and mw the attractional constant. 


262 DEVELOPMENT OF THE TIDE-GENERATING POTENTIAL. [7 


But since cos PM = 6M, + 6M, + 6M; 
: ie ae) M? vi M? 
cost PM — $= 265. MM, +2. 5 SE + 206;.M,M; 
+ 20,0,. MM, +3 (4 — 3°) (4 — M2) Actas (2) 
z 
Cc 
x <r 
A 
B 
Fie. 1. 


Now let X, Y, Z, fig. 1, be a second set of rectangular axes, fixed in space ; 
let M be the projection of the moon in her orbit XY. Let I=ZC, the 
obliquity of the lunar orbit to the equator; let y = AX = BCY, and y= MX, 
the moon’s longitude measured in her orbit from the point X. 


From the figure it is clear that 
M, = cos cos y + sin sin y cos [ 
= cos’ $J cos (y — ) + sin? $J cos (x + W) 
M,=—coswsiny+sinwcosycosT se aeaeeeenes (3) 
= —cos’$/ sin (y — W) — sin’? $7 sin (y +) 
M,=sin Isin p - 
Hence from (3) 
M;? — M,? = cos‘ 41 cos 2 (y — fh) 
+} sin? I cos 2y + sin‘ $J cos 2 (y + W) 
—2M,M, = cos‘ $I sin 2(y — ) 
+4sin? J sin 2y + sin‘ 4/7 sin 2 (y +) 
M,M, =— sin $I cos’ 41 cos (x — 2) (4) 
+4sin J cos I cos y + sin? $7 cos 47 cos (y + 2) 
M,M, =— sin 31 cos? £/ cos (x — 2) 
+ 4 sin I cos J sin y + sin? 47 cos 4J sin (y + 2) 


4—M?Z=4-4sin?/+4sin?I cos 2p 


In order to simplify the result of the substitutions from (4) into (2) and 
(1), the axes fixed in the earth may be taken as follows: 


seks 
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The axis A on the equator in the meridian of the place where the tides 
are observed, B 90° east of A, and C as already stated at the north pole. 


Then if X be the latitude of the place of observation 
o = cos 2, &=0, eae. 
Hence (2) becomes 
cos’ PM —4=4(M,?— M) cos? + MM, sin 2 + 8 (4 — M3) (4 — sin? d)...(5) 


We shall therefore only require the first and the last two of (4), and these 
may be considerably simplified. 


The angle J ranges between 23° 27’ + 5°9’; hence the term in M?—M/ 
which involves sin‘$7 is negligible, and similarly that which involves 
sin? $7 cos $Z in M,M, may be omitted. 


Further, it is only necessary to develop V in as far as it is variable; now 
as I ranges from 18° 18’ to 28° 36’, and back again in the course of 19 years, 
sin? J oscillates slightly in value about a mean. The “tides of long period” 
corresponding to the term } sin? J cos2W in 3 — M3, are, although sensible, 
so small that we shall take no account of them; @ fortiori the variability of 
+—sin’J is negligible. It would be easy, however, to take account of these 
terms if it were desirable to do so. ; 


We need therefore only pay attention to the first and fourth of (4), and 
the last term in each may be omitted. 


In fig. 2 let M be the moon in her orbit, and let A be the axis A of 
fig. 1 fixed in the earth. 


Ecliptic 


Then let v be the right ascension of the point I, and & its longitude 
measured in the moon’s orbit. 


Let w be the obliquity of the ecliptic, ? the inclination of the moon’s orbit, 
§ the longitude of the moon’s node. 


Let t be the mean solar hour angle at the place and time of observation, 
he sun’s mean longitude, and J the moon’s longitude measured in the orbit. 
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Then, by the definition of y and W, we have 
Nan y= IM 
Since v= VI, €=18 — &I1, 1& = 8, and t+h the sidereal hour angle, 
y=t+h—y, w=l—€ 


Thus to the degree of approximation adopted, (4) becomes 
M?— M?=cos'$I cos2(t+h-l—v+&)+4sin? Il cos2(¢+h—v) | 
M,M, = cos? 4J sin $J cos (t+ h— 21+ 4 — v + 2€) (6) 
+4sin I cos J cos(t +h — 4m — v) 
4—M;?=0 
We must now obtain approximate formulz to express the functions of 


I, v, and € in terms of w, 7, and &. The inclination 7 may be treated as so 


small that its square may be neglected. 


From fig. 2 we have 
cos I = cos 7 cos m — Sin 7 SiN w COS &B 
whence cos [ = cos w —7 SIN w COS & 
cos? 41 = cos’ 4 (1 —7 tan }@ cos & ) 


sin? J = sin? }@(1+7cot d@ cos 8) 


cos! 4/ = cos‘ $@ (1 — 27 tan 4@ cos & ) (7) 
sin? [ = sin? w (1 + 22 cot w cos § ) 
’ : .2coswa—1 
cos? }/ sin $J = cos* d@ sin }w (1 +7 —.——— cos 2) 
s1n @ 


sin I cos J = sin w Cos w (1 + 21 cot 2@ cos & ) 


Again from the figure 
snvy sin Q sin(g — &) 


sini sind sin @ 


Since & is small, 
sin @ ; 
1—£cot 8 =. = 1 —1 cot wcos Q 
sin [ 
sin? sin & 
sin [ 


SiN & 
sin @ 
E=1cotw sin Q 
TNO Re os (8) 


y—&=rtan swsin & 


Therefore 


oe og A conus! 
sin @ 


sin 8 
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Hence from (7) and (8) 
cos! 4 cos 2 (v — &) = cos! tw (1 — 21 tan dw cos § ) 
cos! 47 sin 2 (v — &) = cos‘ $m. 27 tan tm sin § 
tsin? J cos 2v = }sin? w (1 + 21 cot @ cos 8) 
$sin? J sin 2v = 1 sin? w. 21 cosec w sin §8 
cos* 47 sin LJ cos (2& — v) = cos* 4 sin }w [1 +7 (2 cos w — 1) cosec w cos 8 | 
cos* 4] sin J sin (2 — v) = cos? Lo sin tw .7 (2 cos w — 1) cosec w sin 8 
3sin J cos I cos vy =} sin @ cos @ (1 + 2¢ cot 2w cos § ) 


dsin I cos J sini =4 sin w cos w. 7 cosec @ SIN &B 


See (9) 
Now @ = 23° 27"3, 71=5° 88; whence 
: E 283 4 308 .2cosa—1 
—- ———— = —— =e _ = 188 
22 tan 4m = 0372, 2icota 633’ 27 cosec w 633 Li patess 
: 115 ; 154 
22 cot 20 = 683’ 1 coset w = Fan 


Four of these are written with ‘683 in the denominator for reasons given 
below. Then from (9) and (6) we have 


M? — M2 = cos‘ $w cos 2 (t +h—1) +4 sin? w cos 2 (t + h) 


+ cost tw . (0372 cos 2 (t+ h —1) 


eS 
+i4sin’o. 633 © 2(¢+ iy} COS §8 


+ jeos! $@ .°0372 sin 2(¢+h —1) 


"308 . 
ab 2 
+isin’o. 633 0 2(t+ mh sin & 


MM, = cos’ 4m sin $w cos (t +h — 21+ t7r) 


(10) 


———+, 


+ 4sin w cos w cos (t +h — $7) 


fe feos tw sin 4m. ‘188 cos (t +h — 21 + $77) 


+1sinwcosa. a cos (t +h — ym} COs & 


+ ‘- cos® dw sin dw .‘188 sin (¢ +h — 21 + dar) 


: ‘154 . : 
+45In @cos@. 638 50 (t+h— a) sin 2 
Now let ¢ be the moon’s mean distance, and let 7 = 34M /c*, and 

14+ P= 


(oid 
7 a3 
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Then as far as concerns the moon 
V =tp?(1 + P) {4 cos? a (M2 — M2) + sin 2... M,MG}.....00+- (11) 
where M,— MY, M,M;, are given by (10). 
In writing down the corresponding functions for the sun, we shall write 
a subscript accent to all the symbols, and accordingly V for the sun is 
given by 
V,=7,p2(1+P,) {t cos? a (M,?— M2) + sin 2..M,M,} ...... (12) 
where, by symmetry with (10) 
M?2—M2= cos‘ 4 cos 2 (t +h—1l) +4 sin’ w cos 2 (¢ + h) 
MM; = cos’ 4 sin $@ cos (¢ + h — 21, + $1) sas) 
+ 4sin @ cos w cos (t + h — $77) 


The masses and mean distances of the moon and sun are such that 


7 _ = 683, fii 3 1'] gee ane ee (14) 


ae Us, ‘a FP Uy, 
Strictly speaking, t denotes 34Mc~ (1 + $e”), and 7, denotes 
3HM c;* (1 + $e) 
where e, e, are the eccentricities of the lunar and solar orbits. A comparison 
with the Report on Tides to the British Association for 1883 [Paper 1], will 
show that, for the purpose in hand, it is correct to introduce these factors 
involving e? and e?. 
The whole potential may be collected from (10), (11), (12), (13), (14). 
Since P is small the factor (1 +P) may be treated as unity in the small 


terms which involve cos 8 and sin &, and we shall find it convenient to 
distinguish the several parts of V, denoting by V the principal part, by Vp 
the part involving P, by Vg the part involving 8, and by Vp, the part 
involving P. 
For brevity write 
K =p’. 4cos*2.. cost to ; K,=p?.4cosX.4dsin’ wo 
Ko = p*.sin 2. cos? do sin to ; K,=p*.sin 2X.4sin @ cos @ 
Then remarking that 
71+ P)+7,1+P)=(7+7,)(1+°683P) (14+ °317P) 
approximately, we have 
V=rK cos2(¢+h—1)+(r+7,) K,,cos2(t+h)+7,K cos2(t+h—L) 
+ TK, cos (t+ h—21+40)+(r+7,) K,cos(t+h—47) 
+7,K, cos (¢+h—2l,+ 47) 
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Vp=P {rK cos2 (t+h—l) +683 (7 + 7,) K,, cos 2(t +h) 
+ 7K, cos (t +h — 21+ tar) + 683 (7 +7) K, cos (t +h — trr)} 


Vg=cos 8 {—7K ‘0372 cos2 (t+ h—1)+(7+17,) K,, ‘283 cos 2 (t+ h) 
+ 7K,188 cos(t¢+h—2l +4) + (7 +7,) K, 115 cos (+h —41)} 
+sin & {+7 0372 sin 2(¢+h—-1)+(7+7,) K,, 308 sin 2 (t +h) 
—7K,'188 sin (¢ +h — 214 4) + (7 4+7,) K,154sin (¢ + h—- 42r)} 


Vp, =P {317 (7 +7,) K, cos2(t+h)+7,K cos2(t+h—L) 
+°317 (rt +7,) K cos (t+ h—41)+7,K, cos (t+h— 21 +47)}...(15) 
The whole tide-generating potential is then V+ Vp + Vg + Vp,. 


§ 2. Formula for the Height of Tide. 


If we had been going to consider the complete expression for the tide 
in terms of a series of simple harmonic functions of the time, it would have 
been necessary to substitute for J, 1, P, P, their values in terms of the mean 
longitudes s and h of the two bodies, and of the eccentricities e, e, of their 
orbits. When the potential is so expanded the principle of forced oscillations 
allows us to conclude that the oscillations of the sea will be of the same 
periods and types as the several terms of the potential, but with amplitudes 
and phases which can only be deduced from observation. The oscillations 
of the sea will not however be necessarily of the simple harmonic form, and 
accordingly “over-tides” of double and triple frequency have to be introduced 
in order to represent the motion according to Fourier’s method, 


This is the plan pursued in the “harmonic analysis of tidal observations,” 
and each simple harmonic oscillation is known by an arbitrarily chosen initial 
letter. ; 


It is found in fact, as is suggested by theory, that tides of approximately 
the same frequency or “speed” have amplitudes approximately proportional 
to their corresponding terms in the potential, and have their phases retarded 
by approximately the same amount. 


The notation of harmonic analysis will be adopted here, because it is 
proposed to compute the tide-table from the harmonic constants. 

The mean longitudes of the sun, moon, and lunar perigee are denoted by 
h, s, p, and their hourly changes by o, 7, @ (from ceAdrjvn, HALos, perigee) ; 
the angular velocity of the earth’s rotation is y (from yi), so that y— 7 is 15° 
per hour. 

The eccentricities of the lunar and solar orbits are e, e,. 


In the harmonic system the tides are denominated by the arbitrarily 


chosen initials M,, My, S,, S,, Ks, K,, N, L, », », wT, R, O, P, Q, J, Sa, Ssa, 
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and the semi-ranges of these tides will be here denoted by the suffixes 
m, 2m, s, 2s, n, l, v, r, mw, t, 7, 0, P, Y J, Sa, ssa to the symbol H, and the 
retardations of phase by the same suffixes to the symbol «. But the semi- 
ranges and retardations of the tides K,, K, are denoted by H 
instead of conforming to the rest of the notation *. 


Kip H,, K, 


4? 


Then all the H’s and «’s are the immediate results of harmonic analysis, 
and are supposed to be given when the construction of a tide-table is 
contemplated. 


In the development (15) of V, the first term corresponds with the 
principal lunar tide M,, its over-tide M,, parts of the elliptic tides N, L, 
parts of the evectional tides v, X, and part of the variational tide p. 


The first term of Vp contributes the remainder of N, L, v, X, pw. 


The second term of V corresponds with the luni-solar semi-diurnal tide 

ra rm corresp ; with small inequalities in K, 

K,, and the second term of Vp esponds with small qualities K,, 
which are neglected in the harmonic analysis. 


The third term of V corresponds with the principal solar tide 8,, its over- 
tide S,, and parts of the elliptic tides T, R. 


The fourth term of V corresponds with the lunar diurnal tide O, and 
parts of the elliptic tides M, and Q; the third term of Vp corresponds with 
another part of M, and the rest of Q. 


The fifth term of V corresponds with the luni-solar diurnal tide K,, and 
with part of the elliptic tides M, and J; its over-tide fuses with K,. The 
fourth term of Vp corresponds with part of the elliptic tide M,, and the rest 
of J. 

The last term of V corresponds with the solar diurnal tide P, and with 
small inequalities neglected in the harmonic analysis. 


The whole of Vg corresponds with those factors of augmentation and 
small alterations of phase, which are denoted by f and functions of v and & in 
harmonic analysis, 


Vp, corresponds with the remainder of the solar elliptic tides T, R and 
with other small inequalities usually neglected in the harmonic analysis. 


The semi-annual (Ssa) and annual (Sa) tides are due to meteorological 
causes, and have to be introduced after we have done with astronomical 
considerations, so that they do not enter through the V’s. 


Since the terms V, Vp, Vg, Vp, are approximately simple harmonics, it 


follows that each term will correspond to an approximately simple harmonic 


* T adopted this originally for convenience in writing, and having got used to the notation 
hall retain it. 
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tide, with amplitude and phase the same as that given by harmonic analysis, 
and to its over-tides. If then we write 
Ne oe Ih =e OU — Ring cites Crees Ove eees coke eae (16) 

the height of water corresponding to V is 
1 Hn cos A+ H, cos(A+ Ky + 21 — «,,) + Hy cos (A + km + 2 — 21, — Ks) 

+ H, cos[$ (A + &m) —1 + $2 — k,] + H, cos[4 (A+ «,,)+)—427—«] 

+H, cos [$(A + km) +1 — 2, + $a — ky] + Hy, cos [2 (A + tm) ~ Kom] 

SF tage COS [2 (AN Aetna) Fg Ad te Wega] Mdowganiceiee Neueteree ve ences cate’ (17) 

We shall, in the developments immediately following, leave Vp, out of 
consideration, and shall resume the effects of the sun’s parallax in § 11. 

In order to represent, as far as possible, the elliptic tides, it is found to 
be necessary to introduce certain numerical factors a, 8, and certain angles 
mk, ok, aS Shown in the next formula. It is also practically convenient that 
P should denote the value of c/r’, not at the time corresponding to #, but 
some hours earlier. 

Then the height of water corresponding to V>p is taken as 
hp=P {aH cos (A + km — mk) +°683H,, cos (A + km + 21 — K,,) 

+ BH, cos [4 (A + Km) — 0+ dar — ox] 
+°683H, cos [4 (A+ %m) +1 —dar—K]} cc cececee ec eves (18) 
The height corresponding to Vg is 
hg =cos 8 {— H,, 0372 cos A + H_,, °283 cos (A + km + 21 — «,) 
+ H,°188 cos [4 (A + km) —1 + 40 — Ko] 
+ H,*115 cos [4 (A + ky) +1 — 4a — «,]} 
+sin 8 {H,, 0372 sin A + H,,308 sin (A + Km + 2 — «,,) 
— H, 188 sin[4 (A + «,) —l + dr — Ko] 
+H, 154 sin [4 (A + km) +l —4dar—i]} cece ec ece scene (19) 


§ 3. The Elliptic Tides. 

The constants a, 8, mk, ox, are insufficient to represent fully the harmonic 
tides N, L, v, A, pw, Q, J, and it would render the proposed method of 
computing a tide-table too cumbrous for practical use if additional constants 
were introduced. It is, therefore, necessary to adopt a compromise.” 

The tides N and L of the harmonic system are given by 

H,, cos [2¢ + 2h — 2s — (s — p) — kn] + Hz cos [2 + 2h — 28 + (8 —p) +7 — x] 

In the present development the mean lunar tide M, and the elliptic tides 

are to be represented by 
H», cos [2¢ + 2h — 21 —k»]+4H,P cos [2¢ + 2h — 21 — mk | 
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It has been already remarked that it will be convenient that P should 
refer to a time earlier than ¢, and the time referred to is that of the moon’s 
transit. Now H.W. occurs later than moon’s transit by an interval whose 
mean value is x,/2(y—o), and the mean value of the interval to the 

C= iG, 


preceding L.W. is (km—7)/2(y—a). If, therefore, we put [= ees Kin 


COS): A 
for H.W., and on (Km — 7) for L.W., we have approximately 
(ou 
P=",—1=8¢cos[s—p—¢] 
also 21 = 2s + 4e sin (s — p) 


Hence the elliptic tides are represented in the present development by 
2eH » cos (2¢ + 2h — 38 + p— km) + ZaeH », cos (2t + 2h — 8s + p — me + &) 
+ 2eH,, cos(2t+ 2h —s—p+m— km) — 30eH,, cos (2¢ + 2h —s— ptm —- mk —£) 
In order that the first pair of these terms may give the N tide correctly 
we must have 
H,, = 2eH », cos (Kn — Km) + 0€H m COS (Kn — mt + ©) 
0 = 2eH,, sin (Kp — Km) + 30€H mn 8in (Kn — mk + €) 
And the condition that the second pair may give the L tide is 
H, = 2eH,, cos (ky — Km) — {ae », cos (K; — mk — &) 
0 = 2eH,, sin (K; — Km) — ZaeH,, sin («;— 4 — €) 
The condition for N may be written 


2¢eH,, Sin (Km — Kn) 
— 2¢eH,, COS (Km — Kn) 


tan Cs — mit + g) = H 
n 


3aeH.,, = {Hn — 2eH,, cos (Km — Kn)} SEC (Kn — mk + €) 


Then, since both knp—K, and ky—,»« + are small angles, we have 
approximately 
2eH,, (Km me Kn) 

H, — 2eH,, 


mit = Kn st Cre 


2 
aH y= 36 (H,, — 2eH,,) 


Similarly the condition for L gives 


These conditions cannot be satisfied simultaneously and a compromise 
must be adopted. 
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If H, were zero we should have a=4. Hence if a be taken as greater 
than 4 we are virtually making the L tide negative. Now, it is unadvisable 
to take the L tide as negative even if small, because, if so, we are representing 
the elliptic tide compounded from N and L as greatest when it should be 
smallest and vice versd. 

I therefore propose to use the condition for the L tide only for the 
purpose of putting a superior limit to a, and to the constants to be derived 
from the condition for the more important N tide. 

In order to express the result in the form which will ultimately be 
required I write 

2y—3o0+o0 Qy — 2a 
Peas 205s) a RmotEsne a 
so that p, is the ratio of the “speed” of the N tide to that of M,, and p,» is 
merely introduced for the sake of algebraic symmetry. 

Then 

E=(Pm— Pn) km tor H.W. and (pm —Pn) hn —7) for LW, 

We thus have approximately, when referring to H.W. 


Pee, ree ee 4 2¢Hin (em = Hn) 
Pm*knm— m Pak n ry pa 2eH,, 


and aH, is equal to the smaller of = (H,, — 2eH,,,) and 4H, 


When referring to L.W. we have («,,— 77) in the above formula in the 
place of «» wherever «,, occurs multiplied by a p. 


A similar argument may be followed with regard to the diurnal tides, 
save that the smaller tide corresponding to L, has not usually been evaluated 
in the harmonic analysis. The tide corresponding to N bears the initial Q, 
and 


so that p, and p, are the ratios of the “speeds” of the Q and O tides to that 
of M,. Then 

A Bie ya Shy 

Rijn) e a 
and we find for H.W. 


nga et 2eH, (Ko — Kg) 
Pokm — oF = Pakm — Kq H, = 2eH, 


and BH, is equal to the smaller of = (H, — 2eH,) and 4H, 


_ Since e = 0549, a 12144 = 19 x ‘639 (the factor being introduced 


4 
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because we shall hereafter have to divide by 19); also 4=19 x 4,=19 x ‘070, 


i 
pegs ty 
and Je i i 
If we put then a’ = 75%, 8’ = 748, our formule for H.W. become 
x = a * Ge <_ Kn) 
Pmkm— m* = Prkm Kn Spall a Es Be, | 
Brrr erry oa (20) 
(Ko — Kq) 


Pokm — o& = Pgkim — Kq + 911H,/H,—1 
where px =1, pn = ‘981, po = °481, po ='462, and where for L.W.«,, is to be 
replaced by x»,— wherever it is multiplied by a p. 
Also, if 86°4H, is less than 8H,,, 


a=1214"—4 
a’H,, =°639H, —‘070H,, 
Ti 36:4 jis lesssthan SH. 0) i a ee ene sk cece ree (21) 
B=1214 Fe —4 


8'H, = '639H, —‘070H, 
If 36°4H, is greater than 8H,,, a=4, and a’H,, =‘070H.,. 
If 36-4H, is greater than 8H,, 8 = 4, and 0H, = ‘070H,. 


Lastly, if the elliptic tides are unknown, a=8=1, a’ = B= 75. 


§ 4. Reference to Transit of Fictitious Moon. 


Suppose that there is a fictitious satellite whose R.A. is equal to the 
Moon’s longitude, and let 1°, h® be the R.A. of the fictitious moon and of 
the mean sun at noon of the day under consideration, and let t be the mean 
solar time of the fictitious moon’s transit. 

Then at transit t+h—l= qr 
where q is even for upper and odd for lower transit. 

The rate of change of t+ is y, and if / be the rate of change of J, 7 is 
given by 

(0) — J, (0) 
ees l h i qr 
y—l 
Then at time 7+ 7 
A = 2¢+ 2h — 21 — Ky, 


= Qqm +2 (y—1) T — km 
and $A =qr+(y—l) T— dim 
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Now A occurs in the arguments of all the semi-diurnal tides, A in those 
of the diurnal, and 2A in those of the quater-diurnal. 


Hence we may omit the 2q7 in the expression for A, and write 
A= tye) Tax, 

provided that when q is odd we change the signs of the diurnal terms. 

Therefore we may write the diurnal terms with alternative signs +, and 
the upper sign will be appropriate when we refer to an upper transit, and the 
lower sign to a lower transit. 

In the application of the formule 7'+ 7 will be the time for which the 
mean solar hour angle is ¢, and we shall have 

fe IR ete 
2(y-!) 2(y-4) 
The first of these terms is obviously the interval from fictitious transit to 


the mean lunar H.W., and the second is the interval from lunar H.W. to the 
time t. 


When we wish to discuss low waters it is convenient to put A equal to 
6 — 7, and in this case we shall have 


Km — 7 3) 
= eo : 
Bhi) ea ye=11) 
The first of these terms is the interval from transit to the mean lunar 


L.W., which precedes the H.W. given by (22), and the second is the interval 
after lunar L.W. to the time t. 


We shall proceed to consider H.W., and deduce therefrom the formule 


for L.W. 


§ 5. Reduction of Longitudes of Moon and Sun to tume of 
Fictitious Transit. 


We have seen in (22) that the interval, from fictitious moon’s transit to 
the time ¢, 1s 
Tee ak Km 


— 2(y-1) 
Now the equation of conservation of areas for the moon’s motion gives 
rl =oe? /(1 — e*) 
but since c?/r?=1+ P, and since P is small, we have 
l=o(1+ 2P), very nearly 
~ tts (144 22) 
MAGiaa) Via yao 


pry (A F Kip) 2 ker A 
OT Crs b (yoy 2 tw) 


Therefore lie 
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Qy — 20 be ps LY 20 
Let Pn = Qry ap > Pu = Qy Ge Ps 2+ —2o 
_ 7 2e ees PIAL EY Braatailh 
Po 970g?) EC wy gee see MeO genre: 
hak) eer See 
and let € 3 2 (y at oy 3P,, (PD, ) 


Then if J,, U,, be the moon’s and sun’s longitudes at the time of fictitious 
transit, we have 


Oo 
a f- ———— + + l A } | 
l i Qy 2 (A Km) € ( Kin) 


#8 ee!) "P(A 
oe Oe ores ae ae ( Tk) 


Then neglecting the term in P when multiplied by the small fraction /"y, 
and introducing the p’s, we have 


21 = 21, + (p,,—1) (A + km) + 2eP (A + Km) 
2(1—1) =2 (1, — Uy) + (ps — 1) (A + km) + 2eP (A + no 
—l=—1,4+(po—4) (A+ ky) — eP (AF Ky) » ...(24) 
L=1,+(p,—$) (At km) + P(A + Kp) | 
L— 21 = 1, — 2lo, + (Pp — 4) (A + km) + EP (A + Kp) 


We must now take the several terms of the expressions for the tide in 
(17) (18) (19), and rearrange them by aid of (24). 


QQ.) cos(A +x, + 21 —«,) +'683P cos (A + Km + 21 — x,,) 
=cos[p,(A+x«,,) + 21, —«,] + °683P cos [,p (A + «») + 2b, — «,,] 
Be 
683 
(11.) cos (A 5 Kim 2 (J i L) Z Ks) = COS [ps (A ti Kin) Bi 2 (1, 4 l,,) a Ks| 
— 2eP (A+ x,,) sin [p, (A + «,,) + 2 (lo — Lo,) — Ks] 
Now the maximum value of P is about 4, and A+x,, will not differ 
largely from «,,, because A will oscillate about the value zero, and x«,, might 
always be taken as less than 180°, either positively or negatively. Hence 
the coefficient of this second term cannot exceed 2 x ‘013 x 4x 7, or about 
013. 
Thus the second term cannot be more than about an eightieth of the 


first, and may be neglected. This term may also be safely neglected, even 
when x», is greater than 180°. 
Gi.) cos[$(A+«,,)—l+ 4a — xo] + PB cos[4 (A+ «,,) —l+ 40 — 0K] 
= 608 [po (A + ky) — 1, + $m — K,] + PB cos [op (A + ky) — lo + 477 — ok] 
‘0131 


where oP = Do — 3 SAY i eo I 


where |, p= p,, + === = p,, + 0384 = 10379 + 0384 = 1:0763 


1891] REFERENCE TO TRANSIT OF FICTITIOUS MOON. 275 


The reader who verifies the above formula will perceive the nature of the 
approximation adopted. 


(iv.) cos[$(A+<«,,)-+4—47 —«,] + 683P cos[$ (A+ «,,) +1—47—«)] 
ees OF ee tare ed 683P cos[p(A+«,,) +1 —4t7r—«,] 


where iP =P, + =s5 ae = p,+ ‘0192 = ‘5189 + 0192 = 5381 


(v.) The P term may be written 


Oo; 


cos [p, (A + «,) +1, — 2l,, +40 — Ky | 
with a neglect similar to that involved in (ii.), but, of course, less important 


Before using these transformations the following notation must be 
introduced 


ee eee Ae (25) 
©=1,4+5°) 


Oo 


So that 1,=)+@O-—5°, 1,=©-5°. We then write 


y, 


m — Pmkm — Km 

m¥ = Pmkm — mk (see (20), § 3) 

3, =2(Q+0-5)4+ pen —«, 
=X, + CP — P,) Km = 3, + 03846,’ 
Js = 2) + Pskm — Ks 


3.=-QOt+ © = 5°) + Pokm — Ko + 90° 


OO 5 apie — in, + 90° (see (20), § 3) 


% =()+ © —5°)4+ pen — x, — 90° 
S=S,4+ CP — P,) Km =, + 0192«,, 
Sp Op Kat Rai OOo | cscesss ts vansebe ses eat usteanes (26) 
We also require for the quater-diurnal tides 
Son = 2paikin = Kam 


RO td ON te | Cor a Re ants oO ae (26) 


and for the annual and semi-annual tides 
Nea = (© pa 5°) — Ksgq 


MISS ene ee ee (26) 


The parts of the 9’s which are independent of ) and © will, in the 
example, be written K, with appropriate suffix. 


The moon’s mean parallax is 57’, then when its parallax is 57’ + IT, 
1+ P=(1+3yIl) 
so that P = 7,1] = ‘052611 approximately. j 


18—2 
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I will be substituted for P, and the numerical coefficients in hp will be 
divided by 19 or multiplied by 0526. 

We observe then that {45 x ‘683 = 0360, and ~44=4', 58 =8’. 

We can, by aid of the transformations (i.) to (v.) and the formule (26), 
now re-write (17) (18) (19), but some part of what was originally included in 
h is transferred to hp. The result is as follows: 

h=H,, cos (p,A+9%,,) +H, cos (p,A+%,,) + Hy cos (ps4 + 3s) 
+ H, cos(p,A+9%,) + H, cos (p,A +8,) + H, cos (ppA + 3p) 


+ Hom CoS (29m A + Sem) + Hag COS (2pgA + Dag) ssereeeereceeseeeees (27) 
hp= I {a’H,, cos (py, A + »S) + 0360H, cos (pA + /'5) 
+ BH, cos (,pA + 5S) + 0360H, cos (pA + S)} 0... eee (28) 


hg =cos 8 {— H,, 037 cos (p, A+3,,) + H,,°288 cos (p,4+3,,) 
+ H, 188 cos(p,4+%,) + H,:115 cos (p,A+8,)} 
+sin 8 {H,, ‘037 sin(p,,A +3%,,) + H,, 308 sin (p,A+58,,) 


= H, 188 sin(p,A+38,) + H,:154sin(pA+5,)} ....... (29) 
Annual and semi-annual tides = Hyg cos Sq + Hese COS Segq ececceeeeees (80) 


Except for the solar parallactic portion to be considered later, this is the 
final expression for the tide. Apart from the slow variability of II and & 
the only variable is A, for the S’s are not continuous variables, but change 
per saltum from one lunar transit to the next. Thus, in finding the maximum 
or H.W., we may treat A as the variable. 


§ 6. The Time and Height of High Water. 


Apart from parallactic and nodal corrections, H.W. occurs when h in (27) 
is a maximum, and the value of A which satisfies that condition will give 
the time estimated from the epoch when A is zero. The value of A, when 
reduced to time in the manner shown below, gives the inequality in the 
interval after moon’s transit, and will be called 7. The time from moon’s 
transit until A is zero is the mean interval, and will be called 7. Then the 
interval from moon’s transit is i+J. There is indeed a small parallactie 
correction to 2, which is omitted in this statement, but is included below, 


I begin by considering the mean interval. 


A vanishes when 2(¢+h—1)—«,,=0, that is to say, at a time x,,/2 (y— l) 
after moon’s transit. 


Now, as shown in § 5, 
. qe 
y-t=(y—o) (1437) 
oy me 
therefore Ne eee 3 chee 
2(y-t) 2y-e) 2y-c) y-o@ 
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The first of these terms is denoted by 7, so that 


Kin 
ee ram ming v Patera Poe ok cane aaahewnee ol 

The second term is the parallactic correction to the mean interval, and 
will be considered in § 8, together with the other parallactic corrections. 


a 


If we denote by the suffixes 2, 1, 4 the semi-diurnal, diurnal, and quater- 
diurnal terms, (27) may be written 


h =H, cos (p,A 4+-9,) + 2H, cos (pA +9,) + ZH, cos (pA + 9,) 


The condition for maximum is that dh/dA should vanish, and the equation 
consists of the sum of three pairs of terms of the form 


= [Hp cos S sin pA + Hp sin $ cos pA] 
equated to zero, 
It is well known that 


1 a ie 
sinka _, Ll—£k 


—— =]1+—~— sin?a+... 
ksina 3! 
cos ka 1 as 
~ sa eS PE Aa 
COS @ oe 


Now all the p,’s are nearly unity, the p,’s nearly }, the p,’s nearly 2. 
Hence to a near approximation 


n n 


2 
sin p,A = 2Pn sin 4nA E —4 ("Pe = ) sin? snd | 


a 1, (AP ir Site 
cos p,A = cos #nA | 1 —§ ( =. — 1) sin? 574 
where is 2, 1, or 4. 

The p’s are so nearly equal to 1, 3, 2 respectively, that the second terms 
are small. In the case of the second term of sin p,A, cos p,A we have the 
factor sin? A, which is equal to 4 even when A is 90°; also the height of the 
quater-diurnal tide is small. Thus, both for the diurnal and quater-diurnal 
tides, the second term may be neglected. 

In the case of the semi-diurnal terms, indeed, the correction is so small 
that it may certainly be neglected if A be less than 45° or 50°, and without 
much loss of accuracy even for larger values of A. We shall in the first place 
neglect these second terms entirely. 

Now let F = 2Hp sin | 

G= He’ cos.5 ) 


with suffixes 2, 1, 4 for semi-diurnal, diurnal, quater-dinrnal terms. 


Se ee: (32) 


The constituent terms of F, G will be written separately below, for 
° 2 4 
example F, = H,p, sin 3s. 
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Then the equation dh/dA = 0, leads to 
F, cos A + G, sin A + (F, cos $A + 2G, sin 4A) + F, cos 24 + $G, sin 24 =0 


With regard to the additional terms referred to above, the values of the 
semi-diurnal p’s are, p,,=1, p,,=1°038, p,=1:035, and hence p,?—1 and 
ps —1 are both nearly equal to ‘072. Therefore if (88) be regarded as the 
fundamental equation, the additional terms may be taken into account by 
supposing that there are corrections to F, and G, given by 


oF, =—°012 sin? A. 3F, 
; Dogan dtvadessora ras (34) 
dG, = — 012 sin? A (G,, + Gs) 
The equation (33) may be solved thus: 
a Erk 
take tan iN =— emeare> conc ee recccceecccesceceecee (35) 


Then if we put 
D, = F, sin A, — G, cos A, + 4 (F, sin $A, — 2G, cos $A,) 
+ 2(F,sin 2A, — 4G, cos 2A,) 
N, =F, cos A, + G, sin A, + (F, cos 4A, + 2G, sin $A,) 
+(F, cos 2A, + 4G, sin 24,) ...(36) 


and YAN 


the solution of the equation (33) is A=A,+6A; and if D is the value of D, 
when A replaces A,, it is clear that 
5D = D—D,=8A {(F, cos A, + G, sin A,) + + (F, cos $A, + 2G, sin $A,) 
+4(F,cos 24, +4G,sin 2A,)}......... (38) 


The angle A has to be reduced to time by division by Nat) As in 
the case of the reduction of the mean interval 
eo i PAs (1 j a 
2(y—1l) 2(y-¢@) 
Now the greatest value of P is about +, and o/(y—«c) is 038, hence 
3Pa/(y—<¢) is at greatest ‘005; but the inequality in the interval is rarely 
more than 2", and even if A/2(y—«) amounted to 3", the second term would 


only be about 1", Therefore I neglect the parallactic inequality in the 
reduction of A to time, and simply divide A by 2(y—<a). 


The value of 2(y—oc) is 28°98 per hour, and the reciprocal of this is 
Aba 


1 
0345, or api a6 BGR: 


Hence, if A be given in degrees, we have to multiply by -0345, or its 
equivalent, to find its value in hours. 
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If any correction be given in circular measure the reduction to time is 
also very simple, for 57°:296 x ‘0345 = 1"977 =119™, or 


1 . | 
=~ (cire. meas.) = 119™ ..0..............6626(39 
seca! ) (39) 
Thus, we have for H.W., 
A=jA,+0A 
D=D,+ 6D | cheney suri (40) 
oe hee 
I= o3454=(4421. 2) | 


Turning now to the expression for the height: it is expressible as the 
sum of three terms of the form 


> (H cos $ cos pA — H sin sin pA) 


Let 
A=SHeosS 
then 
h = A, cos A— F, sin A + (A, cos $A — 2F, sin $A) + A, cos 2A — $F, sin 2A 
ee ee ee el ee (41) 
with a correction to the height corresponding with 
6A, =—'012 sint?A.3(A++A, 
) ; (A, } oe eae (42) 
oF, = —°012 sin? A. F, 


In § 8, 9 we shall have to consider the variations of the interval and 
height due to variations of semi-diurnal and diurnal A, F, G. It is clear 
from the preceding formule and from (39) that 


= {dF, cos A + 6G, sin A + (oF, cos $A + 26G, sin $A)} (43) 
oh = 6A, cos A — 6F, sin A + (A, cos $A — 28F, sin $A) 
A particular case of the application of (48) is to the computation of the 
corrections referred to in (84) and (42). 


ol = 


§ 7. On Evanescent Tides. 


At certain parts of the lunation, the diurnal tides sometimes suffice to 
annul one H.W. and one L.W., so that there is only one tide a day, perhaps 
for several days running. 


Tf the inferior H.W. be watched as the condition of evanescence approaches, 
it will be seen to become smaller and smaller, and to occur later and later 
or earlier and earlier, and the adjacent L.W. undergoes similar changes. In 
the limit H.W. and L.W. coalesce, and in a tide diagram the coalescence 
appears as a point of contrary reflexure with horizontal tangent. Beyond 
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this point, the reflexure is still maintained, although the tangent is not 
horizontal; finally, the tangent again becomes horizontal, and the double 
H.W. and L.W. again reappear. 


Now in the use of the method of this paper, the loss of the double tide 
is very inconvenient, and I therefore propose to take the point of reflexure 
as representing both H.W. and L.W. during evanescence. 


If N cannot vanish there is evanescence, and the point of reflexure is 
given by D=0. The limit of the H.W. is given by N=0, D=0 simul- 
taneously, and beyond this only D can vanish. The vanishing of D is taken 
to represent H.W. 


Accordingly, when N cannot vanish, we proceed to make D vanish thus: 
0 =F, sin A — G, cos A + 3 (F, sin $A — 2G, cos $A) 


+ 2 (F, sin 2A — $G, cos 24)...... (44) 
As a first approximation put 
G, 
KF 


I+ 


G, 


(nay /AN, = 
TF, 


I+ 


Then writing 
EK, = — {F, cos A, + G, sin A, + } (F, cos $A, + 2G, sin $4,) 


+ 4(F, cos 2A, + $G,sin 2A,)}......... (45) 
we have A=A,+6A, where 6A= = bates CA ty sige (46) 


a) 


In the rest of the calculation this value of A is to be treated exactly as 
though it had been determined by the former method. 


The corrections M, N, P, Q, R, S considered in succeeding sections, 
however, present a difficulty. In this case, A will always be very nearly 


+ 90°, and I propose to compute P, @,S (see § 8, 9) as though that were 
the true value of A. 


But the correctional terms M’, N’, R, defined in § 8, 9, become theoreti- 
cally infinite, and we are therefore compelled not to compute them, and to fill 
up the hiatus in the manner shown in the example below. 


The process here suggested is a makeshift, but it is sufficient for the 
construction of a trustworthy tide-table, since the real occurrence at these 


times is a long period of nearly slack water, with or without a small maximum 
and minimum. 
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§ 8. Parallactic Corrections to Time and Height. 


We will first consider the parallactic correction to the mean interval; we 
saw at the beginning of § 6 that there is a correction to the interval due to 
the moon’s unequal motion in longitude of 

Km 2 Po 
Wao) oy =o 

Now according to (31) «,/2(y—o) is 7, the mean interval, which we will 
suppose expressed in hours; also P is J,II and o/(y—o) is ‘03788, and 2 of 
60™ is 40™; hence the correction in minutes is 

We OOS (8S rset dle 2 OC ONO TOTIT 4 essa (47) 


Now turning to the other parallactic terms: 


Let us introduce the following notation, which follows the same plan as 
that used before, viz. : 


me Cos aw | Cos | 
ae p= OH, psn) o 9, B= "036 Hp sin oy 
no Pm? COS me, | Pp? COS | 

PN cos Pane cos 
Pye OL sin E = 086H 7p sina 
ot oP COs G |p? cos 


A comparison of the method of § 6 with (28) §5 shows that the corrections 
to the time and height are to be found by applying corrections to the A’s, 
F’s, G’s, as follows: 


obo =1L(,¥ + FE) =k, 6G, = 11 (,,G + ,G) = Ibn, 
OTC ary = IG, 6G, =11(,G + ,G)=IIn, 
oA,= 11 (A +A) =1l2; 
CAS (EA OA.) Den tite cevees te cuive' sa saves (48) 
Then comparing (47) (48) with (39) and (43) we see that if 


R=119"H {1,cos A + mp sin A + (1, cos $A + 2m, sin $A)} + 0™-08 .7 


D l 
S= (z,cos A— J, sin A + (2, cos 4A — 21, sin$A)} ............ (49) 
the corrections to the interval and height are 
=lIK 
oa rae Ds, See en Ee (50) 
dhp = IIS 
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§ 9. Corrections to Time and Height for Longitude of Moon’s Node. 

Here again, we treat the terms as corrections to A, F, G. 

Let 
= I33H 9, sm y= ‘283 FE, 
d, = — 0370, Pm COS Sm — 308, p,,-cos 8, = — 037G,, — °296G,, 
é, = — ‘037 H,,p,? cos S_, + ‘283 Hp, cos 8, = —037G,, + °283G, - 


Sg= S08 Hsp sin > = ‘B19F, 
ad, = —037H,,cos3,, + °283H,,cosS, =—'037A,, +2834, 
= ‘oUS Elsi yee ‘296F,, 
qg= “I88Hap.sinS, “+ l1lbH prem S =" =1Ssh eto 
d, =~ "188 Hap, cos 3p" — "154 » cos, =  *391Gs —"297.G 
a= “188H op, cosS; +clloH p*cosS) = > a1SsGepeiioG, 
fi=—'188H,p7sinS, +°154H, p?sinS, =—:0905F, + -080F, 
a= °188H, cos, +'115H,cosS$, = ‘188A, +°115A, 
b,=—'188H,sinS, +°154H sinS,° =--391F, +-297F, 
ies (51) 
A comparison with (29) then shows that 
oF, = c¢, cos & +d,sin &, oF, =¢, cos 8 +d,sin 8 
dG, =e, cos 8 +f, sin &, 5G, =e, cos 8 +f, sin & 
dA,=a,cos 8 +b, sin &, 6A, =a,cos 8 +b, sin & ...(52) 


We now put 


ap 


M’ — 6M = 119™ = {c, cos A + e, sin A + (c, cos $A + 2e, sin $A)} 


o 


N’ — 6N = 119" . {d,cos A + f,sin A + (d, cos $A + 2f, sin $A)} 


Le = a, cos A —c, sin A + (a, cos $A — 2¢, sin $A) 
(Y’ b, cos A — dssin A + (b, cos $A — 2d, sin $A) 


The corrections to interval and height, as far as concerns the investigation 
up to the present point, are therefore 


57g =(M'— 6M) cos g + (N’ — 8N)sin Q 
Ohig = PY cos: 625-6 Otsin oe aves ccreee eeeeee (54) 
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§ 10. Reference to the Moon's True Transit. 


The intervals have been referred to the transits of a fictitious satellite 
whose R.A. is equal to J, and we now require corrections so as to refer to the 
moon’s true transit. 


Let T, T’ be the times of true and fictitious transits, and let a be the 
moon’s R.A. 


Then if ¢ denotes the mean solar hour angle at time T, 
t+h—-a=qr 
and, dropping the suffix o to J, at time T’ 
t+h—-l=qr 
where q is an even integer at upper, and an odd one at lower transit. 
If a be the value of the moon’s R.A. at time T’, then its value at T is 


a+a(T—T’); also the ¢+h of the first equation is equal to the ¢+h of the 
second corrected by y(T—T’). 


Hence the two equations may be written 
tth+y(T-T’)—-a-—a(T-T)=¢qr 
t+h-l=qr 
a—l ’ 
ya 
It will afford a sufficiently close approximation if we replace @ by the 
~ moon’s mean motion o, so that 


Hence AWM 


l—a 
Ey OF 
We have, therefore, to find the excess of the moon’s longitude above her 
R.A. at the time of fictitious transit. 


(aie 


It will be seen from fig. 2 that we have to determine the relationship 
between the R.A. and longitude, both measured from the intersection of the 
orbit and equator. The formula is exactly analogous with that which gives 
the reduction of longitudes to the ecliptic, so that 


1—&=a—v+ tan? $J sin 2 () — &)—} tant $7 sin 4(J—&)+... 
The last of these terms is very small and may be neglected, so that 
l—a=—(v—€&)+ tan’ 4/J cos 2€ sin 2/ — tan? 4J sin 2 cos 2) 
By the formula (7) 
tan? 4J = tan? 4 [1 + 27 cosec w cos Q | 
sin 2£ = 21 cot w sin & 
cos 2F = 1 


y—&=tantowsin 8 4 
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: .tan? Z : 
Hence l—a= tan’ do sin 2/1 + cos 8 E Bee sin 21| 


+sin 8 [— 27 tan? $m cot w cos 21 —7 tan to] 


But 2/ = 2) +2© — 10° =, suppose; and 


tan’s® _gnyy7a2=1omge, Zt tan'0 _ ggg Pe tan’ ge cob _ goo 
yo (y—o)sin@ y-o 
and i tan go = 4-4] 
9 mae oO 
Let us put then 
@ = 2) + 2© — 10° 
oT = 05 172 sin O 
OM ="4""60'sin.@ 55 Bg bee eee (55) 
dN = — [4-22 cos © + 4741] 
and we have TT’ =T+6T+6Mcos 8 + dN sin 8 


It is now clear that, when the tide is referred to the moon’s true transit, 
dT must be added to J, and 8M, SN must be added to M’—6M, N’—6N as 
given in (53) to find M’, N’. 

Let A be the height of mean sea level above the datum adopted for the 
tide-table, and let 

Bee He COs ya iacuen tees weatee eterno (56) 
Then 7 denotes the mean interval from moon’s transit to H.W., and the 
interval is 
4+1+6T+M’cos & +N’sin g +6/p 
and the height is 
B,+h+P’cos & +Q’‘sin & + dhp+ Hoy cos Sq 


In these formule all the quantities are functions of ); now although ) 
can easily be found from the Nautical Almanac, it is not tabulated, and the 
difficulty of using the tide-table would be considerably augmented if it were 
necessary to compute ) for each tide. We shall proceed, then, to convert our 
formulee into others, in which there is direct reference to moon’s true transit, 
although there is some loss of accuracy in the process, and the amount of 
computation required to form the table is increased. 


We have seen that the time TY of fictitious transit is given by 
T’=T+6T+6Mcos g +6N sin g 


and that (y—%7)T’+h—l=qm where h and / correspond to the time of 
fictitious transit. 


Now 1 =h + 2e sin (1 — 281°) 


where e, is the eccentricity of the sun’s orbit, and 281° the longitude of 
perigee. 
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Also l=j+l, 
Hence i—h=y+ 2e sin (J, — 281°) 
But 
mae =7™-69 = 0128; also 1, = © —5°, and — 286° =4 74° 
Therefore (geeks a) + 7°69 sin (© + 74°), 


‘cnet 
and ae =T+6T+6Mcos 3 +6N sin 3 —7™69 sin(© + 74°) 


This formula connects ) with T, the time of moon’s transit. 


Now J is a function of ) or of (q7+y)/(y—7); hence if J(T) be the value 
of I for which ) =(y— 17) T — qm, and if [()) be the true value of J, 


dl 


I(y) =1(T) + aT {oT + 8M cos 8 + 6N sin 8 —7™69 sin (© + 74°)} 


and similarly 


h())=A(T)+ ue {6T + dM cos g + 6N sin & — 0128 sin(© + 74°)} 


These expressions have now to be substituted in those for the height and 
interval; but in the small terms 6T, M’, N’, &c., we may regard ) as denoting 
(y—1)T—qr. 


In carrying out the substitutions preparations will be made _ for 
computation. 


First put l= as ol= a x 1032 sin © 
Z (2 =) | (2°34) (29 sin @)..cccreceeresseeeene (57) 
Similarly, since 2™2 is 344 hrs., we put 
ah = (2 HEY OREN EIS.) on serene rte (58) 
Next put MY = a 6M = = x 4°60 sin © 
a (2 or) (2™9 gin @)(1 + gh) sevevseeseenseeees (59) 
and —N”’=- éN 


= (2 = (22) + (2 or) (2™2 cos @) (1 — gp)... (60) 
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Similarly put 


= (2 oT) (livin @) Cla.) tae eee (61) 

Oe (2 o (aes (2 a (die cos OWS) eee. (62) 

Lastly put i= (2 Fr) (B85 sin (OF THY} o.ccccccereenn (63) 
fa-(2 =) (0"-064 ain (@MA74°yh = ee ee (64) 


With this notation 
I())=1(T) + 6l+M’ cos 9+ N” sin 8 +t 
h()) =A(T) + 6h + P” cos 8 + Q’ sin 8 +H 


These are now to be substituted in the expressions for interval and height, 
and in doing so we may drop the (T) after the J and h. 


I write J=J4+6T+i14+ Sl 
DH =B, +h + bh 
b=) 4 H,.cos 
M = M’+ M", N= NN 
P=. PAE Pe Oa OF Oe sane (65) 


Our formulz are designed to serve for any time of year and its opposite ; 
now since { and involve the sun’s longitude they change their signs in six 
months, and we write +f, + ), and it is to be understood that the upper sign 
is to be used for the time of year under computation and the lower for its 
opposite. 


The interval is then 
%¥+t+M cos 8 +N sincg-+ BID .nce ee (66) 
and the height is 
99 4.) + Pcos 2+ QO sity 4.511. sae (67) 
One part of M, N, P, Q arises from a true change in the tide when the 
longitude of the moon’s node changes, and the remainder (nearly equally 
large) merely depends on the reference to true instead of fictitious transit. 


The quantities { and ) depend partly on a portion of the equation of time 
and partly on the annual tide. 


We must now explain the computation of 2d//dT and of 2dh/aT. 


* This P will not be confused with the P defined in § 1, which has been replaced by II. 


1891] CORRECTION FOR SOLAR PARALLAX. 287 


If u,, W,.+. Uses are cyclical values of a function, the symmetrical inter- 
polation formula in the neighbourhood of w,, is 


Te s 
Unim = Um + $@ (AE + A) Un + 51 ME an 


x (a? — 1) 


+4- 31 (ASE + BE) a+... 
where Pin = Una ONC Atty, = Ugeai — tom 
Then when «=0, 
du, = 
a = (AE + A) Um — } (Q°E? + AEA) thy + 
dum Baa 
or De 2 ae (Uma — Um—1) — ¢APEW! (Usa — Um—-1) + «+ 


In the present case the first term will usually suffice, but the second term 
may be easily computed. 


In order then to compute the required differential coefficients we arrange 
the /’s and h’s in two columns, the even entries in one column and the odd 


in another, and take the differences of the two columns independently of one 
another. 


§ 11. The Correction for Solar Parallax. 


The terms depending on solar parallax arise from the potential Vp, in (15), 
but the correction is so small that I shall omit it from the example below. 
It is well, however, to show how it may be computed. The only terms of 
importance are those in H,, H, corresponding to the tides 8,, K,. 


The variability of P, enters into the calculation in the form of corrections 


to A,, G,, E,, A,, Gi, F,. 
The sun’s parallax is approximately 


1+e cos(l,— 281°), and hence P, = 3e,cos(© + 74°) 


Now 3e, 1s 0504, and 119™ x (0504 = 6™0 
Then, since AOE F, oF, Fr 
0G, v= PG, OG, p= 3LIiL.G 

oA, Ag dA, A 


/ 


it follows that 
élp,= cos (© + 74°) {F, cos A + G, sin A + ‘317 (F, cos $4 + 2G, sin $A)} 
Shp, = 050 cos (© + 74°) {A, cos A— F, sin A + ‘317 (A, cos $4 — 2F sin $4)} 


These must be deemed to be corrections to { and b, since they change 


signs in six months, ; 
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§ 12. The Formule for a Low Water Table. 


The formule (27), (28), (29), (30), for the height of water would (except 
in one detail) be applicable to L.W., but they would not be convenient, 
because A oscillates about —7a at the L.W. which precedes the H.W. for 
which mean A is zero. 


Hence put A= 6-7. 


The L.W. formule may be made exactly similar to those for H.W. by 
making the heights negative, and this condition is satisfied by adding 7 to 
all the arguments. Thus the formule for the height may be written 


— SH cos (ps + 8) 
where d=3+(1-p)7 
A similar change may be made in the nodal terms, but the parallactic 
terms require further consideration. The term cos(p,,4+,,%) changes, not 
only because its sign is to be changed and A is to be replaced by 6-7, but 
also because, as appears in § 8, ,,3 changes. 
For H.W. 
vey a an Kn _ 7 On - 
mm =} ™m Km mt =Pn Km Kn 9] il la byl sh ek 1 
but for L.W. «,, must be replaced by «,,—7 wherever it is multiplied by p; 
hence, for L.W., Pmtm — m* must have (p,,—p,)7 or (1—p,) 7m added to its 
previous value. 
Hence the term in cos (p,,4+,,5) for H.W. corresponds in the expression 
for —hp for L.W., to a term involving 


cos [ Pind + (1 tp oe) 7 + ul Ss Pn) T at a 
Since p,, =1, the required term is cos (p,,6 +,,0), where 
Ag a ne a qd = Da) T 


Again the parallactic term for O involves cos(,pA+,3) for H.W., and 
treating it in the same way, the corresponding term in — hp for L.W. is found 
to be 


COS (,pd + 0) 
where of =(1 — ,p) 7 + (Po — Pg) TH+ OY 
But {p= eee 
u p=p B 
Hence O=9+(1 +5 Pa) ™ 


We have also 
f= tl 7p) P= + =p) 
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Then the L.W. formule for depths below mean sea level are similar in 
form to those for H.W. for elevation above mean sea level, with 6 in place of 
A, and with @’s in the place of 9’s. 


The connection of 6’s with $’s is given in the following table. 


Initial Principal and nodal terms Parallactic terms 
M, C—O mO = mF + (1 — Pn) T= mI 4+3°'4 
Ky 6, =9,+(0-p,) 7 8 =,I+(1—,p) 7 

=3,,-7°0 =,9-13°°7 
S, 6; =I,+(1—p,) 7 
=9,-6°°4 (assume B= 4) 
O 6, =I,+(1—py) m of =.9+(1+ a -pa) 7 
=3,+4743°4 =o + $7 +85 
K, 6, =3,4+(1—p,) 7 6 =S+(1-.p) 7 
=9,+40-3°4 =$+40-6°8 
P 6p =Ipt(1—pp) 7 
=9,+47 —2°9 
My 82m = Som + (1 — 20m) 7 
=S9on— 7 
Sy O2g =Ioat (1 - 2p4) o 
=9,— 1 — 12°°8 


All the @’s differ from the S’s by a small angle, or by an angle nearly 
equal to 90° or 180°. Where the difference is small the A, G, F for L.W. 
will be nearly equal to those for H.W.; where the difference is nearly 90° 
the A, G, F for L.W. will be nearly the same as those for H.W., a quarter 
year earlier or later; and where the difference is nearly 180° the A, G, F for 
L.W. will be nearly equal and opposite to those for H.W. Hence we may set 
aside the change of 90° and 180° to be satisfied by a shift of a quarter year, 
or by change of sign. Suppose then, that @=%-+ a, where a is small, and let 
[A], [G], [F] denote the values of L.W. A, G, F; then, remembering that 


A=H cos, G= Hp’ cos, F=Hpsin3 


and that [A], [G], [F] are represented by similar formule with @ in place of 
S%, we have 
sin a 


PM et 


[G]=G—psinaFk 
[FPF] =F+psinaA 4 
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The values of « are given above, and those of the p’s are known; hence 
it is easy to compute formule of transition from L.W. to H.W. 

The rules given below in the example are derived from these formule, 
but the coefficients sin a/p and p sina are given in round numbers appropriate 
for computation, and are sometimes treated as zero. 


Part II. CoMPuTATION. 
Remarks on the Computations. 


The multiplications are supposed to be done with Crelle’s Bremiker’s 
multiplication table*. 


The other tables required are tables of squares, natural tangents, circular 
measure, and a traverse table. Bottomley’s tables+ are convenient for the 
purpose, because they give no more than is required. The nautical traverse 
table, such as that in Inman’s tables, or in Chambers’ logarithms, is used for 
finding such quantities as H cos$ and Hsin, for if H is “Distance,” H cos S 
is “Lat.” and Hsin is “Dep.,” and the position of the decimal point is 
determined by inspection. For the use of this table it is advantageous to 
have only angles with a whole number of degrees, so as to avoid cross 
interpolations t; the whole calculation is therefore conducted so as to avoid 
broken degrees. A traverse table is commonly given for “Distances” from 
0 to 300, hence, if the “Distance” involves three digits and hes between 300 
and 999, an interpolation is required, so as to use the entries between 30 and 
99; this interpolation can easily be made by inspection. 


All the angles are entered so that the significant part is less than 90°, 
by treating them as + or —, with 7 or 180° added where necessary. This 
facilitates the use of the traverse table. 

It is best to determine the signs of the cosines and sines independently 
from their numerical values, and, accordingly, in the example where ‘000 is 
entered as the value of a sine or cosine, it has a sign attached to it. 


I suppose the computer to be able to add up a short column of figures, 
where some of the entries are + and others —. This is an arithmetical process 
not much practised, but easily acquired. 

The sequences of angles and of cosines and sines, which occur frequently 
below, appertain (except in the cases of Sa and Ssa) to values of the excess 
of moon’s longitude over sun’s (for which the symbol used is )) at intervals 
of 15°, beginning with )=0°, and ending with )=345°, 24 values in all. 
But in the earlier part of the computation, the beginning of the sequence 
occurs at a different part of the column at different times of the year. Thus, 

* Rechentafeln, Berlin, Georg Reimer. 
+ Four-figure Mathematical Tables, by J. T. Bottomley, F.R.S. Macmillan. 


t+ Inman’s Traverse Table is arranged so that the interpolation for a fraction of a degree is 
not very awkward. 
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a list of months is written in the margin, to show where we are to begin at 
any specified time of year. Strictly speaking these months are the times 
when the sun’s longitude + 5° (for which the symbol used is ©) is equal to 
a multiple of 30°; thus, when © is 0°, we have March 15th, when © is 30°, 
April 14th, and so on, as shown in Table VI. If the number of degrees in ) 
be reduced to time, at the rate of 15° per hour, we have, approximately, the 
time of the moon’s transit, and in the later stages of the computation the 
time of Moon’s transit is made to replace ). The sequences of angles are 
found by adding multiples of 30°, adding or subtracting multiples of 15°, or 
adding multiples of 60° (see Table IT.) to certain initial angles (sce Table I.). 
When the sequence has been carried so far that the next addition would 
reproduce the first angle with 7 added to it, it is unnecessary to proceed 
further. In the sequences of cosines and sines of such angles, when we have 
got to this same point, it is unnecessary to proceed further, since the remainder 
is the same as the beginning, with the sign changed. 

In subsequent stages where a constant has to be added to a sequence, 
the new sequence will have double as many entries as the old, the first half 
being formed by addition, and the second half by subtraction ; but in repeating 
the new sequence the signs are not to be changed. This follows immediately 
from what has been said of the signs of sequences. 


Before proceeding with the computations I give some tables and rules of 
general applicability to all ports. It will be best for the computer who is 
learning the process to pass straight to the example, and to refer back to 
these tables as they are required; but I give them in the first place, because 
they will be wanted in the case of any other port. 


Tables and Rules applicable to all Ports. 


TaBLE I. For finding the K’s, the initial entries of the several 
sequences, for H.W. (See (26), § 5.) 


Initials | Principal and nodal terms Parallactic terms 


Km — Kn 


M, Ks, =PmkKm— Km=90 mK =Pn km — Kut 911 H,/H,,—1 


Ky Ky =P Km— Ky 10° ps a K,+Ce =7)) Km = K, 2B 038 Km 
Ss K, =Pskm— Ks 

i 013 Ko — Kq 95° 
O Ky =pPokm— Ko +95 ok =Pgkm— Kq— B Km+ 974 A, /H, — 1 t 
K, Kg SY, Kip K,— 95° K =K,+(p-p,)km=K, +0192 ky, 
12 KG =Pp km — Kpt95° 


My Kom =2Pm Km — Kem 
Sy Ko, =2s km — Kos 
Sa Koy = — Ka — 5° 
Ssa Ksa= — Kesa — LO° 
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TABLE II. For finding the sequences of the 9’s by putting n successively 
equal to 0, 1, 2, 3, &. 


(See (26), § 5.) 


Initials Principal and nodal terms Parallactic terms 
S 3 
M, Ke al 
Ky K, +30°n /K+30°n 
Ss K, +30°n 
O K, —15°” oK—15°n 
Ky K, +15°n K+15°n 
iP K, +15°” 
My Kom 
Sy K,, +60°n 
Ssa Kosa + 60° 
Sa Kg +10°2 


N.B. The sequence for Sa is required under conditions which differ from 
those of the other S’s. 


TABLE III. The numerical values of the p’s. (See § 5.) 


= 
Initials | Principal and nodal terms Parallactic terms 

M, 7k jee S 

Ky p,, =1:038, p77 =1:078 O00; pi lelos 

Ss DP, =1:035, p27 =1:071 

N ji == YE 

O Po = “481, 2 = 231 op='481—013 8-1, ,p?=:231 —:012 8-1 

Ky Dp — Ol pa 269 pp ='538, pp? = 289 

iP Pp = 516, pp’ = 266 

Q Pq = “462 
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TasBLe IV. For computing corrections for reference to moon’s transit, 


viz., ST, 6M, dN, and the sequence @, 


(See (55) § 10.) 


Sequence 
( — 10° + 30°n) 


March —10 


June w—10 


+ 20 m7 +20 

April +50 July 7+50 

+ 80 m +80 

May 7-70 August -—70 

nm —40 —40 

Repeat the sequence. 
aT 5M uns sN= 
=0"172sin 0 = 4™-60 sin ~ 4220088 | __4m.29 cos © — 4-41 
h. m. m. m. 

March — -030 March -- 0°80 March —4:16 March - 8:57 
+059 +1°57 —3°97 — 8:38 
April +°132 April +3°52 April —2°71 April —712 
+'169 +453 -0°73 —5'14 
May +°162 May +4:32 May +1:45 May —-—2°:96 
+111 +2°96 +3:23 —1:18 
June +:°030 June +0°80 Rep. and ch. June —0'25 
— ‘059 — 1°57 —0°44 
July  -— 132 July -—352 July —-1-70 
— 169 — 4:53 — 3°68 
August —°162 August — 4°32 August —5°86 
—1ll — 2°96 — 764 


The sequences for 6T, 5M, 5N are to be repeated without change of sign. 
To find the succession of values for any month we begin with the entry 
opposite to that month, read on down to the bottom, and then begin again at 
the top. For example, 6T for July begins with — ‘132, and then, after going 


on down to — ‘111, it begins again at the top with — ‘0380. 
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TABLE V. For corrections due to part of the equation of time. 
(See (63) (64) § 10.) 


The following is a table of — 3"°85 sin (© + 74°) (which I call c), and of 
the same when the hour is unit of time (which I call d). 


N.B. 286° is the longitude of sun’s perigee + 5°, and 74° is its supple- 
ment to 360°. 


c ad 
— 3™-85 sin (© + 74°) — 04-064 sin (© +74°) 


m. h. 
Marchi atin —37 — 062 
all, GG < -37 — ‘062 
May onan Aes —2°8 — 046 
ARVN) Gg. ea) ap -1l1 — ‘018 
J Ulva ee +0:9 +016 
August . . . +2°7 +°045 


TaBLe VI. Dates and Limits of Applicability of the Tide-Tables. 


Applicability by Applicability by 
reference to Sun’s reference to Sun’s 
Heading for oO long. at Moon’s Heading for oO long. at Moon’s 
tide-table transit tide-table transit 
Sun’s longitude Sun’s longitude 
March 15 0 from 350 to 0 Sept. 17 180 from 170 to 180 
EO 10 ah Og, Ke) es 28 190 ge UO 5 NG 
April 4 20 yy UO A Oct. 8 200 4 UO 5, ADO 
Pape ab: 30 me OO BW % 18 210 a PALO py CH 
my es 40 oO eeO) ss 28 220 5 PANO) ay BPD) 
May 5 50 3 40I 00 Nove 7 230 4 EPA G, SEM) 
x 15 60 y BO 5 10 % ily 240 » 230 4, 240 
~ 26 70 yO «5, 70 3 27 250 > 240 ,, 250 
June 5 80 5» to ~ ee Dec. 7 260 » 250 ,, 260 
a 16 90 SUM oO) a 16 270 » 260 ,, 270 
$3 26 100 Ome LOU 59 26 280 PAN OFSSO) 
July 7 110 py OO ay UI) Jan. 5 290 yy AsO) 5, PAID) 
x 17 120 SLO el 20 - 15 300 » 290 4, 300 
. 28 130 + el ZO SO - 25 310 5) SOON, olLO 
hug, 140 UO) 55 30) Feb. 4 320 » lO) ,, 320 
3 ig 150 or LAO) eer) <3 13 330  OY0) A 6B) 
a 28 160 LOO R SS 160 + 23 340 », 330 ,, 340 
Sept. 7 170 KAO! March 5 350 » 340 ,, 350 
= 


This table gives the days of the year on which ©, or Sun’s longitude + 5°, 
is nearly equal to a multiple of 10°. These days are used as headings to the 
several tide-tables. It is intended that the tables shall be used without an 
interpolation for the time of year, which ought strictly to be made. When 
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the time of a particular moon’s transit, with reference to which a tide is to be 
calculated, falls nearly halfway between any two of the specified days, it 
becomes uncertain which of the two adjoining tables should be used, and the 
question can only be decided by reference to the Sun’s longitude. A column 
is therefore given of the limits of applicability of the table. 


It would be easy, by means of a table of four columns referring to leap 
year, to give the Greenwich times at which the Sun’s longitude is 0°, 10°, 
20°, &c., which would be accurate enough for the present purpose during 
some twenty-five years. 


VII. Lhe Choice of a Umit of Length. 


In a calculation of this kind it is advantageous to reduce the number of 
digits as far as possible, consistently with due accuracy, and it is convenient 
to omit the decimal point when we deal with heights. 


The diurnal tides are so various at different places that no general rule 
can be made to depend on them. 


It is required to express as many of the heights as possible by two digits, 
and it will be best to take such a unit that much of the work shall be con- 
ducted with 70’s and 80's, but to allow a margin and not to try to bring 
them into the 90's. ‘ 

After consideration I think it is best to take such a unit that a’H,, (see 
below) shall be expressed by 70 or 80. Since @’ is usually about 4, or say 
7, then when H,, is given in feet and decimals (or any other unit), we are 
to multiply the heights by a simple factor lying between 14 x 70+ H, and 
14 x 80 + Hy. 

The rule therefore 1s :— 


Multiply the heights by a factor lying between 1000 + H,, and 1200 + Hp, 
and omit decimals. 

In the example below it would have been best to multiply all the heights 
by 700. We should then have H,,= 1098, H,=488, Wc., and this would 
have made @H,, equal to 77. The final step in the calculation would then 
have been to divide all the heights by 700. 


In my example I have not followed this plan, and accordingly the decimal 
point is retained, and an unnecessary number of digits has been written. 


VIII. Rules for the Calculation of a L.W. Table. 


It will be more convenient to state these rules as part of the example for 
the Port of Aden, although they are of course generally applicable to all 
ports: s 
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EXAMPLE OF FORMATION OF A TIDE-TABLE. 


TABLE of Constants for the Port of Aden. 


es = 
M; 
Km 
H 
s: | ; 
Kg 
es 
Ky 
Ky 
fu 
N 
Kn 
le 
L 
Kl 
Hom = 
us ; 
Kan = 
S, jee 
Kos 


These are the results of four years of observation, and are 


Q71° 


from which the tide-table is to be computed. 


ft. 


the constants 


Formation of Sequences (see Tables I., IL, IIL, and § 6). 


K, 8, O K, 
Pj Kn= 238 Dikm= 237 Pokm= 110 Pkm= 119 
—k,=— 244 —kg= — 248 —Ky=— 38 —kK,=— 36 
—10°=— 10 +95°= 95 Oe Oby 
167 
K,=— 16 K,=- 11 K,=r- 13 K=- 12 
IE M, S, 
Ppkm= 118 2Pm Km = 458 QDs Ky= 474 
sae ay 33 —= KIm = —314 — kog= — 271 
+95°= 95 
180 144 203 
Kp=7r+ 0 Kon=7— 36 Ky=r+ 23 


1891] COMPUTATION OF TIDE-TABLE. 297 
Sequences of Angles. 
M, K, 8, 0 K, P M, i 
(K,,+80°n) | (K,+30°n)| (K,—15°n) | (K,+15°n) | (Kp+15°n) | (Kom) | (Kog+ 60°n) 
Sm s, 3s Xo 3, Xp 2m 28 
0° Mar. —16| . —11|Mar. r—13| Mar. —12| Mar m+ 0| r—36 g 1 +23 
(a const.) _ +14 me AHIES) m7 — 28 | a5 2) a +15 |(const.)| & +83 
April +44| § +49) April r—43 April+18| Feb. «+30 2 = 87 
| +74| 8. 4-79 7 —58 +33 +45 “a 
May r—76| S w—71|/May w—73| May +48| Jan. r+60 = 
1 —46| % 7-4) 7 —88 +63 +75 
June +77|June +78] Dec. 7 +90 
+62 =87 —75 
July +47|July —72|Nov. -—60 
+32 — 57 —45 
Aug. +17] Aug. —42/Oct. —30 
° + 2 —27 —15 
Semi-diurnal: A= HeosS, G= Hp?cosS, F= HpsinS. 
| 
My 8. K, 
8 G, F, A, G,, F,, 
(H, =-697) | (H,p,2=746)| (H,p,="721) |), (H,, ="201) |(H,,p,2=217)| (H,,p,, = *209) 
| : ¥ 
Hin=Hypr2=1°568| , +°684| +°732 —'137_||Mar. +7193} +209 —-058 
Ay,=Gn=1:568 |S +659 +°705 4-234 +°195 ALi +:051 
F,,=0 | +:457) +:489 +7544 ||April+-145| 4156 4145 
(constants) 8 +°133 +142 +°708 +:055 +:060 +:201 
|= —297| —-243 4682 ||May —-049! —-053 4-203 
“1 =-526| —663 +473 S140) =e tb) +150 


Repeat the sequences for Ky and S, changing the signs. 


Add M, to S,. 
IN ne IN Grane es 
2252 2°300 
2:227 2273 
2-025 2:057 
eee TOL 1:710 Ss 
S 1:341 1325 
A 1:042 1:005 3 
B +884 836 2 
= 909 863 I 
wl Ee 1:079 <2) 
1°435 1°426 
1°795 1811 
2094 2131 


Repeat without change. / 
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Then write out the three K, sequences, with the months, in eatenso, each 
on a separate strip of paper; place the A, strip opposite to the A,, +A, 
table, so that the month for which the sequence is required falls in the first 
place; e.g. for March put +°193, for April put +145, for May put — ‘049, 
for June put — ‘193, &c., in the first place opposite 2°252 of A,,+A;. Then 
add the A,, + A, and A, tables together in a different way for each of the six 
months from March to August. 


Proceed with the G,, F,, strips in the same way. The next following 
table is formed in this way. 


Semi-diurnal: A,=Am+A,+As, Gza=Gn+G,+Gs, Fx =Fn+ EF, + Fs. 


March April &e. 
A, Gy F, A, G, ‘ F, 2 
2 
| | 3 
2445 | 2509 | 195 2°397 | 2456 | +008 3 
2-422 2484 +285 2-282 2°333 +435 3 
2-170 2-213 +°689 1-976 2-004 +°747 g 
1756 1:770 +909 1561 1559 +°858 se 
1-292 1-272 +°885 1-148 1116 +°740 < 
902 "854 +°623 ‘847 "794 +422 Fa 
‘691 ‘627 +°195 739 ‘680 — 008 & 
“714 652 — 285 "854 “803 — ‘435 % 
‘966 923 — 689 1°160 Lis? — "747 o 
1:380 1:366 -- 909 1°575 1577 — 858 & 
1844 1°864 — 885 1-988 2-020 —"740 me 
2-934 | 2-289 — 623 2-289 2°342 — 429 e 


Repeat without change. 


Diurnal: Av= cos; G= Hy? cos SF = Ho simS; 


O Ky 12 

A, G, iy, A, G, iby Ap G, F, 
(H, (Hyp, (HP, (H, ( 4 Wp (Hp, (H. ( pPp (Hp pp 
= °653)|=-151)|=-314) = 1-299) | =-350) | =:674) = ‘388) | =-103)|=-200) 
Mar. |— 636 | —°147/}+°071 || Mar. |+1:271]+°342 |— +140]; Mar. |—-388|}-—-103}| -000 
— 577 | — 133 |+°148 + 1°297 | + °350 | + 035 — °375 | —°100 | — 052 
April |—°477 | — "110 | +°214 || April | +1-235 | + 333 |+ 208] Feb. | —-336 | — -089 |—-100 
— 346 — 080 | + 266 +1:089 | +°294 | + °367 — ‘275 | — 073 |— "141 
May |-—°191|—-044/+4-300|| May |+ °869)+°234/+4°501]| Jan. |—:194| -:052]—:173 
— 023 | — ‘005 |+°314 + ‘590/+°159 |+ °601 — ‘100 | — 027 |—°193 
June |+°147|+°034)+-306 || June |+ :270)+-073 |+°659]) Dec. 000 | 000 | -- :200 
| +°307 |+°071 | +°278 — :068 | — 018 | + ‘67 +100 | +°027 | — +198 
July |+°445 |+-103 | 4-230 || July |— :402}—-108 | +°641)) Nov. |+4:194 | +:052 |—-173 
+ 554 |+°128 | +166 — *708}—*191 | +°565)| +°275 |+°073 | —141 
Aug. |+°625 |+°144|+-092 |) Aug. |— -965} — -260 | +°451|| Oct. |+°336|+-089 | —-100 
+°653 | +°151 |+-011 —1°157 | — °312 | + 306 +375 |+°100 |—-052 


Repeat changing signs. 
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Add together the O and K, sequences as they stand above :— 


O+K,. 
AGA Cr ey, Wael, 
March +635 +°195 — ‘069 
+°720 +°217 +:183 
April +°758 +223 +°422 
+°743 +°214 + 633 
May +°678 +190 +801 
+567 +154 +°915 
June +°417 +:107 +:965 
+ °239 +053 +°951 
July +043 —°005 +871 
—'154 — ‘063 +°731 
August — 340 — ‘116 +543 
— 504 —'161 +°317 


Repeat changing signs. 


Write out the P sequences in eatenso with the months on the margin 
(24 entries), each on a separate strip of paper; place the A, strip opposite 
the A,+A, table so that any chosen month in one agrees with that month 
on the other ; add the two tables together, making the first entry in the new 
sequence that opposite which the chosen month is written. For example the 
April entry in the A, sequence (completed),is —°336, and this added to 
+ ‘758, the April entry of A,+ A,, gives + °422, which is the initial entry in 
the diurnal sequence for A, corresponding to April in the following table. 
G, and F, are operated on in the same way. 


The first time the computer does this sort of work he may find it con- 
venient to write out the O + K, sequences in extenso, so as to see exactly how 
the computation runs, but it will be found with a little practice that this is 
unnecessary, 


Diornal; Aj=A, +A, +4, -G, =G,+ G+ G,, Fy =F,+ F,+ Fy. 


| ] 
| March | April &e. 
Ay G, F, Ay G, F, g 
= DM 
| 4-247 4-092 — -069 4422 4134 4-522 a 
4345 4117 4-131 +368 4114 4-685 | 
+499 4-134 4399 4290 4-087 +801 = 
+468 4141 4-492 +192 +054 4863 = 
4-484 4-138 +698 4-081 +018 +865 | 2 
4-467 4197 +°722 — -036 ~ 020 +810 < 
4-417 4107 4-765 =]51 =-057 +698 al 
4339 +080 +°758 — 254 —-090 4°538 8 
4-937 +047 +698 — 340 ~-116 4-343 2 
4-121 +-010 +590 — +404 ~-134 +14 | 2 | 
—-004 — 027 4-443 ~-44) "143 — +104 5 
— +129 —-061 4-265 —-445 — +144 B04 oe 
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Quater-diurnal: A=Hcos$, G=H(2p)cos$, F =H (2p) cos. 


M, | 8, 
2m Gom z 2m Agog Go, F 28 
(Hon="007) | (4H,,=°028) | (2H,,="014) || (H,,="006) | (4H2,p,"=-026)) (2H,,p,=:012) 
— ‘006 — 023 +008 4 —-006 — 024 — 005 
const. const. const. Ss --:001 — ‘003 — 012 
Ss  .+°005 +021 — ‘007 
= Repeat Repeat Repeat 
= and change| and change | and change 
Quater-diurnal: A, = Ag, + Ax; Gi= Gon + Ge, F,= Fon + Fe. 
A, G, FB, 
n — ‘O12 — 047 +003 
3 -— 007 — 026 — 004 
6 - 001 — ‘002 +:001 
q “000 +:°001 +°013 
= —:005 — 020 +020 
t=O —-044 +015 | 


Repeat without change of sign. 


Semi-annual and Mean Water. 


(See (56), § 10.) 


ay re Wa 

—10°=—- 10 

224 

Koeq = 7 + 44 

Sequence. 
Kgeq + 60° Fggq COS S55 Bo=F + Hoeeq, COS S 55a 
38a (Hogeq=*095) (3 =3°859) 

March r +44 —-068 March 3°791 
| April —76 +:023 April 3°882 
May =—17 +°091 May 3°950 
| Repeat and change June 3:927 
| July  3°836 
| Aug. 3°768 
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ad Ksa — 357 
—~5° =- 5 
Key = — 2 
Sequence. 
Kyy+10°n 
Ysa 
March — 2 June +88 
=m ts) m — 82 
+18 nw — 72 
April +28 July 7-62 
+38 mw —52 
+48 mw — 42 
May +58 Aug. 7 — 32 
+68 mw — 22 
+78 w—12 


Annual Tide. 


ft. 

March +°390 
+386 
+371 
April +°344 
+°307 
+°261 

May +°207 
+°146 
+°081 


ft. 
June +014 
— ‘054 
— ‘121 
July — +183 
— ‘240 
— ‘290 
Aug. — 331 
— 362 
—°381 


Mean Interval 1, and Parallactic Correction to i. (See (31),§ 6; and (47), § 8.) 


Km = 229° 
5p tm= 7633 
shag tm= 267 
i= 7900 
Retaining 7 in hours, parallactic correction to i= + 0™08 x 7 


=) 063 
N.B. 0™08 is an absolute constant. 
: ee ef 
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Parallactic Corrections. (See § 3, 8.) 
36°4H,, is greater than 8H,,; therefore a= 4, a’H, = ‘07H, = °110 
36°4H, is greater than 8H,; therefore @=4, B'H, ='07H, = ‘046 


ll 


(N.B. When either of these inequalities is less instead of greater, put 
a=1214H,/H,—4¢, @H,='639H, —‘07H, 
8=12:14H,/H, —4, @’H, ='639H,— 07H, 

If the N tide is unknown take a=1, a’ = 4,; if the Q tide is unknown 

take B=1, PB’ = 44.) 
(Table IIL.) jp =‘481 — ‘013887 = 481 — ‘010 = °471 


op? = ‘2381 — ‘01287 = 231 — 009 = 222 
(Table I.) Let 
Km — Kn 


O11 


the denominator is 9°11 x ‘272 —1 =1'48; the numerator is 4°. 


Hence y=4+ 4° +148 = 43° 
7 Ky — Ko _ 013 
' SIL J Het 58 
the denominator of the first term is 9°11 x ‘232 -—-1=111; the numerator 
is - 4°. Hence the first term is — 4°. The second term is 

—°010 x 229° = — 2° 
Hence §=-6° 


Let r) 


Km 


(See Tables IL, IL, III.) 


M, K, O K, 
PRE ee) O384km= 9 Paku= 106 O192k,= 4 
—Ky = — 225 K,,=—-—16 —Kky =— 42 K,=-12 
ay 3 +8 =- 6 

+95°= 95 
153 
mk=+ 3 Aare K=n— 27 K=- 8 


N.B. My calculations were made on a principle, now abandoned, which 
led to slightly different values. I therefore now continue the calculation with 


aH, ='122, ~’H,=-041 


AK =+ 6) | Kea See to eee 


“i 
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M, K, ) K, | 
(nis) (,K + 30°n) (,K -- 15°n) | (,K +15°n) 
m> ue oF ~ 
+5 March — 8 March 7—19 March — 8 
const +22 ma — 34 + 7 
April +452 April 2-49 April +422 
+82 mw — 64 +37 
May 7-68 May 7-79 May +52 
1 —38 +86 +67 
June +71 June +82 
+56 a —83 
July +41 July 7-68 
+26 mr — 53 
Aug. +11 Aug. 7-38 
-— 4 m — 23 
Semi-diurnal. 
me = oi eles cos ASD au = On Pmt cos rae ae = OA Din sin ae 
A= '036H,cos,3, ,G='036H,,p?cos,S, ,,F =036H,,,psin,S 
A= pAt A, m=,047.G, Lh=_r+,F 
me uA wih’ ‘s iG ae me 
(aH, ="122) | (036 H,,=-007) “Sper | (-036 H,,,p?="008) (a’H,, Py, ="122) | (036H,,, p= 007) 
+122 March+‘007 | +:122 March + ‘008 +011 March —:‘001 
const. +006 | const +007 const +°003 
April +-004 April +005 April +006 
+001 +001 +007 
May —-003 May —:003 May +006 
— 006 — ‘006 +004 
ee ce S\N - quia Se 
a) Mg ly 
March +129 March + °130 March +010 
4128 +129 +014 
April +126 April +°127 April +:017 
+193 +123 +018 
May +°119 May +:°119 May +017 
+°116 4°116 +015 
June +115 June +114 June +012 
+116 +115 + 008 
July +°118 July +°117 July +005 
+121 4-121 +004 
Aug. +°125 Aug. +7125 Aug. +°005 
+128 +128 +007 


Repeat without change. 


It might suffice if the parallactic correction to K, were neglected, in 
which case 2,= m, = mA, l,=mF. The labour of making the correct table is, 
however, inconsiderable. 
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oG ra BH, oD” cos ons 


[7 
= 8 Ao psi 


A= ‘036H, cos 8, ,G=:036H, ,p*cos 8, ,F=-036H, ,psinS 


a=, A+ ,A, m=,G4 G, L=,Foar 


A ‘GH 0 ov ( e ( vA 
‘ a) “03 , m2 . 3 a 2 . + ah 
Be 02)) 04) 008) Bie ‘os, | “Scots? | “S038” 
March — 039 +047 —°009 +:013 + ‘006 — 003 
— ‘034 +:047 — 007 +01 +011 +0038 
April —'027 +044 — 006 +°012 +:014 +009 
— 018 +038 — 004 +010 +:017 +015 
May — ‘008 +029 — 002 +008 +:°019 +020 
+003 +:018 +001 +005 +:019 +023 
June +:013 +007 +003 +002 +°018 +025 
+°023 — ‘006 +005 — 002 +016 +025 
July +031 —'018 + 007 — 005 +°012 + 023 
+:°037 — 028 +008 — 008 + 008 +020 
Aug. +040 — ‘037 +009 —-010 + 004 +015 
+041 — 043 +-009 — 012 — 001 +010 
a my q, 

March + ‘008 March + ‘004 March + ‘003 

+°013 +°006 +°014 

April +:017 April +:006 April +023 

+°020 +006 + ‘032 

May +:021 May +°006 May +:°039 

+°021 +006 +042 

June -+:'020 June +:005 June +:043 

+017 +°003 +041 

July +:°013 July +4002 July +:035 

+009 ‘000 +028 

Aug. +:°003 Aug. —-001 Aug. +°019 

— 002 — 003 +009 


Then the semi-diurnal sequences are as follows :— 


Repeat these sequences, changing the sigus, 


Nodal Corrections. 


(See (51) (52) § 9.) 
Find by reference to preceding sequences the following nine sequences :— 
(1.) — 0372 Am, (1i.) + 283A, (iii.) + °296F,,, (iv.) +:283F,, (v.)— 03724, 
(vi.) —'296G,,, (vil.) —-0372Gm, (vili.) +°283G,, (ix.) + 319F, 


Ay 18 (1.) + (a1.); 6, is (ai1.); c is (iv.); d, is (v.) + (vi); 
€ 18 (vul.) + (vill.) ; fo 18 (ix.) 
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For example :— 


Ay. (ly. 
Miarehicces:3. — ‘003 oP UTLGS eee echtu atten — 113 
— ‘0038 —'1138 
PN ial Peer — ‘017 ULV bce saak — 099 
— 042 — ‘074 
ES aie oer — ‘072 AUSUSt eres: — ‘044 
— 098 — 018 


This, and the other semi-diurnal sequences are repeated without change 
of sign, and in all six of them the months run just as in this example, and 
denote the places at which to begin reading the sequence for the month in 
question. 

The diurnal sequences are obtained thus: 

Find, from preceding sequences, the twelve following— 
ye ieoa, (Wie tion, (il.)— soln) “(iv,) +207, (vy) Fe IssEy. 

(vi) +°‘115F, (vit) +°391G,, (viil.) —:297G,,_ (ix.) + 188G,, 
(x.) +°115G,, (xi.) -—°0905F,, (xii.) + 080F, 
Then 
a, is (1.)+ (.); 5, is (111.) + (iv.); ¢, 18 (v.)+ (v1) ; 
d, is (vil.) + (vili.); @, 18 (ix.)+(x.); ff is (x1) + (x1) 
For example :— ‘ 


Morehaiee nc, 4 + °026 LUNGS rant nse: +059 
+ ‘041 + 050 
A pram cece. + °052 Dali choose + 038 
+ ‘060 + 023 
May. caretcsss + ‘064 August......... +007 
+ 064 — ‘010 


This, and the other diurnal sequences, are repeated with change of sign, 
and the months in all six of them run just as in this example, and denote 
the places at which to begin reading the sequence for the month in question. 


Calculation of Height, Interval, and Corrections for each Month. 
(See § 7, 8, 9, 10.) 


Remarks. Each column in the following computation is arranged exactly 
like the first, so that it is unnecessary to repeat the letters in the successive 
columns. 

For the month of March, which serves as an example, we refer to the 
March sequences, and enter the twelve values of G, successively, in the top 
left-hand corners of twelve columns; below these are entered the twelve 
values: of G,, and the twelve values of G,, and on the right of the columns 


Deets 20 
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are put the twelve values of F,, F,, F,. A similar statement is true of all 
the other symbols all the way down, and all the sequences are utilised up to 
twelve entries in each. 


The divisions and multiplications may be done by Crelle’s table; A, is 
found by a table of natural tangents, and 6A is converted into degrees by a 
table of circular measure or radians. It is necessary to take as an approx1- 
mate value of A, the nearest even number of degrees. 


From the places where the values of A, are found, the left-hand side of 
each column corresponds to the time of moon’s transit written at the head of 
the column, and the right-hand side to a time of moon’s transit 12" greater 
than the time specified. But the whole table for any month serves for its 
opposite (e.g., September opposite to March), by transposing the words right 
and left in the preceding statement.. Thus the whole computation has only 
to be made for six months (up to August inclusive), instead of for twelve. 
The diurnal terms with suffix 1, are written in the margin, with alternative 
signs, and the upper sign is to be used on the left, and the lower on the right 
of each column. 

Thus, in finding, for example, F,cos4A, on the right we deem the F, 
written at the head to have its sign changed. Thus, in the column of 0" we 
have F, = — ‘069 and on the right-hand, A, = + 4°; then the required entry, 
on the right-hand, for F, cos $A, 1s + 069 cos (+ 2°) = + ‘069. 

The values of 5T, 6M, 6N are extracted from the sequence of those func- 
tions in Table IV., and they are the same on each side of the column. The 
value of B, is taken from the sequence of the semi-annual tide and mean 
water, and changes only with the month. 


The parallactic correction to the mean interval, 7, is introduced in com- 
puting R. This is a constant of the port and is the same in all months. 


In computing the height J, and its corrections, an approximate value of 
A is used, namely, the nearest even number of degrees; this approximate A 
will often be the same as A,. 


In this table it appears to me specially important that the signs of the 
sines and cosines should be determined independently of their numerical 
values. 


Whereas in the right-hand of column 6" we get, as a result of a second 
approximation, no value of A, the conjectural value A =+ 90° is adopted for 
the computation of P, Q, S, and values of M, N, R are not computed. 


The table has rows marked 8J, 6h, M”, N”, P”, Q”; all these are derived 
from a subsequent table of “ Corrections for reference to the Moon’s transit.” 
But it appears convenient to finish off the computation on this sheet, although 
we have to pause in the computation in order to calculate the said table of 
corrections. 
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MARCH. 
Interval 0° or 0b 15° or 15 90° or 6h 
Gy +2509 F, — 195|/42:484 4 -285 + 627 + 195 
Gy + 092 F, — 069/4+ 117 + -131 + ‘107 + ‘765 
mer = yy ln, + -003]/— 026 — :004])&c.}]— 047 + -003 
Go+ Gy +2601 F,+F, - :264]4+2601 + -416 + ‘734 + -960 
Gy—-G, +2°417 FL,—F, — °1261/4+2°367 + °154 + 520 — ‘570 
F,+F, F,—F; ke longletheen: A Pains ot 
t A = at . Oz 5 = ae = . 52, ‘ali Oe et =, . Ay -4 : ri % > 
ee caay”  aGcG 160 065 1308 +1-096 
Ao +6° +4° | —10° -4 = O02) et 4G), 
a F,cosA, — 194 — 195}/4+ -281 + -284 e120 oi 
8 F,sind,. — 020 - 014]- -050 - -020 — ‘154 + +145 
y GecosA, +2°495 +2°503}42:446 +2:478 + °386 + -420 
5 G sina, + ‘262 + ‘175|< 431 = 173 ~ -493 + 466 
e +Fy,cos}A, — 069 + -069}+ “131 — 131 + °688 699 
¢ +Fysinga, — -004 Eon =) Oll” 4: +005 | eer |— ~386° = O81 
n +2G,cos$A, + °184 = “18444 283) — “734 4 4199° = *196 
6 +2G,sin$a, + ‘010 — 006}— 020 + °008 = 094 5 0087 
A Fycos2A, + 003 + 003]— ‘004 — -004 — ‘001 ‘000 
» Fysin2A, + 001 8 + 000/+ 001 + -001 = 003 =P 008 
y 4$G,cos24, — 023 - — 023/—- 012 ~ 013 + 006 + -002 
p $Gysin2a, — ‘005 7 — 003}/+ 004 + 002 + 023 — -023 
até ee en ee = 373 a a07 
«+6 — 09 =&= + 063/+ ‘111 — "123 + 694 — °786 
A+p — 002 & 000] 000 — 002 + 022 — 023 
= if 
Sum N, + 007 - 3 + 043]/- 039 — 014 + 243 — -212 
ta = "188 1.8; “4 ASC} -044. 4-939 — $28 — “115 
4(¢-n) — 094 8 + 093)- 122 + 120 — 264 — -058 
B-y -2515 8  -2517|-2-496 —2-498]&c.|- 540 — -275 
2 (ju — v) + 048 > + 046+ 026 + -028 - 018 + 002 
Sum D, —9561 |. — 2'378|— 2-592 —2°350 = 6290 = 33) 
ot = . ———_—__—_ — =—S 
s8A=N,/D, —- 003 a — -018}4+ -015 + -006 — 296 + °640 
(In degrees) 6A —0*2 és —-VO} 40°9 +40°3 =D SESKOr ey 
A=A,+dA 458 “F +3°0 =91 =37 ~ 68-6* No u.w.* 
zu 193g 100} 303123 2087 & 
soi GoM aves 4 11 4 80. a 
ale 2 
(In hours)Z + 200 4 + -104/— 314 — -197|%|-2267 & | 
éT — 0830 & — -030]4 059 + -059 + 030 428 
ride fone 
+ 170 + ‘O74]-— 255 — -068 —2:337 33 
(Mean int.) 2 7:900 7900] 7-900 7-900 7-900 A 2 
= S ees 
8-070 7:974| 7-645 7°832 5563 «KE 
a ag 
8h 4m-Q 7>58™-4| 7h 38m-7 7h 4gm-g 5D 33"-8 S77 
(See below) 6/ +0°9 (0:4 eo — 1S) = 0:8 +06 5 
~ == Oo 
slg gh 5m 7h 59m | 7h 37m Th 49m 5h 34m D 
: * 


Continue up to 165° or 114, twelve columns in all 


bo 
SS 
le 
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MaRcH (continued). 
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Correction of D UP or OF U2 Op AL 90° or 6 
a+8 — ‘531* 
a (+6) + "126% 
4 (+p) + 044% 
Sum This correction need only be made when — °361* 
(In cire. meas.) 6A D, is small and 6A considerable &e. 4 -022* 
| Product &D — ‘008* 
, — *744* 
| D=D,+6D —2°56 —2°38 |-2°59 —2°35 a=) OR 
Height 
Ay 2°445  —Fo + 195} 2°422 — 285] | ‘691 — 1195 
Ay + 947 —E, + 0691-0345 — 131 1Sc.|4 “417, = 765 
Ay — 012 —-F, — ‘003]—- ‘007 + ‘004 — 012 — ‘003 
Approx. A +6° +4° = 110 ail — 70* None 
A, cos A 2°432 2°439] 2°385 2°416 236 
—F,sin A + ‘020 + ‘014/+ ‘050 + -020 2183 os 
+A, cos$A + °247 as — ‘2AT]+ +344 — +345 + 342 8 
F2F,singa + 007 &., — -005/+ 023 - -009 EN yi eo 
A,cos2A — 012 “8 - 012/- 007 - 007/&e.]+ 009 & 
—4$Fysin 2A — 000 3° — ‘000]— 001 — 000 + 001 95 
aid =e nt sae 
Sum / 2694 2 = 2189] 2-794 2-075 1649 S'5 
B, 37791 ae S 3791] 3-791 3°79] 3791 ¢ 
o Z le) 
2,9 mn 
6-485 ar 5:980| 6585 5866 5440 8 
(See below)d2 - 004 ? + O01/+ 004 - 012 014 9 
| = = an db 
5) 6°48 5°98 6°59 5°85 5°43 
| Nodal correction 
A +6° +4° | -10° —4° —70°* +90* 
119™+D — 46™ —50™ — 46™ —51™ | &. |— 158™* 
C2 — ‘016 es + ‘O00O1}+ ‘014 + -002 + 016 - ‘117 
Cy — ‘003 ey + ‘O11]/+ ‘0382 + :015 + ‘134 +4 -014 
C2c0S A — ‘016 — ‘016]+ ‘014 + °014 + °005 
é2S8in A + 0) + O|- oO - 0 + ‘110 
+c, coszA — Sig Bias af Bids B= BY ab, SIO 
+2e,sindA + ih Re - 1]- 30+ 1 = Ke 
ane L 
Sum — ‘018 2-2 - O14 |+ 043 — 017) &e.4+ -209 
Mult. by119/D +0°8 &S +07 |-20 +09 ~ 33:0 
5M —0'8 a : —0:8 "1416" 16 + 08 
Sum M’ 00 && -01 |-04 +425 — 322 
(See below) M” +0°4 =) +02 |-0°8 —0°4 + 03 
Sum M +0°4 +01 |-1:2 +21 es 31°9 None 


&e. 


&e. 


&e. 
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MARCH (continued), 
Nodal correction— Senet ‘5 . ~ 
(continued) Oa ne SOO DG 
dy — +120 to —019 | &e. &e. | &c.] &e. &e. | &e., 
dy 159) fF = 017 
| dy cos A 
Fpsin A &e. 
+d,costa 
+2f,sinda Compute like M |] &e. &e. | &e.| &e. &e. | &e. 
Sum 
Mult. by 119/D &e. 
dN 
Sum N’ Xe. 
(See below) N” 
Sum N None 
ay — 003 — 5 +016 | —-0038 — 014 —'1138 — ‘016 
ay +026 -c, +:003} 4-041 —-032 | Xe] 4-059 +134 | &e. 
dy COS A — ‘003 — 003 | —-003 —°003 — 0389 ‘000 
—¢c)sin A + 9g ee ae kok fe + 15 - 16 
+a, cos$Aa + 2 © — 26]4 41 = + 48 — 42 
2c, sin$A a Oe S250" “6 = +:154 +4+:°190 
ee oie : 
co) 
Sum P’ + 025 Dw — 028 | +°046 — 045 +:178 +°132 
(See below) P” —-002 HE 000 | +:002  —-005 —-006 +005 
oe all 5° a ——— 
Sum P +023 — ‘028 | +048 — ‘050 +:172 +137 
by —O17 -d, +:120] &e. &e, &e. &e. 
by 70" 60. 159 
by cos A 
—d,sin A &e. 
+6, costa 
+ 2d, sin$A Compute like P| ce. &. |&c.} &e. &e. | &e. 
Sum Q’ &e. 
(See below) Q” 
Sum Q 
Parallactic corrections 
Es +010 mm . +1380} +°014 4+°129 | &c.14°012 +°114 | &, 
ly +008 my +004 }+°014 +006 +:043 +:005 
1, cos A +010 +010 |+'014 +014 + 004 
mysin A +0 14) ge Se = 22 - 107 
+1, costa Teron ac = wee ee id + 35 
+2m,sin$Aa wey See eS Ode aes Sen =) 6 &e, 
—————— fo} S — — —- 
Sum +027 a +°:016)+°005 —-009 — 074 
Pp Es 
en 
Mult.by119/D -12 7 -08 |-02 +05 +117 
Par. corr. to 7 +0°6 a2 +06 | +06 +0°6 + 0 
eee pox! S = 
—06 = —0°2 +0°4 +11 +12°3 None 


Sum R 
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Marcu (continued). 
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SECOND approximation. 


Parallactic corrections 0° or Ob 15° or 1 90° or GP 
—(continued) 
22 +129 | —t, = O10.) Gee. &e. &e. &e. | &e. 
ral +008 —-l, —-003 
22 COS A 
—l,sin A &e. Compute like] P and Q &e. &e. | &e. 
+2,cos$ A 
+20, sind A &e. 
Sum 8 +135 +°120 | +°143 +°115 +115 +°035 


When the correction 6A is large, as in the case of column 6", this is 


necessary. 
Column of 90° or 6% 
Assume A, — 70° +86° 
a + ‘067 +°014 
B "183 +°195 
y +214 +044 
6 — 598 +625 
€ +627 — °*560 
¢ —*439 ~ 529 
” 4175 —-157 
6 — 123 —'146 
r — ‘002 — 003 
ye ~ 002 +000 
y +018 +023 
p +015 —-008 
a+6 — 531 +°639 
e+ + °504 — °706 
At+p +011 ~-006 
Sum N, — 016 — 073 
¢-n — 614 —°377 
3 (¢€—n) — 307 — ‘189 
~y —-397 +7151 
2 (p- v) — ‘040 — ‘046 
Sum D, — ‘744 — 084 
dA=N,/D, +022 +°87 
(In degrees) 5A +1°°4 4+50° 
A=A,+6A — 68°6 No H. W. 
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It is concluded that as the correction in the second column is 50° there 
is no H.W. A conjectural value of A =+ 90° is used above in computing 


se Q, ea 


* There ought in strictness to be further corrections to }f and , but they are of little 
importance, Thus ;— 


Further correction to and ¥. 


When A is greater than (say) 50° there are further corrections [5], [5h] computed from 
sr gh(] 2 012 3F sin? ; ig Weoae 
{6Z]= -2"(1-) “hil? 2 sin* A cos A+(G,,+G,) sin? A] 
[dh]= —:012[3(A,,+A,) sin? A cos A -- F, sin? A] 


Thus in the column of 6" on the left A= — 70°; then compute thus :— 


byt vl KE G,=+ °627, A,=+ ‘691 
3F, = + 585, —H,, = — 1°568, -H,,= —1°568 
G, a H,,= = ull Ay es H,,= = Sif) 

G,,+G,= — ‘941 3 (A, - H,,) = — 2631 


3 (A, +A,)= —2°631 
By successive use of Traverse table, 
(G,+G,) sin A= +°884, 3F, sin A= —-550 
(G,,+G,) sin? A= —°831, 3F, sin? A= +°517 
(G,,+G,) singsA=+ °781 
+3F, sin? Acos A= + :177 


Divide by D or —'752 —:0115 


x 25+ 0153 


+ °0306 

“une 
[sI]=+ -030 

=+ 1-8 

Previous {=533™-8 


Correct }=5» 36™ 


Again, by successive use of Traverse table, 


3(A,,+A,) sin A= +2°472, -—F,sin A= +:183 
3(A,,+A,) sin? A= — 2°323, -F, sin? A= = Oi lt 

3 (A, Ail A,) sin? A cos A= — “795 

—-F,singA=+ °162 

= 633 

x — ‘012 

[snJ=+  -008 

Previous 9 = 5-426 

Correct #9 = 5:43 
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Evanescent Tide. (See § 7.) 


The right-hand column of 6" leads to no H.W., and the tables of ¥ and 
YW must be completed by other formule. 


The following calculation is very like the preceding one. The value A, 
will always be nearly + 90°, and in our example it is exactly + 90°. 


The computation of M,N, R is to be omitted, and that of P, Q,S has 
been included in the general calculation with a conjectural A= + 90°. 


Marcu. 
a= = 
Evanescent Tide Evanescent Tide (continued) 
El? Gy @ 90° or 6° 
ce +107 © Fi = 4-765 ba=e » +110 
Gy — 047 Bs +003 || (In degrees) 8A __,, +6°°3 
qFy + 19] eae 
Go+ Gy Lee yedttln A=A,+6A +96°3 
G.—-G, +°520 F,—£F, +-004 7 2 = ee 
Got G, Gy. - G, EN 3°210 
tan A,= ,—— ; 130°0 39 Hy 
0 fi + 4h, ” F,—} ; SL st aka i 112 
Ao ” + 90° ~ —————————— 
I 9 3°322 
a F,cosa, a “000 6T - +-030 
B Fy, sin A, is +195 ———_——— 
y G,cos A, . ‘000 3°352 
6 G,sin A, 3 +627 Mean int. 7 - 7°900 
e +F, cos4A, 3 — 54] ila 
¢ +F, sin o40 ” — ‘541 Lis Ma} 
n +2G,cos3a, _,, —'151 (See below) 62, + 25 
| 6 +2G,sin$a, __,, s —'151 a 5 
Brie s —— [pp — i as TPS Tg 
r Fy cos 2A, ms S OS ea 
p Fysin 2A, 5 <= ‘000 Ay 691 FF, — 195 
v 4G, cos 2A, bs 3 +024 Ay +417 F, — 765 
p 3Gy sin 2A, ” is "000 Ay — O12 Fy 08 
— a A _ 96° or m — 84° 
C=7 ” 2 — 390 
ea peg aa A,cos A 9 a=) — ‘072 
3 (¢-n) 7 B — 195 —F,sin A oe — 194 
is— ” oy +°195 ae Ay cos $A ” fo) — 279 
2(u—v) mr bp — 048 + 2F, sin 3a * a +1137 
Oe A, cos 2A ap 4 — ‘012 
Sum IDy, ” © — 048 be $F, sin QA ” a) + ‘O01 
5 en eo, On SSS Se 
(«+ 6) >» p — 692 Sum / a = + ‘681 
: B Bz 3-791 
3 (e+8) v — 173 : a 
ate +°627 || ob 4°372 
4(A+p) » ~ O12 (See below) d& —_,, is + ‘O11 
a Ps 
Sum — E, F +442 | ® Bt 438 
E, ee —442 || 5 — 
|| 
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Corrections for Reference to Moon’s Transit. (See (57)—(64), § 10.) 


Of these corrections 6/, dh, M”, N”, P”, Q” have already been used in the 
preceding calculation, and we have to show how they are to be computed ; 
we also have to compute ft and f’. 


From March “intervals” and “heights” we extract J and h, and arrange 
them in double columns—the even entries in one column and the odd in 
another. The columns 0° to 11" afford the 12 values for 0" to 11° of J and h 
by means of their left hand entries, and they afford the 12 values for 12” to 
23 by means of their right hand entries. The entry for 23" is repeated 
at the top and that for 0" at the bottom, so that each column has 18 entries, 
and thus each provides 12 first differences. After finding these differences, 
the distinction of odd and even entries is unnecessary. 


The numerical factors 2°2, 35, 2°34, 4, gj, 2°34 in the legends at the 
top of the columns are absolute constants. 


The ©’s are derived from the sequence in Table IV., beginning the 
sequence with the month treated. 


The values of c and d are derived from Table V., for the month named ; 
thus for March c is — 3™7 and d is — 0"-062. ; 


The values of M”,—N”, 6/ are found in columns vii., x1, xil. of the first 
table, and P”, — Q”, dh in vii, xi, xii. in the second table. The entries 
opposite 0' to 11> were used above on the left-hand side of columns 0" to 
11°, and the entries opposite 12 to 23" were used above on the right-hand 
side of the columns 0° to 11", 


The quantity ’ is not a final result, but after interpolated values of J’ 
(see below on Interpolation) have been found, we shall add to it computed 
values of the annual tide, so as to form f. 


The arithmetical processes involved in these tables are sufficiently ex- 
plained by the instructions at the head of each column. 
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69-3 | 0 
e — | e — | 93 +| 6or +| 9 + | ott +] or -| g@- | 96 —| op— | oct +] H+ | e928 83 
ee — | g —| ie +1| 49 +1 ++ | 12 +1] 03 —| ot— | per —4+ of— | 903 +| 99-+ 8:5 | Bz 
“oO” ‘OW “OW” “Oo” “ON “OW “OW ON “O®# “On “ON ‘ON “ON “Oo” 
Oe + ie — |e 4) et 4 4 —¥ los © = oe =| Oo = | ott I 08 F | am | ce-— | 1h e 
¢ +{)/¢ -—-|¢ -|et =| t- | 61 -|3 -| t- | we -| ost les —-| 90- 183 | @ 
bo ee 4s a ce Seal ee Sel 45 ce |) eh at + EE ost. ize Se ate | ele I 
910.-— | ¥00-— | g10-+ | 6g00-+ | ¢ + | ¥F600-+ | oo.- | LT — | 2100.- | OL- | G600-+| 92+ 69-2 | 0 
4 €.3 eZ 
.y J J y ‘ay y J q 
ror DS | AX PER | Xt ME | mura | wma Ne | capsoo-me| tatea | age [capursnr] OR | xe | roma Y 
“Tx “1x 1x ‘x = “HHA “TTA Ta ‘A “Al 1H 1 1 
4 49 LOe wd | LPlUve 
‘syybiayT— youn Jy 
| | 
ozo+! o | 
07+ | oet+t | te- | tIi- | 6 - | o81- | o1+ | 8 + | I¢1+ | or— | ges- | 201- | e2o+ e% 
or+ | ect | ae- | gto- | ¢ - | we0- | pot | r+ | 938+ | oL- | OFB- | 60T- 1G-I+| 8 
“ORY “ORY “O29 “O» “OR “OR “Op “Oo “OR “OW “OH “ON “ON “OX 
ge+ | 6r- | os- | geo- | « - | 2e0- | 3s- | o1- | 603- |. ost | IL3- | 960- | Te1- : 
ne+ | or- | oe- | ger- | 2- | I- | gt- | 8 -— | 691- | og+ | 083- | 001- Z0- | f 
get | g1- | ee- | ooz- | T1- | 113- | 80- | » - | 2L0- | ost | $33- | 2O1- | I¢0- I 
get | 6ot+ | pr- | ots- | U- | 933- | Fot | 3 + | OFO+ | OL- | 6as- | FO1- 0Z-0+ | 0 
e).0+ ec 
ul UL ul Ul % YU YU Y YT 
a | 
poe | axes | xtc | xr—cnma | ima té | carson) watca | ag | carats mn ropy | HXSS | TMG i 
“TIX “Ix “1x 2 x] “THTA “TA “tA ‘A ‘AT “1 ze ‘1 
I I¢ uN— uN LPP] 


‘sppALagUT—'YoLD JT 
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Additional Values of Intervals and Heights. 


* Where the intervals change largely between one column and the next, it 
would add much to the accuracy if additional values were calculated. Thus, 
in the calculation for March further values between 75° or 5" and 90° or 6%, 
and again, between 90° or 6 and 105° or 7, would be desirable. The like is 
true for August, where a column between 105° or 7" and 120° or 8" would be 
useful. I choose this last case for my example. 


If Inman’s traverse table be used, interpolation may be made for 1124° 
without much difficulty, but I think it is better to interpolate for an even 
number of additional degrees, and to compute a column for 113°, found by 
adding 8° to 105°. 

It is proposed then to add a new column between the 8th and 9th. 


We begin by interpolating in the sequences of angles. In each sequence 
we have to find the 8th entry for August; then, if it is semi-diurnal, add 16° ; 
if diurnal add 8° for K, and P, and subtract 8° for O; and, if quater-diurnal, 
add 32°. In the sequence for © we add 16°, since it is similar to a semi- 
diurnal term. The calculation runs thus :— 


K, 8, 0) K, P S, 
8th entry . .| 7-46 | «+19 —88 | +63 | w—45 | 7+83 
eM (0 ey ce | +16 +16 = 8 + 8 + 8 +32 
Seer s0 a aoe | of OL nels |, ae 87 ~75 


Also Sin = 0, Som = 7 — 36°, as before. 

The 8th entry of © is 7— 40°, to which we add 16°, and find @ = 7 — 24°. 
With this value of ©, compute 6T, 5M, SN. The interpolation amongst the 
sequences of angles for the parallactic terms is done in the same way. With 
these new values, and with the former H, Hp’, Hp we now compute new A’s, 
F’s, G’s, and are then in a position to compute a new column corresponding 
bOLLS vor 72 32", 

In computing 6/7, dh, M’, N”, P”, Q”, t, 0, column i1, for intervals, or 
2dI/dT, must be put equal to 2 (Ly — Ls); and similarly, column u. for 
heights, or 2dh/dT, must be put equal to 2 (hy — hos). 


This interpolation would be especially valuable in the case of M, N, P, Q, 
which change abruptly. 


Some interpolation of the kind has been done in my example, but I do 
not reproduce the work. 
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The Calculation of a Low Water Table (referred to in general rule VIL). 


This may be done almost independently of the H.W. table by replacing 
the S’s by 6’s and using the rules given in § 12. The calculation may, 
however, be materially abridged, and I will now go over the several steps 
of the calculation noting the mode of transition from one case to the other. 


The new A, G, F will be distinguished from the old by enclosing the new 
ones in square parentheses. 
Semi-diwrnal [ A,], [G.], [F.]. 
These sequences are derivable directly from the old ones by the rule 
[AJ=A.+$F,, [G.]J=G.+4F,, [F.]=F:—$(A,+ As) 
Diurnal [Aq], [G,], [Fi]. 
The rule is here more complex :— 
[AJ=—{A.— 3F}, [GoJ=—{Go—dsF}, [Fo]=—{Fo+ ss Ao} 
[Ad= A+ 4F, (GJ= G+taFr, (Fie Fee 
[A,] =) gt aoe [Gp] = Gp +35 Fy, [F,] i Fy — 35 A, 
and in all these sequences shift the list of months in the margin six places 


downwards, so that in the O and K, sequences March stands where June 
stood, and in the P sequence March stands where December stood. 


If it be agreed to neglect the terms involving 4, ,, &c., the rule is 
simply to shift the months and change the signs of the O sequences; but 
at Aden where the diurnal tide is very large, this would lead to a sensible 
error. 


After the new sequences for O, K,, P have been found, they are combined 
to find [A,], [G,], [F,] just as for H.W. 


Quater-diurnal 

[Au] SS Ay, [Ga] SSG? Gs [F,] a A ¥, 
that is to say, simply change signs. 
Semi-annual and Mean Water and Annual Tide. 


The old calculation serves again. 


Mean Interval and tts Parallactic Correction. 


Here we subtract 180° from «_,; thus 


Km — T= 49° 

dy (tm—m)= 1633 

8 ; 302 (Km — 7) = = 57 
z= 1°690 


Parallactic correction = + 0™087 = + 0™14 
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It may be well to warn the computer that 7 may be negative, that is to 
say L.W. may occur on the average earlier than moon’s transit. 


Parallactic Corrections. 
a, a’, 8, B’ are unchanged. 


The rules are 
[mA] = mA a T7 mi’, LA] ae vA 1 fa Pay 
[mG] = mG — ad mi, LG] = a etc t ie 
[mE] = mE + t7 mA, LE] - a 7 q iA 
We then compute [2], [7], [/,] by the same rules as before. 
In the diurnal terms compute by the following rules :— 
[A]=-{A- $F}, [A]=A+ 3 F 
LGl=—{(.G-aK, -LGlaG+y.F 
DEH p+ 7.4) [R= 2-%A 
the list of months in the margin being shifted six places downwards, so that 
March stands where June stood. The values of [4], [m,], [l,] are then com- 
puted by the same rule as before. 


Nodal Corrections. 


We may, with sufficient accuracy, take a, b,, ¢., de, é, fr to be unchanged. 
Referring to the instructions for the computation of a, b,, &c., the new rule 
may be stated thus :— 


[a,] 1s (ai.) — (.), [b,] is (iv.) — (ii1.), [¢,] 1s (v1.) — (v.) 

[d,] is (viil.) — (v1.), [e,] 1s (x.) —(ix.), and [f\] is (xii) — (xi.) 
and the list of months in the margin is pushed down six places, so that 
March stands where June stood. 


The corrections 8T, 6M, 6N remain unchanged. 


When the L.W. sequences have been formed the calculation follows the 
lines of H.W. calculation precisely, save in three respects—first, in the 
“heights” h is to be subtracted from B,, and 6h is to be then subtracted 
from B, — A, instead of the corresponding additions in the H.W. calculation ; 
secondly, the signs of P, Q, S are to be changed as a last step in the 
calculation of those quantities, in order that the corrections to the heights 
may be additive instead of subtractive as they would be if we left off exactly 
as in the case of H.W.; thirdly, after the final table for )’ has been made, 
its values must be subtracted from the annual tide. 


The reader will easily understand the necessity for these changes when it 
is remarked that h, dh, §’ have been estimated as depressions below mean 
water, whereas B, and the annual tide are estimated as elevations above the 
adopted datum ; in the result we require, of course, to estimate heights with 


reference to the datum. ; 
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It may be well to warn the computer that ¢+JZ may often be negative. 


It will be unnecessary to refer henceforth to L.W., since the instructions 
for H.W. serve also for L.W. 


Interpolation. 

The sun’s longitude increased by 5° is indicated by ©, and the months 
March, April, May, &c., really mean the dates when © is 0°, 30°, 60°, &c.— 
that is to say, about the middle of the months. The dates which, on the 
average, fall the nearest to these times, are given in Table VI. 


The 12 columns for any month, headed 0°, 1", 2",... 11" contain on the 
left the 12 values of ¥, $8, M, N, &c., corresponding to moon’s transit at 
Oh, 1, 28,...11", and they contain on the right the 12 values for moon’s 


transit at 12", 13",... 23°. This applies to the month named at the head 
of the table. But these values also appertain to the opposite month (2e., 
September opposite to March, October to April, and so on) by reading the 
right hand entries as appertaining to 0*, 1",... 11", and the left to 12", 13°, 
... 23", The same is true of f and f' (see Corrections for reference to moon’s 
transit), except that here the values change sign in the opposite month; 
thus the values of f and ’ which we have computed for March must be taken 
with the opposite sign when applied for September. 


Now it is required to form interpolated tables for every 10° of ©, and 
in all the 18 tables (of which 6 will be originally computed and 12 inter- 
polated) to interpolate for every 20™ of moon’s transit. 


These interpolations may be done graphically, and I find with millimetre- 
square paper a convenient scale for © is 1 mm. to 1°, and for time of moon’s 
transit 15 mm. to 1%. These will be set out horizontally as abscisse, and the 
ordinates will be time in treating ¥, and height in treating JQ. 


A convenient time scale for Jf is 30 mm. to the hour. In the case of ® 
the scale must depend on the range of tide at the place—for Aden (with a 
small range) I have found 50 mm. to the foot convenient. 


I will begin with interpolation for © (ae. for time of year), and will 
only refer to J, since { follows the same plan. Write March, April, May, 
... January, February, March, at 0, 30,...860 mm. along a horizontal line, 
corresponding to the same number of degrees of ©. It may be well to 
repeat February before the first March, and April after the last March. Set 
off as an ordinate the left-hand entries from column 0° for the six months 
March, April, ... August, and from the right-hand entries of 0" for the same 
six months set off ordinates for their opposite months, e.g., the right-hand } 
of 0" for March, affords I of 0" for September. Through the tops of these 
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ordinates draw a smooth curve of 0".* Proceed similarly to form curves of 
1°, 2, &e., twelve in all. If the figures get confused we may have two or 
more, and confusion may often be avoided by drawing parts of the curve with 
upward or downward shift, so as to make things clear where a number of 
curves go through nearly the same point. 


We now start a fresh figure with time of moon’s transit as horizontal 
line, and } as ordinate corresponding to March (or ©=0°). These 24 
(computed) values of ¥, joined by a smooth curve, enable us to read off 
the values of £ for © = 0° for every 20™ of moon’s transit, i.¢., on the adopted 
scale, at every 5 mm. of horizontal space. 


We now set off from the previous figure the 24 (interpolated) values of } 
corresponding to © =10°, of which the first 12 are found at “March+10 mm.” 
and the last 12 at “September+10 mm.” These 24 values being joined by 
a curve, give } for © = 10°, and for every 20™ of moon’s transit. 


We next set off 24 values of I corresponding to © = 20°, of which the 
first 12 are found in the preceding figure at “March + 20 mm.,” and the last 
12 at “September+20 mm.” These are treated the same way. 


The next in the series are the computed April (© =30°) I's which are 
set off like the March ones, joined by a curve and read off to each 20™ 
of moon’s transit. 


We then take 24 (interpolated) values of I from “April +10 mm.” and 
“October+ 10 mm.,” to give { for © = 40°. The 24 from “ April + 20 mm.” 
and “October+20 mm.” afford £ for © =50°. The next is the computed 
May (© =60°) series, and we so pass on through six months, the last in 
the set being derived from “August +20 mm.” and “ February +20 mm.” 
corresponding to © = 170°. 


* The following rule is probably known, but I do not know where it has been stated, except 
in a note of my own in the Messenger of Mathematics. I have found it very useful in drawing 
good curves, 

Rule for Graphical Interpolation half-way between Computed Ordinates. 


Draw the polygon (A) joining the tops of a number of equidistant ordinates, and draw the 
two polygons (B) joining the tops of alternate ordinates. Then every ordinate has marked on it 
an intercept or sagitta where a side of polygon (B) cuts it. On the half-way ordinates next on 
each side of a sagitta, set off one-fourth of the sagitta from the points where the two sides of 
polygon (A) cut those half-way ordinates; the set-off is to be in the direction in which the 
sagitta would shoot if it were an arrow. When all the quarter sagittas are thus set off, every 
half-way ordinate (except the first or last of the series) has two points marked on it. 

The interpolated curve passes half-way between the pairs of marked points, except in the 
case of the first and last half-way ordinate, when it passes through the single marked points. 

This rule is correct to fourth differences, except in the case of the first and last ordinate, 
when it is correct only to third differences. In the cases in the text the computed values are 
cyclical, and there are therefore no first or last. 

By means of proportional compasses set to 4, the quarter sagittas may be set off rapidly, and 
the: bisection of the pairs of marked points may be made by eye, 
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If one person reads the numbers from the figure, whilst another writes, 
the tabulation may be done very rapidly. 


The same process is applied for tabulation of the 3's. We should, in 
strictness, do the same by M,N, P, Q, BR, S, f, §’, but it appears unnecessary 
to work with so much accuracy. 


I have done much of the interpolation by simply writing out the com- 
puted values of the quantity to be tabulated in a chess-board table with 
blanks for the interpolated values. If sixteen squares be considered, a 
computed value will stand at each corner. Then a great many of the in- 
terpolated values may be put in by inspection of the march of the quantity 
in the two directions. In other parts I make a pencil curve, on millimetre- 
square paper, of four or five adjacent values, and pass a freehand curve 
through them to fill in the interpolated values; I rub out the curve when 
used. It must be remembered that close accuracy in these terms would be 
mere pedantry. 

M, N are computed to the decimal of a minute, and the decimal part 
may be useful for drawing the pencil interpolation curves, but the result 
should be tabulated only to the nearest minute. Similarly the third decimal 
in P and Q may be dropped. 


The interpolation of { and )’ follows the same plan, but it must be borne 
in mind that these functions change sign in opposite months, and this con- 
sideration 1s important when we come to interpolate for © = August + 10°, 
and + 20°, 


When there is an evanescent tide (as in the case of March, 18") the 
corrections M, N, R become infinite. As a practical solution this is absurd, 
and the fact is that there may or may not be a H.W. according to the 
values of §& and II. Again, in other parts of this and other lunations there 
may be no H.W., although the tide-table. predicts one. In all such cases 
there is a long period of four or five hours’ duration of nearly slack water, 
and it is accordingly almost a matter of indifference whether or not a small 
H.W. is predicted. It would necessitate very laborious computations to make 
correct predictions in these cases, and the result would not be worth the 
labour. I have adopted, therefore, a makeshift, and have replaced H.W. by the 
height of water and time when the rate of change of water level is a minimum. 


It has been proposed above that P, Q, S shall be computed with a con- 
jectural A =+ 90°, and this is better than the plan which I actually adopted 
in my experimental table for Aden, of which a sample is given below*. The 
practical point to consider in the present instructions is the manner of treat- 
ment of M, N, R about the time of evanescence. I propose then that the 
gap in the values shall be bridged by a conjectural curve, and that the values 


* Thus if any one seeks to verify my table, he will not get exactly my values for P, Q, S in 
the neighbourhood of 18», 
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be only given in round numbers. For example, for March we have the 
following values of M :—(16") + 93, (17%) + 28™5, (18) blank, (19") + 45™0, 
(20°) +177, &. By drawing a curve I conjecture +50™ for the missing 
value at 185. 


A comparison with the corresponding complete curves for February and 
April helps us in filling the gap. 

After the complete table for §' is formed we proceed to add to it the 
values computed in the table of the annual tide for every 10° of ©, and so 
form a table of }. For example, the first five values of ’ are —:02*, — ‘01, 
— 01, —01*, 00 (of which those marked * are computed), and to these 
we add ‘390, the computed annual tide for March, and obtain °37, ‘38, °38, 
"38, 39. 

The final results are then arranged in a tablet. If the L.W. were also 
computed I should propose that the L.W. and H.W. should be given 
alternately. The following is a sample of the table computed. only for 
H.W. at Aden: 


Port of Aden; High Water Tide-Table. 


; ; For March 15th (i.e., from sun’s long. 350° to 0°), and for September 17th 
ee ee ie : (i.c., from sun’s long. 170° to 180°). The upper signs of t and fy apply 
transit for— to March, the lower to September’ 
| ] 

March | Sept. £ t ) h M N R 12 Q s 
1, Tene || Moy ay |] Ue, ah ams,|) bane ft. m. m. m. ft. ft. ft 
0) Ope Or eo umOn ete eG t4 Oita 3.7) O;}+ 9] - 13) +02 | —°08 | +°14 
20 XO) 7 Bes 2! 54 | +°38 0o|}+ 9] - 1:0| +:03 | —:08 14 
40 40 46/+ 4 57 |+°38}- 1/4 9] -— 06] +04 | —:09 14 
1 0/13 O| 7 37) + 4 | 659 |} +38} - 1/)+ 9 }|-— 02} +°05) —-09 14 
20 20 28 \+ 4 ‘60 | +°39| — 2|+ 9|+ O01) +:06} —-09 14 
40 40 18;+ 4 ‘60 |} +°39}- 2/+ 9|+ 04] +°07 | -—:09 15, 

oe 
&e. &e. &e. &e. &e. 
af | | ae 
17" 0) 5 “Ol 8 2914 4:21 | 37 4-28 | —1t | 4 273: —-16) —:01 ‘09 
20 90) 9 52) #15 ‘21 | +°36| +35 | — 2) — 7:3} —°10) —°03 ‘10 
40 40 | 11 Q9\414 ‘27 |} +°35| +43 | +20 |) -16 | —°05| —°05 ‘10 
SLOUGH ON Reel 7a) = OME Aso alice sone-ti00 alo O) 20 ‘00 | — 06 ‘09 
20 20 Loe.-6 53 | +°34 | +54 | +25 | -30 | +'05 | —-°05 ‘08 
40 40 | 25 al ‘71 | 4:33 | +50 | +20 | —380 | 4°10) —:04 06 
&e. &e. TCs &e. &e. 


+.1 have found that it is convenient to cut the constituent tables into strips and paste them 
together again, so as to save much copying and verification. 4 


Dante 2) 
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If a be the moon’s parallax at moon’s transit in minutes of are, and 8 be 
the longitude of moon’s node, the interval is 
~{+{+Mcos 3 +Nsin 8 +(a—57’)R 
and the height is 
WH +h+ Pcos 8 +Q sin 8 +(@—57’)S8 
After the table has been completed the computer should test the correct- 
ness of the prediction by computing two or three tides in each month, and 
comparing the results either with the observations from which the harmonic 
constants were originally derived, or with other known values of high and 
low water. 


Examples of the Use of the Table. 


From and after the year 1887, the datum for the tide-tables of the Indian 
Government for Aden has been 0°37 ft. lower than that used in my table; as _ 
Iam going to compare my results for 1889 with those of the Indian Govern- 
ment, 0°37 ft. will be added to my heights to make the two comparable. 


(A) The moon crossed the meridian at Aden on March 17th, 1889, at 
0 11™, Aden M.T. Aden is in 3" 0™ E. long., and therefore this is about 21%, 
March 16th, G.M.T.; whence from the Nautical Almanac we find o the moon’s 
parallax at Aden transit was 58"2, and #—57’=+1:2. The longitude of 
moon’s node was 108°, and cos 8 =—‘3, sin g = + 10. 


Then referring to our table and interpolating between 0° 0™ and 0» 20", 
and taking the upper signs of tf and §, we find 
¥+ f= 8" 4", 9H+h=6:89 t., M=0" N=apom R= 1, 
P=+°03 ft, Q=-:08 ft, S=4°14 ft. 
Hence M cos 8+ N sin 8+ R(w—57)=+8™ 
ae P cos @ +Q sin 9 +S (w —57) +037 =+.0°45 ft. 
Therefore the interval is 8° 12™, and the time of H.W. 8" 12™ + 05-44 or 
8? 23™ p.m., March 17th; and the height is 7°34 ft. or 7 ft. 4 in. 
The Indian tide-table gives as time 8" 12™ p.m., and as height 7 ft. 4 in. 
(B) On September 17th, 1889, the moon crossed the meridian at 
18° 36™, @ was 542 or w — 57’ = — 2'8, 3 = 98°, cos 8 = —'14, sin 8 = + 1°0. 
Interpolating in our table between 18" 20™ and 18" 40™, and taking the 
lower signs of tf and }, we find 
}—t=112 22", (-—h=434, M=+507, N=+20", R=—30",_ 
P=+°'10, Q=--04, S=+:06 
Hence Mcos8+Nsin92+R(# —57)=4 977 =+4 1» 37m 
and Pcos8+Qsin8+S (#—57)+037 =+ 015 ft. 
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Therefore the interval is 12" 59™, and the time of H.W. 12" 59™ + 18" 36™ 


or 31" 35™ September 17th, ce. 7" 35™ p.m. September 18th, and the height 
is 4°49 or 4 ft. 6 in. 


The Indian tide-table gives “no inferior H.W.” 


This example shows our table at its worst, for it is clear that a nominally 
small correction to the time which amounts to an hour and forty minutes 
must give unsatisfactory results. At this time of year mean water has a 
height of 3 ft. 10 in., hence our prediction only shows a rise of 8 inches. 
Although there was probably in reality no maximum (as predicted in the 
Indian table), I should expect that the water stood at about 4 ft. 6 in. at 
half-past seven of the evening of September 18th, 1889. 


Part III. Comparison AND DISCUSSION. 


Comparison, 


As stated in the Introduction, Mr Allnutt computed a complete H.W. 
tide-table for 1889 for Aden in order to compare the results with the Indian 
tide-tables, which are made with the tide-predicting instrument. When this 
comparison was made our tables had not been brought into exactly the form 
given above, and Mr Allnutt’s work was considerably more laborious than it 
would have been if undertaken later. 


The mechanical predictions were probably made with constants which are 
the means of the results derived from eight years of observation, whereas the 
constants used in our tables are derived from only four years. Mr Roberts 
has supplied me with six weeks of prediction for the year 1887, worked 
mechanically in duplicate, namely, with the eight-year and the four-year 
constants. In the latter case the times of H.W. seem to run about 6™ later 
than in the former, but the difference often rises to 10™, occasionally to 15”, 
and at rare intérvals to 20™. The two sets of constants also give a systematic 
difference in the heights amounting to about 2 inches, but the difference 
often rises to 8 inches or falls to 1 inch, and occasionally reaches 4 inches and 
zero. It follows, therefore, that a sensible part of the discrepancy, or error as 
it may be called, of our computation is due to the difference of constants. 
But not nearly all of the “error” can be set down to this cause; it is due to 
a combination of causes, namely, flaws in the interpolation, imperfect repre- 
sentation of the elliptic tides, and partial inclusion in our method of all the 
lunar inequalities which are totally neglected in the machine. The principal 
cause of “error,” however, is the imperfect correction for longitude of moon’s 
node and parallax about the time in each lunation when there is partial or 
total evanescence of the inferior H.W. y 
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Omitting, as we must do, the cases of evanescence, there were 689 H.W. 
computed by Mr Allnutt, and he finds “the probable errors” in the time and 
height to be 9™ and 1:2 inches. 


In the course of the year there were thirty-two occasions on which the 
time “error” amounted to 30™ or more. All of these occur in the inferior 
H.W. at the times of approximate evanescence, where the nodal and parallactic 
corrections are large. At these times there is always a period of four or five 
hours of nearly slack water, and the time at which a small maximum occurs 
is of no importance from a navigational point of view. If these thirty-two 
cases be taken away the probable error falls to 7. A cursory inspection of 
the table shows also that nearly all the “errors” of 25™ to 30™ fall about the 
time of evanescence and are therefore unimportant. We are accordingly 
justified in saying that our predictions do not differ materially from the 
Indian tables. 


It has been already mentioned that I have six weeks of mechanical 
prediction for 1887, made with the identical constants used in our table. 
I have, therefore, taken a month, or 58 H.W., out of these six weeks, and 
compared them with my predictions, made without cross interpolation for 
date. I find that the errors of time are 27 from 0™ to 5™, 13 from 5™ to 10™, 
10 from 10™ to 15", 4 from 15™ to 20™, one error of 26™, and one of 34™. 
These give a probable error of 7". All the large errors fall on the inferior 
H.W., at the time when it is very small, and they are, therefore, practically 
unimportant. 


In the heights there are 16 cases of agreement, 22 errors of 1 in., 15 of 
2 in., and 5 of 38in. These give a probable error of 1:0 inch. 


The errors of 8 inches all fall about the time when the moon’s parallax 
was small, and I also observe that this was commonly a time when the height 
errors rose to their greatest in 1889. This is probably due to the imperfect 
representation of the elliptic tides, which, as shown in § 3, is inherent to our 
method. 


The concordance between the two is good enough, but less perfect in the 
heights than I expected. 


The last comparison is between our predictions and actuality. The 
observed times and heights for part of 1884 have been furnished me by 
Colonel Hill, R.E., by the direction of Colonel Strahan, R.E., Deputy Surveyor- 
General in India. For the purpose of testing the present method, I have 
computed a H.W. tide-table from 10th March to 9th April, and again from 
12th November to 12th December, 1884. In these periods, there are 117 
actual and one evanescent H.W. The observation of one H.W. is missing 
through an accident to the tide-gauge; there are, therefore, 117 H.W. for the 
purpose of comparison. 
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The following is a table of errors, regardless of signs: 


Time Height 
Magnitude of error No. of H.W. Magnitude of error No. of H.W. 
m. m. Inches 
Oto 5 35 0) 15 
a, 1 32 1 48 
LOR LS 19 2 28 
5,5, 220 19 3 14 
20 ,, 25 5 4 Wit 
26, 28 2 
. 33, 36 2, 
06,57 | 2 
Evanescence 1 Evanescence 1 
a7 ited) 
| | 


Omitting the case of evanescence and assuming the errors to conform in 
distribution to the normal exponential law (which is not accurately the case), 
the probable error is about 9™ in time, and 1°4 inch in height. 


When the rise from the higher L.W. to the lower H.W. is nil there is 
evanescence, and when that rise is small there is approximate evanescence. 
I have accordingly examined the 12 cases in which the error of time is equal 
to or greater than 20", and the following table gives the result. 


Pg aee ee Time errors 

Nil we 

62 to gin 22, 26, 28, 56, 57 minutes 
132 36 minutes 
17m oe 
1gin so... 

git 1Qin ee 

3ft gin 3 =. 

gft [jin 20 . 


It appears that where the errors of time were 56™ and 57™ the tide was 
very nearly evanescent, and that the two other considerable errors of time, 
viz., 36" and 33™, pertain to very small tides. 


It has been already pointed out that in such cases a considerable error in 
the time is of no importance, and it is justifiable, in testing the calculations, 
to set aside the nine tides in which the rise is less or equal to 19 inches. 


There remain 108 H.W., and the greatest error in the times amounts to 
only 23 minutes. In 58 cases the error is 7 minutes or less, and in 51 cases 
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it is 6 minutes or less; as the half of 108 is 54, it follows that the probable 
error is a little over 6 minutes. | 


The Indian predictions maintain their standard of excellence fairly well 
through the periods of approximate evanescence, but out of 116 tides there 
are 59 cases with time errors of 10 minutes or less; as the half of 116 is 58, 
the probable error is about 10 minutes. 


Turning now to the heights I find that both mine and the Indian 
predictions present 63 out of 116 H.W. with zero errors or errors of 1 inch. 
We may take it then that the probable error for both modes of prediction is 
about 1 inch. The Indian predictions have, however, the disadvantage that 
several errors of 5, 6,7 inches occur. On the other hand, the 11 cases of 
4 inches of error which occur in mine have a systematic character; they are 
all positive (actuality the greater), and all but one affect the higher H.W. 
about the time when the moon’s parallax is small. This defect is doubtless 
due to the imperfect representation of the elliptic, evectional, and variational 
tides inherent to my method. 


The slight superiority shown over the mechanical prediction must be 
attributed to the fact that I have used better values of the tidal constants 
than were available in 1883, when the Indian predictions must have been 
made. 


I learn from Colonel Hill that two independent observers reading the 
same tide-curve will frequently differ by 5" and sometimes by 10™ in their 
estimate of the time, and by 1 and sometimes by 2 inches in the height. 
Accordingly, predictions which agree with a reading of a tide-curve with 
probable errors of 63" in time and 1 inch in height may claim to possess a 
high order of accuracy. 


I conclude from the preceding discussion that with good values of the 
tidal constants the present method leads to excellent predic‘ions, and that 
they are even better than are required for nautical purposes. 


Discussion. 


It is probable that methods may be invented by which some abridgement 
of the computations may be made, but I am, of course, unable to suggest such 
improvements. 


The last-mentioned comparison seemed to show that but little accuracy 
would be lost if P, Q, were entirely omitted, and if )’ were treated as zero, so 
that } would consist simply of the annual tide. Indeed, the only advantage 
gained by the retention of P, Q, )’ appeared to be the avoidance of a few 
considerable errors in the inferior H.W. about the time of approximate 
evanescence. Experience must decide whether the computation and the 
tables may be lightened by the omission of these quantities. 
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The advantage gained from M and N is marked, but as these quantities 
arise almost entirely from the diurnal tides, I am inclined to think that, at 
places where the diurnal tide is not extremely large, a very fair tide-table 
might be made without them. 


The present method will probably be applied to ports of second-rate 
importance, where there are not sufficient data for very accurate determination 
of the tidal constants. In such cases it will be best to omit the computation 
of P, Q, h’, and to postpone that of M, N, and perhaps also of R and f, until 
the simple tide-table has been tested as to its adequacy for navigational 
purposes. At most places the annual tide is so large that f cannot be 
omitted, and it is impossible to dispense with the value of S. But it is 
possible that it might suffice to attribute to S a constant value*, although 
this would certainly cause very perceptible error in the heights of the lower 
H.W. and higher L.W. A tide-table which only gave I, , §, and a constant 
S would be fairly short, even if computed for every ten days in the year; and 
this would be a great gain. 


The question of how far to go in each case must depend on a variety of 
circumstances. The most important consideration is, I fear, likely to be the 
amount of money which can be spent on computation and printing ; and after 
this will come the trustworthiness of the tidal constants and the degree of 
desirability of an accurate tide-table. 


My aim has been to reduce the tables to a simple form, and if, as I 
imagine, the mathematical capacity of an ordinary ship’s captain will suffice 
for the use of the tables, whether in full or abridged, I have attained the 
principal object in view. 


* T may suppose the elliptic tides unknown, and I should then take S=,',H,,+:'036H,. For 
Aden this would give S=:129, or say t. 


oe 


ON THE CORRECTION TO THE EQUILIBRIUM THEORY OF 
TIDES FOR THE CONTINENTS. 


T By GG. By DARWIN: I. By HoH Corner: 
[Proceedings of the Royal Society of London, Xu. (1886), pp. 303—815.] 


ile 


In the equilibrium theory of the tides, as worked out by Newton and 
Bernoulli, it is assumed that the figure of the ocean is at each instant one of 
equilibrium. 

But Sir Wilham Thomson has pointed out that, when portions of the 
globe are occupied by land, the law of rise and fall of water given in the 
usual solution cannot be satisfied by a constant volume of water*, 


In Part I. of this paper Sir Wiluam Thomson’s work is placed in a new 
light, which renders the conclusions more easily intelligible, and Part II. 
contains the numerical calculations necessary to apply the results to the case 
of the earth. 


If m, r, z be the moon’s mass, radius vector, and zenith distance; g mean 
gravity; p the earth’s mean density; o the density of water; a the earth’s 
radius; and )) the height of tide; then, considering only the lunar influence, 
the solution of the equilibrium theory for an ocean-covered globe is 


De 
a 9gr° (1 = 30]p) 
This equilibrium law would still hold good when the ocean is interrupted 


by continents, if water were appropriately supplied to or exhausted from the 
sea as the earth rotates. 


(cos?2 4) cro aoe eee (1) 


* Thomson and Tait’s Natural Philosophy, 1883, § 808. 
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Since when water is supplied or exhausted the height of water will rise 
or fall everywhere to the same extent, it follows that the rise and fall of tide, 
according to the revised equilibrium theory, must be given by 

)  3ma uf 
a 2g 1—36/p 


where a is a constant all over the earth for each position of the moon 
relatively to the earth, but varies for different positions. 


Let @ be the fraction of the earth’s surface which is occupied by sea; let 
»X be the latitude and / the longitude of any point; and let ds stand for 
cos Xd)ddl, an element of solid angle. Then we have 


4rQ = [ [as 


integrated all over the oceanic area, 


The quantity of water which must be subtracted from the sea, so as to 
depress the sea level everywhere by aa, is as and the quantity required 
oa é ie is the integral of this function, 
taken all over the ocean. But since the viens of water must be constant, 
continuity demands that 


to raise it by the variable height 


3ma 1 
= , Vee aa. ih 
a nt aa ee DNS oe eet (3) 


integrated all over the ocean, 


On substituting this value of @ in (2) we shall obtain the law of rise 
and fall. 


Now if A, J be the latitude and W. longitude of the place of observation ; 
h the Greenwich westward hour-angle of the moon at the time and place of 
observation ; and 6 the moon’s declination, it is well known that 


cos’z — 1 = } cos?A cos? cos 2 (h — 1) + sin 2X sin 6 cos 6 cos (h — L) 
+3 (4 —'gii'd) (F — SIN) 2 cs ccc ve ciess eveeoalen (4) 


We have next to introduce (4) under the double integral sign of (8), and 
integrate over the ocean, 


To express the result conveniently, let 


l ; | | 
reall cos'd cos 21 ds = cos*h, cos 2l,, ino }| eo" sin 2/ds = cos?), sin 21, 
Lhe : ye ae . 
Ae) , a 3 Wy fa S W = )s 
reall sin 2X cos lds = sin 2X, cos 4, all sin 2X sin lds = sin 2), sin l, 


ol! sin? —$)ds=§sin?y— bo oes eeeeeeeeees (5) 


the integrals being taken over the oceanic area. 
4 
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These five integrals are called by Sir William Thomson &, 38, ©, DB, &, 
but by introducing the five auxiliary latitudes and longitudes, As, ls, A, 4, Xo; 
we shall find for the conclusions an easily intelligible physical interpretation. 


It may be well to observe that (5) necessarily give real values to the 
auxiliaries. For consider the first integral as a sample :— 


Every element of f/cos?d cos 2/ds is, whether positive or negative, neces- 
sarily numerically less than the corresponding element of 47rQ, and therefore, 
even if all the elements of the former integral were taken with the same sign, 
(47rQ)7 ffcos?r cos 2lds would be numerically less than unity, and a@ fortiora 
in the actual case it is numerically less than unity. 

Now using (5) in obtaining the value of {{(cos?z — 1) ds, and substituting 
in (3), we have 
Db.  _—3ma 
a © 2g (1 — 3a/p)r* 


= 4cos"6 [cos?A cos 2 (h — Ll) — cos*d, cos 2 (h — 1,)] 


+ sin 26 [sin \ cos X cos (h — 1) — sin A, cos A, cos (h — 1,)] 
+2 (4 = sin?6) (sim*A, ='SiN7 A.) Poddslvebany. oaa-aee- ae vee (6) 


The first term of (6) gives the semi-diurnal tide, the second the diurnal, and 
the third the tide of long period. 

The meaning of the result is clear. The latitude and longitude 2g, J, give 
a certain definite spot on the earth’s surface which has reference to the semi- 
diurnal tide. Similarly 4, /; give another definite spot. which has reference 


to the diurnal tide; and A, gives a definite parallel of latitude which has 
reference to the tide of long period. 


From inspection we see that at the point A,, J, the semi-diurnal tide is 
evanescent, and that at the point r,, l, + 90° there is doubled tide, as com- 
pared with the uncorrected equilibrium theory. At the place 24, J, the 
diurnal tide is evanescent, and at —X,, J, there is doubled diurnal tide, 


In the latitude X, the long period tide is evanescent, and in latitude 
(sometimes imaginary) are sin »/{? — sin?A,} there is doubled long period tide. 


Many or all of these points may fall on continents, so that the evanescence 
or doubling may only apply to the algebraical expressions, which are, unlike 
the sea, continuous over the whole globe. But now let us consider more 
precisely what the points are. 


It is obvious that the latitude and longitude 2, and 1,, being derived from 
expressions for cos?A, cos 2/, and cos’d, sin 2/,, really correspond with four 
points whose latitudes and longitudes are 

ra; Ls; —)e; ls ; Le + 180° ; i Ne, ly aE 180° 

Thus there are four points of evanescent semi-diurnal tide, situated on a 

single great circle or meridian, in equal latitudes N. and S., and antipodal 
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two and two. Corresponding to these four, there are four points of doubled 
semi-diurnal tide, whose latitudes and longitudes are 


Xo, bo +90°3 — Av, p+ 90°; Av, 2 +270°; — Ap, 1, + 270° 


and these also are on a single great circle or meridian, at right angles to the 
former great circle, and are in the same latitudes N. and S. as are the places 
of evanescence, and are antipodal two and two. 


Passing now to the case of the diurnal tide we see that ,, 4, being 
derived from expressions for sin 2A, cos 1, and sin 2), sin J,, really correspond 
with four points whose latitudes and longitudes are 


Ay, or? = Ay, Gb + 180°; 90°—2,,3; —90° + 2,,4 +180 


Thus there are four points of evanescent diurnal tide, situated on a single 
great circle or meridian, two of them are in one quadrant in complemental 
latitudes, and antipodal to them are the two others. Corresponding to these 
four there are four points of doubled diurnal tide lying in the same great 
circle or meridian, and situated similarly with regard to the S. pole as are 
the points of evanescence with regard to the N. pole; their latitudes and 
longitudes are 


—y, 45 My, 4 +180°; —90°+2%, 1; 90° — A, 2, + 180° 


Lastly, in the case of the long period tide, it is obvious that the latitude A, 
is either N. or S., and that there are two parallels of latitude of evanescent tide. 
In case sin?A, 1s less than 2, or , less than 54° 44’, there are two parallels of 
latitude of doubled tide of long period in latitude 2 are sin ¥ {2 — sin?Ag}. 


From a consideration of the integrals, it appears that as the continents 
diminish towards vanishing, the four points of evanescent and the four points 
of doubled semi-diurnal tide close in to the pole, two of each going to the 
N. pole, and two going to the S. pole; also one of the points of evanescent 
and one of doubled diurnal tide go to the N. pole, a second pair of points of 
evanescence and of doubling go to the S. pole, a third pair of points of evan- 
escence and of doubling coalesce on the equator, and a fourth pair coalesce at 
the antipodes of the third pair; lastly, in the case of the tides of long period 
the circles of evanescent tide tend to coalesce with the circles of doubled 
tide, in latitudes 35° 16’ N. and S. 


We are now in a position to state the results of Thomson’s corrected 
theory by comparison with Bernoulli’s theory. 

Consider the semi-diurnal tide on an ocean-covered globe, then at the 
four points on a single meridian great circle which correspond to the points 
of evanescence on the partially covered globe, the tide has the same height ; 
and at any point on the partially covered globe the semi-diurnal tide is the 
excess (interpreted algebraically) of the tide at the corresponding point on 
the ocean-covered globe above that at the four points. 
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A similar statement holds good for the diurnal and tides of long period. 


By laborious quadratures Mr Turner has evaluated in Part II. the five 
definite integrals on which the corrections to the equilibrium theory, as 
applied to the earth, depend. 


The values found show that the points of evanescent semi-diurnal tide 
are only distant about 9° from the N. and S. poles; and that of the four 
points of evanescent diurnal tide two are close to the equator, one close to 
the N. pole, and the other close to the S. pole; lastly, that the latitudes of 
evanescent tide of long period are 34° N. and S., and are thus but little 
affected by the land. 


Thus in all cases the points of evanescence are situated near the places 
where the tides vanish when there is no land. It follows, therefore, that the 
correction to the equilibrium theory for land is of no importance. 


G. H. D. 


Ik 


For the evaluation of the five definite integrals, called by Sir William 
Thomson A, 33, ©, W, ¥, and represented in the present paper by functions 
of the latitudes and longitudes d,, Ay, %», and J,, J,, respectively similar in 
form to the functions of the “running” latitude and longitude to be integrated, 
it is necessary to assume some redistribution of the land on the earth’s 
surface, differing as little as possible from the real distribution, and yet with 
a coast line amenable to mathematical treatment. The integrals are to be 
taken over the whole ocean, but since the value of any of them taken over 
the whole sphere is zero, the part of any due to the sea is equal to the part 
due to the land with its sign changed; and since there is less land than sea, 
it will be more convenient to integrate over the land, and then change the 
sign. 


Unless specially mentioned, we shall hereafter assume that the integra- 
tion is taken over the land. 


The last of the integrals has already been evaluated by Professor Darwin*, 
with an approximate coast line, which follows parallels of latitude and longi- 
tude alternately. 


* Thomson and Tait’s Natural Philosophy, 1883, § 808 [not reproduced in this volume]. 
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His distribution of land is given in the following table :— 


N. lat. W. long. E. long. 
Lat. 80° to 90° ZO mboro0. 
70 ,, 80 DO eCOnOd) MOO mibOnLl one 55° to 60°: 90° to 110°. 
60, 70 3D) t0.02;)) 65> to 80°: 90° to 165°. | 10=to 1807 
50 ,, 60 | 0° to 6°: 60° to 78°: 90° to 130°. 10° to 140°: 155° to 160°. 
40 ,, 50 | 0° to 5°: 65° to 123°, 0° to 135°, 
30 ,, 40 | 0° to 8°: 78° to 120°. 0° to 120°: 135° to 138°. 
20 ,, 30 | 0° to 15°: 80° to 82°: 97° to 110°. | 0° to 118°. 
TO) sy, DAD) | COP ama IPS he wa ls O= to 5024975 toed. 
95° to 108°: 122° to 125°. 
OR On oswtonion 0° to 48°: 98° to 105°: 
WA toy alee 
8. lat. W. long. EK. long. 
0° to 10° 37° to 80° 12° to: 40%; 110% to 130% 
10 ,, 20 S70, 74 12° to 38°: 45° to 50°: 
126° to 144°. 
20 ,, 30 a5 ov 15° to 33°: 115° to 151°. 
30 ,, 40 55), 78 20° to 23°: 132° to 140°. 
40 ,, 50 65 ,, 73 170° to 172°. 
50 5, BU Gare de ————— 
60 ,, 70 55 ,, 65 120° to 130°. 
70 ,, 80 about 20° of longitude. 
80 ,, 90 ye is0: % 


N.B.—The Mediterranean, being approximately a lake, is treated as land. 


The limits of the 20° and 180° of longitude between S. latitudes 70° and 
90° are not specified. For the evaluation of the last integral this is not 
necessary, for restricting 


| BE eee 


to a representative portion of the land bounded by parallels \, and Aq, J, and J,, 
: : Me OTT “ae é 
we get —}(/,—1) jsin + sin an X T89' and similarly for Q; so that if 
t, and ¢, be the number of degrees of longitude N. and S. of the equator 
respectively between latitudes A, and dy», the last of the integrals becomes 


re 


+4(4,+#) sin + sin 3, 


Ay 


Xa 


720 — & (¢, + ta) sin a| 


AL 


But for (e.g.) 


de [le F 3 re Z ly 
i | cos?A cos 21 cos AdAdl = oe 9sindAX + sin Br sin 21 
Saas 24 i 1, 


the actual limits J, and J, must be given, and not merely their difference. 
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It is, however, obvious, on inspection of these integrals, that the land in 
high latitudes aftects them but little; and we shall not lose much by neglect- 
ing entirely the Antarctic continent in their evaluation. 


This evaluation is reduced by the above process to a series of multiplica- 
tions, and on performing them the following values of A, 38, ©, M, ¥, and Q 
are obtained on the two hypotheses :— 

(1) That there is as much Antarctic land as is given in the schedule, 
which is, however, only taken into account in the last integral %, and the 
common denominator 47r@Q of each. 


(2) 

The value of Q is given in terms of the whole surface, and represents the 
fraction of that surface occupied by land; it must be remembered that the 
Mediterranean Sea is treated as land. Professor Darwin quotes Rigaud’s 
estimate * as 0°266 :— 


That there is no land between 8S. latitude 80° and the pole. 


1st hypothesis 2nd hypothesis 


+0°03023 +0°03008 

AB ta rree sees +0°005389 +0:00537 

| (Ub Saosseaecdon —0:01975 —0°01965 

A enc or cesses +0°02910 +0:02895 

pT opgoadniodc — 0°01520 — 000486 
0°283 0:278 


These results for & and Q have already been given by Professor Darwin 
in Thomson and Tait’s Natural Philosophy, and I have found them correct. 


We then find for the set of latitudes and longitudes of evanescent tide :— 


| Nature of tide 


1st hypothesis 


2nd hypothesis 


Mon gapertod\ er or.seceteee lat. Xo 34° 39’ N. 35° 4’ N. 
fh lat. ry te XOKS! 17 i078) 
WD iTurn al en vncee hereon long. 0, 55 50 E. 55 50 EL 
i BP lat. dg 79 54 N. 79 56 N. 
Sem1i-diurnal-.....c0e0.- long. Jy 5.8 3a 5 4 W. 


The other points of evanescence are of course easily derivable from these, 
as shown in the first part of this paper. 


As a slightly closer approximation to truth, I have calculated these 


integrals on another supposition. 


equations 


l=const. or \ = const. 


There are cases where lines satisfying the 


* Transactions of the Cambridge Philosophical Society, Vol. v1. 
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diverge somewhat widely from the actual coast line, but a line 
+ al + bX = const. 


(where a and b are small integers) can be found following it more faithfully. 
An approximate coast line of the land on the earth is defined in the following 
schedule, west longitudes and north latitudes bemg considered positive. 


Limits of Limits of 
longitude (/) Equation , latitude (A) 
ae ZOl tore, LOF sl dvas — he hh) Wie nda + 20° to + 80° 
Sette l=10 natin +30 ,, +40 
lO en seat as Mere dim DOr eek seta s +40 +73 
ee Been a8 WAVE beige NS TS ia bi ta aes 
Be iaes b=1120 SACRE +73 ,, +80 
E20 gy 20 te capes i" |) San entree ee 
ee Lae >. lh eed +80 , +70 
Seen eta OO Ee Aco. —3r’=1—230 ....... +70 ,, +60 
B07 OT tec Nee LO nese +60 ,, +80 
mI ewer OW = awk a, Nt) eae —— 
ae eM ey aoe OHO | anne cathe | TS | Geiss +80 ,, +50 
amen ed ote OO, fast ss == t=O) cers +50 , +30 
ee et LO say Wa ——eaooey: ————s 
LOO 5. He B02 © oc thisds p ee ee Soca +30 ,,4+10 
= coat a! VB reais 12 Bw Uae met bo N=1Ge ee ——— 
Soe eee tees | meee ON en cars +10 ,,—10 
PSU ee OT ss. oe Hes 201) decnn —10 ,, —53 
SS nnn ia ie ae —63 ,,—-14. 
ey erat By oc A= 21160) bos Se ee UW) 
es eerert al Ay eee eee ee Pa AR pie 0 ,, +60 
Prieta tba 0e ca: NS G08 eles . <= 
2150 e100 —— SNS 90 0) 3S +60 , +10 
HN 0, Wes et sce | | eae ee PrAebe 110 222. +10 ,, +20 
EPO ao OO 4955 = Neaeb- 70) — Alder 10 
ESO a Gh 75s, em O0e ecg Pel Omen 
=) 69° = A ain tee —AstTA0 axes +090" 5, 0. 
———— een Geral). eee Ont 2A) 
ee ee —X=14+60 2.02. 20) a0) 
E54 | hence allan | a A=414+40  ...... —-40 , + 5 
aS pee! aes Is Rael is 7 A aaa ee SOR ee 
poy 0 asso We 2h— 20" es + 5 , +20 


New Guinea. 
== TO) Wey SIO) scar ON = Cal SOs) = ae 0 to — 10 
es LEO — VEO 18 25 5 Merma lO oR. 
== fA) «,) — 130" ochist 7,0 fe es ree —10 ,, 0 
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Australia. 
Limits of Limits of 
longitude (J) Equation latitude (A) 
— 140° to — 150" 23.5. p anal et Bl ne 2 — 10° to — 20° 
eee b= = 150 spate —20 ,,-35 
= U5} Se On cane NS ON eee: 
Sen py Pee [eA llb ae a 
Sah harem Ae ee ON Jt 60.0 ke —221 ,, —10 


It will be seen that it is only rarely necessary to depart from the forms of 
equation + X=/1 +4. and the two original forms \ =const., /= const. to repre- 
sent the coast line with considerable accuracy. There are still left one or two 
outlying portions, of which mention will be made later. 

Now supposing we are to find the value of the first integral for the 
portion of land indicated by the shaded portion of the diagram, HQ being 
the equator: 


Q 
the equations to its boundaries being written at the side of each. 
We have 


Xo 
[[costaan cos 2ldi = 5] | sin X + sin 3n| cos 2ldl 


AX 


Cy 
= “3 [ {9 sin (+ wv) +'sin 3 (1 + x)} cos 2ldl 


8 
+] (9 sin ¢ + sin 8c) cos 2/dl 
5 


+]"- {9sin$ (J+ y) + sin $(1+ y)} cos 2ldl 
f 


We may thus simply travel round the boundary omitting the places 
where A =constant: being careful to go round all the pieces of land in the 
same direction. If we suppose =a to be the meridian of Greenwich, and 
the land to be in the northern hemisphere, the direction indicated above is 
the wrong one for obtaining the value of the integrals over the land, for the 
longitudes increase to the left; but by following this direction we shall 
obtain the values over the sea as is in reality required. 


The result of integration has, of course, a different form for each form of 
the relation between / and 2 representing the boundary. In computing the 
numerical values of the integrals, it is convenient to consider together all the 
parts of the boundary represented by similar equations. 
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Below are given a8 reproxniative the forms which the numerator of the 
first integral A assumes for different formas of the boundary, the quantities 
within syuare brackets being taken within Jimits, 


Yorm Value of Integral 
FVD seers £ dy [kr (5L + Bx) + 3 om (Bl + 2) + cos (L 4-30) 
—9on(—1 + z)| 
A=% rervee 4d (Doin & + #10 Bz) [sin 21] 
l= ‘eocvee LAO 
ee — Jy (7 om (M +2) — OL sin c + £ cow (BI + Bx) 
; + 4 ws (41 + 3z)) 
AmW4e ..., - — dg (Ze (GL + a) + 4 cos (21 + 2) + J, os (141 + Bz) 
+ J, cos (101 + 32) 
FDR mL Ae tore £ f, PP o£ GI + 2) -6 84 (—-31 4+ 2) 
+ 406471 + Bz) - 2 sin} (—-14+3s)] 
—Bhmbe erie 4+ fg [oh (4 2)— 4 wn 4 (—-51 4 wv) 


+ 4. (3) + 2) - ws (—14+2)] 
5 cepa ay these sire on this sina we obtain 


let hypothesis ” 4nd hy pothesie 
BD iicoks. + 002119 + 002110 
WS essthe 4 VW SITTBR 4 GWITTS 
re eS -~ SND — O82 
ee 400 4+ 002128 
B25... = —~VOV4264 - ~ HBB 
eee V2 O24 


It will be noticed that the values of g are seeds the same as before. 
From these we deduce 


) Nature of tide | Ist hypothesis «nd hypothesis 
| Long period eo.cecee1100 lt. Ay ae 29 N. BF bY N. 
P fi tt %& 1 38 ae 
WU «5535 555000e 008322 } long I 59 7E 58 58 E. 
eed f| bt x 81 22 N. 81 23 N. 
| Rerni-diarva) ee ae j lng. I, | 10 5 W. 10 5 W. 


The agreement A these values of the quantities with the values calculated 


on the previous supposition is not quite so close as I anticipated, but it 


should be remarked that the numerators of the quantinues A,B EC,B.E 
DL 22 
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are the differences of positive and negative quantities of very much greater 
magnitude, as becomes obvious on proceeding to the numerical calculation ; 
and thus a comparatively small change in one of the large compensating 
quantities, due to large tracts of land in different portions of the globe, affects 
the integrals to a considerable extent. 


In this connexion I was led to investigate the effect of counting various 
small islands and promontories as sea, or small bays and straits as land. For 
instance, a portion of sea in the neighbourhood of Behring’s Straits is 
included as land, and a corresponding correction must be applied to the 
integrals. This correction I have estimated as follows:—The area of the sea 
is estimated in square degrees, by drawing lines on a large map corresponding 
to each degree of latitude and longitude and counting the squares covered by 
sea, fractions of a square to one decimal place being included, though the 
tenths have been neglected in the concluded sum. This area has then been 
multiplied by the value of (say) cos*A cos 2/ for the approximate centre of 
gravity of the portion, to find an approximate value of the integral 


f{f{cos*r cos 21 dr dl 
over its surface. 

By drawing the assumed coast line on a map, it will become obvious that 
such corrections may be applied for the following portions, defined by the 
latitude and longitude of their centres of gravity; remarking that when there 
is a portion of land which may be fairly considered to compensate a 
portion of sea in the immediate neighbourhood, no correction has been 
applied. For instance, it would be seen that part of the Kamschatkan 
Peninsula is excluded from the coast line, and part of the Sea of Okhotsk is 
included; but these will produce nearly equal effects on the integrals in 
opposite directions, and are thus left out of consideration. 


Area in 

square degrees Longitude Latitude 
$a LOO us, seataoene SL US ere + 64° 
2400 2 eases HL50. an Mite + 714 
el OOS eect t= O8 ere + 60 
a oie | Mrs eo G0 yi teeta ee + 52 
4.68. © Anais: + BB-  eseawats + 9 
ete") ER aeeaen +E. a +21 
=) 69) “oa GD" 6) beter + 4 
4p OU Pega enn 384, ORE A —ll 
Se M22) Thee — Oh “Ogee — 20 
at AR Perce Sat ~ OTs —19 
hee 02), Meese sak arts Se ee +18 
STG 1 Ree a ALY ama sary +18 
clk DAR cre = 1102 6) 1, Re + 2 


a, «BD 9 EA cee OU: Ea Me Ps aS 
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Area in 
square degrees Longitude Latitude 
ey es erie oe = bs ee ne ee + 12° 
er hear are Oe sciNChs SBE ends — 5 
tA WS Lee eahipes SVOGa: Yl Sein cshae + 36 
> amen ee ree STO cues — 42 
N.B.—Land-areas are considered positive, sea negative. — + 


We then find the following corrected values of the integrals :— 


ist hypothesis 2nd hypothesis 
HEA om caches + 0°02237 +0°02247 
| 8 ocesceccosrc +0:00230 +0:00231 
(UBS aaeAanctOsn —0:01952 —0:01961 
WD sepiarmess +0:02665 +0:02676 
| £ Meso emeinee —0:01775 | — 002810 
QE wiernecne 0-279 0:274 


and finally the following values of the latitudes and longitudes of evanescent 


tides :— 
Nature of tide 1st hypothesis 2nd hypothesis 
ong period) ses.c-as.secese lat. Xo 34° 33’ N. Sue 7 IN. 
eee 5 lat. Dy Ooms: OMS Tes: 
DUE es coacheseatn orcs ) long. J; | 53 47 E. 53 46 E. 
ee ee lat. Ay | 81 23 N. STRP2INE 
Semi-diurnal se cesesccuce } long. i 9 56 W. 2 56 W. 


The estimation of corrections due to these supplementary portions has 


been checked in two cases by a detailed extension of the method of square 
blocks of land used previously for evaluation of the whole integrals; that is 
to say, two of these portions were separately divided into square degrees 
(instead of squares whose sides were each ten degrees), and the integral 
evaluated in a similar manner to that previously described. The agreement 
of the values so calculated with those obtained by the above method of 
estimation was sufficiently exact to justify a certain confidence in the close 
agreement of the finally corrected values of the integrals with their theoreti- 
cally perfect values. 
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ATTEMPTED EVALUATION OF THE RIGIDITY OF THE EARTH 
FROM THE TIDES OF LONG PERIOD. 


[This is § 848 of the second edition of Thomson and Tart’s Natural 
Philosophy (1883). There have been some changes of notation, so as to make 
the investigation consistent with the other papers in this volume. Some 
portions have been omitted, where omissions could be made without any 
interference with the main result.] 


It appears from Schedule B iii. of the Report to the British Association 
of 1883 (p. 22 of this volume) that the fortnightly tide Mf is expressed by 
3 
AG a.(4—$sin?d) (1 — $e”). 4 sin? J cos 2 (s — &) 
and the lunar monthly tide Mm by 


3 


But in the paper on the correction to the equilibrium theory for the 
continents (p. 330 of this volume) it is shown that the factor 


$—$sin?d = 3(4—sin?d) = 3 (sin? 35° 16’ — sin? A) 


should be replaced by 3(sin?A,—sin?d). It appears further from that paper 
that A, is 34° 39’ according to one hypothesis and 35° 4’ according to another 
as to the distribution of land on the earth. Hence we may with sufficient 
accuracy replace this factor by $ sin (35° — X) sin (35° 4+ 2). 
: MM /a\* ceiewhe j 
Thus if we write r =3 E (<) , and let ¢ denote the equilibrium fortnightly 
tide, and w the equilibrium monthly tide, we have 


= 3ra (1 — $e?) sin’ J sin (385° — d) sin (35° + 2) cos 2 (s — &) \ 


= $7ae(1 — sin’ J) sin (35° — 2X) sin (35° + A) cos (s — p) 


Pe. 
Pe es x 
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Thus the actual fortnightly and monthly tides must be expressed in the 

forms 

= $ra (1 — $e) sin? J sin (35° — 2) sin (35° + 2) {a cos 2 (s — FE) + y sin 2(s — )} 

= $rae (1 — $sin? J) sin (385° — 2) sin (35° + 2) jw cos (s — p) + v sin (s — p)} 


where w, y, uw, » are numerical coefticients. If the equilibrium theory be 
nearly true for the fortnightly and monthly tides, y and v will be small; 
and # and w will be fractions approaching unity, in proportion as the 
rigidity of the earth’s mass approaches infinity. 


If we now put 


a= $ra (1 — Se) sin? J sin (35° — 2) sin (35° + 2) 


. Nis ; ia vine ea ae (20) 
c = 3rae(1 — 3 sin? £) sin (35° — d) sin (85° + 2) ) 
and for the fortnightly tide write 
ar= A | (21) 
Wea ea a 
and for the monthly tide write 
aes | hee ar meme ech Oe (22) 
cv =D 
we have ¢ = A cos 2 (s — &) + Bsih 2 (s — &) 


p = Coos (s — p) + D sin (s — p) 
Every set of tidal observations will give equations for , y, u,v; and the 


most probable values of these quantities must be determined by the method 
of least squares. 


For places north of 35° N. lat., or south of 35° S. lat. the coefficients a 
and c become negative. This would be inconvenient for the arithmetical 
operations of reduction, and therefore it is convenient to regard the co- 
efficients a and ¢ as being in all cases positive, for we may suppose (A — 35°) 
to be taken for places in the northern hemisphere North of 35°, and 35°—2% 
for places in the same hemisphere to the South of 35°; and similarly for the 
southern hemisphere. 

[This is merely an artifice for avoiding the insertion of many negative 
signs, and it makes no difference in the result. | 

In collecting the results of tidal observation I have to thank Sir William 
Thomson, General Strachey, and Major Baird* for placing all the materials 
in my hands, and for giving me every facility. The observations are to 
be found in the British Association Reports for 1872 and 1876, and in the 
Tide-tables of the Indian Government. 


* (Now Lord Kelvin, Sir Richard Strachey, and Colonel Baird.] 
4 
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The results of the harmonic analysis of the tidal observations are given 
altogether for 22 different ports, but of these only 14 are used here. The 
following are the reasons for rejecting those made at 8 out of the 22 ports. 


One of these stations is Cat Island in the Gulf of Mexico; this place, in 
latitude 30° 14’ N,, lies so near to the critical latitude of evanescent fortnightly 
and monthly tides, that considering the uncertainty in the exact value of 
that latitude, it is impossible to determine the proper weight which should 
be assigned to the observation. The result only refers to a single year, viz. 
1848, and as its weight must in any case be very small, the omission can 
exercise scarcely any effect on the result. 


Another omitted station is Toulon; this being in the Mediterranean Sea 
cannot exhibit the true tide of the open ocean. 


Another is Hanstal in the Gulf of Cutch. The result is given in an 
Indian Blue Book. I do not know the latitude, and General Strachey informs 
me that he believes the observations were only made during a few months 
for the purpose of determining the mean level of the sea, for the levelling 
operations of the great survey of India. 


The other omitted stations are Diamond Harbour, Fort Gloster and 
Kidderpore in the Hooghly estuary, and Rangoon, and Moulmein. All these 
are river stations, and they all exhibit long period tides of such abnormal 
height as to make it nearly certain that the shallowness of the water has 
exercised a large influence on the results. The observations higher up the 
Hooghly seem more abnormal than those lower down, I also learn that the 
tidal predictions are not found to be satisfactory at these stations. 


The following tables exhibit the results for the 14 remaining ports. 


No attempt has been made to assign weight to each year’s observations 
according to the exact number of months over which the tidal records extend. 
The data for such weighting are in many cases wanting. In computing the 
value for a the factor 1 — ge? was omitted, but it has been introduced finally 
as explained below. 
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BRITISH AND FRENCH Ports, NortH or LATITUDE 35°. 
{Tidal Reports of Brit. Assoc. 1872 and 1876.] 
ETACH ete: | RaMsGaTE LIVERPOOL West HartiEpoon Brest 
| N. Latitude...) 51° 21’ 53° 40’ 54° 41 48° 23’ 
1 2 3 4 5 6 io «Ss 9 
Yarn -SeSe) 1864 } 1857-8 | 1858-9 | 1859-60] 1866-7 | 1858-9 | 1859-60) 1860-1 | 1875 
= | A —'0112 |+:0917 | +0337 |— -0015 | — 0346 ]4 0497 | + -0297 | +-0729 | — 0244 
| Bes || B | +:0311 |—-0156 | — 0153 | —-0240 | + 0095 J+ 0153 |+ 0438 — -0027 | — 0959 
| se | | 
re 4 a 0439 | 0955! -0946| -0905| -0416] -0996| -0952) -0884] ‘0684 
| 
es7 iN C — 0223 |—-0153 | — 1687 |+-1508 | + 0127 |— 0688 | + -1347 | — 0261 }— 0279 
o 
ier D — 0224 }+4-0434 |— 1038 | —-0190 | + 0708 | — 0299 | — 0100 | — 1365 ]+ -0178 
is {| e ‘0332 | -0302| -0304/ -0312| -0392] -0320} -0328) -0339] -0218 
INDIAN Ports. 
{Indian Tide Tables for 1881, | 
PLACE. ,...7 ADEN KuRRACHEE 
| Latitude... 197 47’ 24° 47’ 
| ; | 
10 11 12 13 14 15 16 1% \ 18 19 
| 
Vaan cd 1877-8 | 1879-80] 1868-9 | 1869-70] 1870-1 | 1873-4 | 1874-5 | 1875-6 | 1876-7 | 1877-8 
| = —_ SS =| 
| = [ A +0606 | +0597 | +0287 |4 0421 — -0076 | — 0123 | 4+ -0429 |+-0131 +-0460 +-0508 
borg B +°0131 | +°0167 | — 0249 | — 0482 | — 0342 | — -0102 | + 0328 | + -0050 | — 0012 | + -0406 
oa a 0818) -0706} -0218| -0248 0287) 0411] -0440| -0436) -0459 -0448 
é : wal o 2 aa | vas 
> } © 40194 | +0329 | — 0288 |— 0429 — -0140 | +-0281 | +0522 | — 0133 | +0631 | +0722 
Se D — 0158 | + 0027 | — ‘0703 |+ 0035 +-0288 + 0414 |+-0229 | + 0565 | + 0570 | +0831 
3° c 0268 -0286] -0185| -0180 -0173| 0153] -0148/ °0145| -0145) ‘0147 
a | 


844 OBSERVATIONS AT THE SEVERAL STATIONS. [9 


INDIAN Ports (continued). 


[Indian Tide Tables for 1881-—2.] 


| Oxna Point 
Piscnsses | snp Bryrt | Bompay—Apoitto BuNDER KArwAR BrypoRkE 
Harpour _ as 
‘Latitude..| 22° 28’ 18° 55’ 14° 48’ 11° 10 
| | 20 21 22 23 24 25 26 27 
| 2 
YEAR ...... 1874-5 [1876-7 | 1878-9 | 1879-80] 1878-9 | 1879-80] 1878-9 | 1879-80 
> | a 
S | A - +0529 -1+-0699 | + -0888 | + 0653 ]+ 0649 | + 0699 ]+ "1040 | + -0907 
DS. Bs +0459 [+0121 |— 0199 | + 0100 ]— 0168 | + -0025 J+ 0208 | + 0281 
Bf a | 0525 0671 | -0617| -0565] -0726| -0665] -0803) -0735 
By | | | 
| | : 
> C | +-0331 |—-0048 |4-0372 | 4+ -0459 ]+ 0415 | + 0562 [+ 0687 | + 0057 
ao 
Es D = 0375 | +0266 | — 0378 | — -0036 | — 0069 | + 0143 ]+ 0072 | + 0708 
° | 
= Gums) PSOUry 0212| -0220| -0229] -0260; -0270] -0287) -0298 
PaumMBEN Pass, 
Puace ...... Island of VIZAGAPATAM Mapras ee ae 
Ramesweram 
Latitude ... 9° 16/ 17° 41’ 13° 4’ 11° 403/ 
28 29 30 31 32 33 
eres ae 1878-9 |1879-80] 1879-80 1880-1 1880-1 1880-1 
= | A 0560, 0448] +0328 +0524 +0318 +0589 
2S B —-0010 —-0043] +-0148 ~-0167 + 0037 — 0029 
e | a ‘0835 -0764 ‘0597 0534 ‘0626 ‘0649 
xy 
= | 6) +0579 4+-0279] +-0194 + 0468 +0304 +0195 
a OD | 
z ee D —-0113 +0439] +-0080 | 4-061 +0260 +0045 
ip c 0298 0310 0242 0253 0296 ‘0307 


Gauss’s notation is adopted for the reductions*. That is to say, [AA] 
denotes the sum of the squares of the A’s, and [Aa] the sum of the products 
of each A into its corresponding a. 


* See Gauss’s works, or the Appendix to Chauvenet’s Astronomy. 
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In computing the value of a for the fortnightly tide the factor (1 —%e’) 
which occurs therein was treated as being equal to unity; since $¢? = ‘00754, 
it follows that the [aa], which would be found from the numbers given in 
the table, must be multiplied by (1 — 01508), and the [Aa] and [Ba] by 
(1 —:00754). After introducing these correcting factors the following results 
were found: 


[aa] ="14573, [AA]=-09831, [BB]=°02576, [Aa]=-09836, [Ba]=:00291 
[ce] = 02253, [CC]="11588, [DD] =:07552, [Cc]=:015338, [De] =-00202 
Then according to the method of least squares, the following are the most 
probable values of x, y, u, v. 
_ [Aa] SBA) RRO Sy Ww [Cc]ia ues) 
faa] ’ y [aa] ’ ~ [ee]? [ec } 
And if m be the number of observations (which in the present case is 33) the 
mean errors of a, y, u, v are respectively 
LAAIea]—[Aal 1 /{BB}[aa]—[Bal’ 
fa \/ m — [aa] m—1 
[CPTI a, /OPlis|= Ds 
fe \ [cc] 


m—1 m—1 


The probable errors are found from the mean errors by multiplying by 
6745. 


I thus find that 
x= '675 +056, y='020+ 055, u='6804+°'258, »v='090 +218 


The smallness of the values of y and v is satisfactory; for, as stated in 
§ 848 (d) of the Natural Philosophy, if the equilibrium theory were true for 
the two tides under discussion, they should vanish. Moreover the signs 
are in agreement with what they should be, if friction be a sensible cause 
of tidal retardation. But considering the magnitude of the probable errors, 
it is of course rather more likely that the non-evanescence of y and v is due 
to errors of observation *., 


If the solid earth does not yield tidally, and if the equilibrium theory is 


* Shortly after these computations were completed Professor Adams happened to observe a 
misprint in the Tidal Report for 1872. This Report gives the method employed in the reduction 
by harmonic analysis of the tidal observations, and the erroneous formula relates to the reduction 
of the tides of long period. On inquiring of Mr Roberts, who has superintended the harmonic 
analysis, it appears that the erroneous formula has been used throughout in the reductions. 
A discussion of this mistake and of its effects will be found in a paper communicated to the 
British Association by me in 1882. It appears that the values of the fortnightly tide are not 
seriously vitiated, but the monthly elliptic tide will have suffered much more. This will probably 
account for the large probable error which I have found for the value of the monthly tide. If a 
recomputation of all the long-period tides should be carried out, I think there is good hope that 
the probable error of the value of the fortnightly tide ey also be reduced. 
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fulfilled, « and uw should each be approximately unity, and if it yields tidally 
they should have equal values. The very close agreement between them is 
probably somewhat due to chance. From this point of view it seems reason- 
able to combine all the observations, resulting from 66 years of observation, 
for both sorts of tides together. 


Then writing X and Y for the numerical factors by which the equilibrium 
values of the two components of either tide are to be multiplied in order to 
give the actual results, I find 


A = ‘676 + 076, Y =-029 4+ -065 


These results really seem to present evidence of a tidal yielding of the 
earth’s mass, showing that it has an effective rigidity about equal to that of 
steel *, . 


But this result is open to some doubt for the following reason : 


Taking only the Indian results (48 years in all), which are much more 
consistent than the English ones, I find 


A = 931 + 056, Y =:155 + -:068 


We thus see that the more consistent observations seem to bring out the 
tides more nearly to their theoretical equilibrium-values with no elastic 
yielding of the solid. 


It is to be observed however that the Indian results being confined 
within a narrow range of latitude give (especially when we consider the 
absence of minute accuracy in the evaluation of the critical latitude \,) a less 
searching test for the elastic yielding, than a combination of results from 
all latitudes. 


On the whole we may fairly conclude that, whilst there is some evidence 
of a tidal yielding of the earth’s mass, that yielding is certainly small, and 
that the effective rigidity is at least as great as that of steel. 


[ Postscript. It is interesting to compare this conclusion with the results 
obtained by Dr O. Hecker by means of the horizontal pendulum (“ Beobach- 
tungen an Horizontalpendeln iiber die Deformation des Erdkorpers,’ K. 
Preuss. Geoddt. Inst., Neue Folge, No, 32, 1907), for he finds the deflections 
of the pendulum to be two-thirds as great as they would be on a rigid earth. ] 


* It is remarkable that elastic yielding of the upper strata of the earth, in the case where the 
sea does not cover the whole surface, may lead to an apparent augmentation of oceanic tides at 
some places, situated on the coasts of continents. This subject is investigated in the Report for 
1882 of the Committee of the British Association on ‘‘The Lunar Disturbance of Gravity.” 
(Paper 14 in this volume.) It is there, however, erroneously implied that this kind of elastic 
yielding would cause an apparent augmentation of tide at all stations of observation. 


10. 
DYNAMICAL THEORY OF THE TIDES. 


[This contains certain sections from the article “TIDES” written in 1906 
for the new edition of the Encyclopedia Britannica, being based on the cor- 
responding paragraphs in the original edition and on the article “TIDES” 
im the supplementary volumes. Reproduced by special permission of the 
Proprietors of the Enc. Brit.] 


$12. Form of Hquilabrium. 


Consider the shape assumed by an ocean of density o on a planet 
of mass M, density 6 and radius a, when acted on by disturbing forces whose 
potential is a solid spherical harmonic of degree 7, the planet not being 
in rotation. 


If S; denotes a surface spherical harmonic of order 7, such a potential 
is given at the point whose radius vector is p by 


yaome (2) 8, Oe a eee (1) 


27 aNG 
In the case considered in an earlier section m is the moon’s mass and 
r her distance, and 1=2, while 8; becomes cos?(moon’s z. d.)—+4; [in the 
present instance the form of the coefficient is immaterial, save that its 
dimensions shall be correct]. 


The theory of harmonic analysis tells us that the form of the ocean, when 
in equilibrium, must be given by the equation 
p=at+ eS; Sn WISE (eis dloisherandce Woe Soe wat eren a arene eas (2) 
Our problem is to evaluate @;. 
We know that the external potential of a layer of matter, of depth e;S; 
and density o, has the value 
4oroa a “ 
24+1 E ts 
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Hence the whole potential externally to the planet and up to its surface is 


M  3ma? /p\' 4mroa (a\'O 
Se shal S| ieee ee ay 
p ar oy ( ) v ay SN ( ) S 


Pp 


The first and most important term is the potential of the planet, the 
second that of the disturbing force, and the third that of the departure from 
sphericity. 


a 


Since the surface of the ocean must be a level surface, the expression (3) 
equated to a constant must be another form of (2). Hence if we put 
p=a+e;,S;in the first term of (3) and p=a in the second and third terms, 
(3) must be constant; this can only be the case if the coefficient of S; vanishes. 


Hence on effecting these substitutions and equating that coefficient to 
zero, we find 
M 38ma = 4raa 
ae Qr?  Qe+1 cin 


But by definition of 6 and a we have M = 47réa* = ga’, where g is gravity, 
and therefore 
3ma? 
2gr* 
eT A ACCOR TEC ROCLOCORE 4, 
ej a (4) 


LT Onel ys 


If o were very small compared with 6 the attraction of the water on 
itself would be very small compared with that of the planet on the water ; 
hence we see that 1/(1 _ sd = 

(20+ 1)68 
gravitation of the ocean augments the deformation due to the external 
forces. This factor will occur frequently hereafter, and therefore for brevity 
we write 


) is the factor by which the mutual 


30 
b; = 1| Ep (2i+1)8 | (5) 
and (4) may be written 
3ma? 
e;= Dish hiy Ga aa vam a (6) 
Comparison with (1) then shows that 
Soe es 
V = gb @ CUS iors ee (7) 


is the potential of the disturbing forces under which 


p=a ata eS; aURee siia"s!si'el rise! s“oleveleve "=| stelaloteyerels walerats\eisteiste (8) 
is a figure of equilibrium. 
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We are thus provided with a convenient method of specifying any dis- 
turbing force by means of the figure of equilibrium which it is competent 
to maintain. In considering the dynamical theory of the tides of an ocean- 
covered planet, we shall specify the disturbing forces in the manner expressed 


by (7) and (8). 


This way of specifying a disturbing force is equally exact whether or 
not we choose to include the effects of the mutual attraction of the ocean. 
If the augmentation due to mutual attraction of the water is not included, 
b; becomes equal to unity; in this case there is no necessity to use spherical 
harmonic analysis, and we see that if the equation to the surface of an 
ocean be 

p=at+S 


where S is a function of latitude and longitude, it is in equilibrium under 
forces due to a potential whose value at the surface of the sphere (where 
p=) 1s gS. 


$14. Recent Advances in the Dynamical Theory of the Tides. 


The problem of the tidal oscillation of the sea is essentially dynamical. 
In two papers in the second volume of Liouville’s Journal (1896), M. Poincaré 
has considered the mathematical principles involved in the problem, where 
the ocean is interrupted by land as in actuality. He has not sought to 
obtain numerical results applicable to any given configuration of land and 
sea, but he has aimed rather at pointing out methods by which it may some 
day be possible to obtain such solutions. It would hardly be in place to 
attempt to follow the details of an investigation of this character, but we 
may say that it affords a conspicuous example of M. Poincaré’s power ot 
reaching the very heart of a difficult problem. 


Even when the ocean, is taken as covering the whole earth, the problem 
presents formidable difficulties, and this is the only case in which it has been 
solved hitherto*. 


Laplace gives the solution in Bks 1. and Iv. of the Mécanique Céleste; but 
his work is unnecessarily complicated. In the first edition of the present 
work we gave Laplace’s theory without these complications, but the theory 
is now accessible in Lamb’s Hydrodynamics, and perhaps in other works 
of the kind. It will not, therefore, be reproduced here. 


In 1897 and 1898 Mr 8.8. Hough undertook an important revision of 
Laplace’s theory, and succeeded not only in introducing the effects of the 


* Lord Kelvin’s (Sir W. Thomson’s) paper on the “Gravitational oscillations of rotating 
water,” Phil. Mag., Oct. 1880, bears on this subject. It is the only attempt to obtain numerical 
results in respect to the effect of the earth’s rotation on the oscillations of land-locked seas. 
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mutual gravitation of the ocean, but also in determining the nature and 
periods of the free oscillations of the sea*, A dynamical problem of this 
character cannot be regarded as fully solved unless we are able not only 
to discuss the “forced” oscillations of the system but also the “tree.” 
Hence we regard Mr Hough’s work as the most important contribution 
to the dynamical theory of the tides since the time of Laplace. We shall 
accordingly present the theory in the form due to Mr Hough, although 
limitations of space compel us to omit many points of interest. 


The analysis is more complex than that of Laplace, where the mutual 
attraction of the ocean was neglected, but this was perhaps inevitable. 


Our first task is to form the equations of motion and continuity, which 
will be equally applicable to all forms of the theory. 


§ 15. Equations of Motion. 


Let r, @, @ be the radius vector, colatitude, and east longitude of a point 
with reference to an origin, a polar axis, and a zero-meridian rotating with a 
uniform angular velocity n from west to east. Then if Rk, H, & be the 
radial, colatitudinal, and longitudinal accelerations of the point, we have 


ve e il (a) —rsin? 6 (= + n) 


ae Pl ae: dd ) 
= a)? sin 8 cos @ (7 +n 
1 db 2 ain2 df 
Ugh Sra a [ sin? @ (‘S + ») | 
If the point were at rest with reference to the rotating meridian, we 
should have R =— n?r sin? 6, & =—n’rsin @cos 6, H=0. When these con- 


siderations are applied to the motion of an ocean relative to a rotating 
planet, it is clear that these accelerations, which still remain when the ocean 
is at rest, are annulled by the permanent oblateness of the ocean. As then 
they take no part in the oscillations of the ocean, and as we are not con- 
sidering the figure of the planet, we may omit these terms from & and &. 


: : d a ; ; fal 
This being so, we must replace (4 +n) as it occurs in # and & by 


d 
d\? dd 
(F) ae 2n ‘dt . 

Now suppose that the point whose accelerations are under consideration 
never moves far from its zero position, and that its displacements &, 9 sin @ 
in colatitude and longitude are very large compared with p, its radial dis- 
placement. Suppose further that the velocities of the point are so small 


* Phil. Trans. Roy. Soc., Vol. 189 A, pp. 201—258, and Vol. 191 A, pp. 139-185. 
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that their squares and products are negligible compared with nr; then 
we have 


BS head aarilnientn 
dé de @ VOY small quantity 
pte eine 
rsin di gg 7B ) 
do _ ag 
dt dt 


Since the radial velocity always remains very small, it is not necessary 
to concern ourselves further with the value of R, and we only require the 
two other components which have the approximate forms 


= ae mde da) 


dt? dt (9) 
(PIO OFA SOUR ca 
Fn 28 wore, 9 oe 
dt? seat 

We have now to consider the forces by which an element of the ocean 
is urged in the direction of colatitude and longitude. These forces are those 
due to the external disturbing forces, to the pressure of the water surrounding 
an element of the ocean, and to the attraction of the ocean itself. 

If e denotes the equilibrium height of the tide, it is a function of co- 
latitude and longitude, and may be expanded in a series of spherical surface 
harmonics ¢;. Thus we may write the equation to the equilibrium tide in 
the form 

r=a+l=at re; 

Now it appears from (7) and (8) that the value of the potential, at the 
surface of the sphere where p=a, under which this is a figure of equi- 
librium, is 

Ve Vghie; 

We may use this as specifying the external disturbing force due to 
the known attractions of the moon and sun, so that e; may be regarded 
as known. 

But in our dynamical problem the ocean is not a figure of equilibrium, 
and we may denote the elevation of the surface at any moment of time by 9. 
Then the equation to the surface may be written in the form 


r=a+h=a4 dh; 
where §; denotes a spherical harmonic just as ¢; did before. 
The surface value,of the potential of the forces which would maintain the 
ocean in equilibrium in the shape it has at any moment is £gb;b;. 
Hence it follows that in the actual case the forces due to fluid pressure 
- and to the attraction of the ocean must be such as to balance the potential 
4 
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just determined. Therefore these forces are those due to a potential — gb; Bj. 
If we add to this the potential of the external forces, we have a potential 
which will include all the forces, the expression for which is — g=0; (D; — &) 
If further we perform the operations d/ad@ and d/asin @d¢ on this potential, 
we obtain the colatitudinal and longitudinal forces which are equal to the 
accelerations & and H. 


It follows, then, from (9) that the equations of motion are 


2 


CREO hen SEIN a h; — e; 
a dé ‘ 


dt? dt 
es i. P | aie (10) 
sin a + 2n cos 0-7 = Barey be Shi ag i= 8 | 


It remains to find the equation of continuity. This may be deduced 
geometrically from the consideration that the volume of an element of the 
fluid remains constant; but a shorter way is to derive it from the equation 
of continuity as it occurs in ordinary hydrodynamical investigations. If ® 
be a velocity potential, the equation of continuity for incompressible fluid is 


d /_,d i do 
ar F Gee sin 0808p) +80 (rin 0 <7, drdq) 


(+ 1 d® 
dd "psin @ dd 
The element referred to in this equation is defined by r, 6, $, r+ 6r, 
6+60,6+6¢. The colatitudinal and longitudinal velocities are the same 
for all the elementary prism defined by @, $, 0+ 66, 6 +8, and the sea 
dd dé dd A lan F : 
bottom. Then Ze eae Te OPPURT a sin 6 di? and, since the radial velocity 
is d)/dt at the surface of the ocean, where r=a-+vy, and is zero at the sea 
® — : ; 
bottom, where r =a, we have oe = ae a Hence, integrating with respect 
: 4 
to r from r=a+y to r=a, and again with respect to ¢ from the time ¢ 
to the time when J, &, 7 all vanish, and treating y and } as small compared 
with w, we have 


+ dh 


530) = 0 


Ha sin 0 + E sin 0) + — (yn sin 0) =0 .........8.. (11) 


0 “Cr ii 


This is the equation of continuity, and, together with (10), it forms the 
system which must be integrated in the general problem of the tides. The 
difficulties in the way of a solution are so great that none has hitherto been 
found, except on the supposition that y, the depth of the ocean, is only a 
function of latitude. In this case (11) becomes 


Da+ — yg (ve sin 0) + a = Olssteecccumernenie (12) 
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$16. Adaptation to Forced Oscillations. 


Since we may suppose that the free oscillations are annulled by friction, 
the solution required is that corresponding to forced oscillations. Now e, 
which is proportional to V, has terms of three kinds, the first depending on 
twice the moon’s (or sun’s) hour-angle, the second on the hour-angle, and 
the third independent thereof. The coefficients of the first and second vary 
slowly, and the whole of the third varies slowly. Hence ¢ has a semi-diurnal, 
a diurnal, and a long-period term. We shall see later that these terms may 
be expanded in a series of approximately semi-diurnal, diurnal, and slowly 
varying terms, each of which is a strictly harmonic function of the time. 


Thus, according to the usual method of treating oscillating systems, we 
may make the following assumptions as to the form of the solution 


e = XL; = de; cos (Qnft + sh + ») 

) = >); = Sh; cos (2nft + sh + a)| 

E = X);a; cos (2nft + sh + a) 

n = Xb:y; sin (2nft + sh + @) 
where e;, hi, 2;, y; are functions of colatitude only, and e;, h; are the 


associated functions of colatitude corresponding to the harmonic of order 2 
and rank s. 


For the semi-diurnal tides s=2, and f approximately unity; for the 
diurnal tides s=1, and f approximately 4; and for the tides of long period 
s=0, and f is a small fraction. 


Substituting these values in (12), we have 


sin 0 a 


Then if we write w; for h; —e;, and put m= n?a/g, substitution from (13) 
in (14) leads at once to 


f2dbia: +f sin 6 cos 6 2b; = ie ae db;u; 


3 | sn3 : (ybjx; sin 8) + sybiys +h; “| ae (rer eeactane (14) 


ae eee (15) 
sag) s Lbu; 
f?sin 6 Xbiy;, +f cos 6 Xba; = Se ee 
Solving (15), we have ' 
1 /dzdbju; _ 8 cos 7 
(Sbisi) (f2— 008°) = 5 (—G 6 ee ea) | 


ere (16) 
1 Ee 6 d=b;u; szh)| 


(Xd:y:) sin? 6 (f? — cos’ 0) = — 7 f do sin 0 


4m 
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Then substituting from (16) in (14), we have 


~ pli Dye lige’ 16 cos Od=bu;  Vbiu; 
1 aly (sin @ 10 ee Sbiu:) dé + Ap 
sn0d0|~ «if? coed _ ~ 8Y “sin 0 (f? — cos? 0) 
ets Ama (u; 1 é;)=0 Ragucuoddooosacce’ (17) 


This is closely analogous to Laplace’s equation for tidal oscillations in an 
ocean whose depth is only a function of latitude; indeed the only difference 
is that we have followed Mr Hough in introducing the mutual attraction of 
the water. 


When wu; is found from this equation, its value substituted in (16) will 
give a, and yj. 


§ 17. Zonal Oscillations. 


We might treat the general harmonic oscillations first, and proceed to the 
zonal oscillations by putting s=0. These waves are, however, comparatively 
simple, and it is well to begin with them. The zonal tides are those which 
Laplace describes as of the first species, and are now more usually called the 
tides of long period. 

As we shall only consider the case of an ocean of uniform depth, y the 
depth of the sea is constant. Then since in this case s=0, our equation (17) 
to be satisfied by wu; or h;—e; becomes 


ed 
sin 0 — Yb; u; ; 
g (Seco) | toca 0-0 


dd \ f?—cos? 6 
This may be written 
d 4ma f? — cos’ @ [8 
Jp oii t erg | Dh; sin 0d +A =O ........, (18) 
where A is a constant. 
Let us assume he=C,P;, -e:=7;P; 


where P; denotes the ith zonal harmonic of cos 6. The coefficients C; are 
unknown, but the H; are known because the system oscillates under the 
action of known forces, 


If the term involving the integral in this equation were expressed in 
terms of differentials of harmonics, we should be able to equate to zero the 
coefficient of each dP;/d@ in the equation, and thus find the conditions for 
determining the O’s, 


f? -— cos’ @ 


n@ 


6 
| Pisin 0d@ in diflcrentialenor 


. 


The- task then is to express 


zonal harmonics. 
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It is well known that P; satisfies the differential equation 


saline) 86407 ID Oa nec done Qi tances (19) 
Therefore [ P sin 8d = - nt apne = 
J?- a | : s : FONE 
and = ne P; sin dé = es) Cr as) 0) Wee 
: 1 an Oe 
ran i. eet any ae) 
Another well-known arab of zonal harmonics is that 
pt t+) +1) 
C= HET Te ae Meena anor ee ery (20) 
If we differentiate (20) and use (19) we have 
1-1) fdP ia GP ea\ 3 atte’ ae 
4] ( Th tea )+i@+1) Pisind=0 BS ached sini (21) 


Multiplying (20) by sin @, and using (21) twice over 


Cea ee as 1 dP, dP.) 
j 


een, 1-43 a0 a0) *27-1\ ae ao 


Therefore 


fre COS “| Yo .. 1 TN RE 

ig aga | cima cat CPPS OH W NBL 
fal 2 ue ee ee Chae 
~V@+1)* Qh +s 3) dd * (@i+1)(@+3) dd 


This expression, when multiplied by 4ma/y and by C; and summed, is the 
second term of our equation. 


The first term is >b;(C; — £;) ae 

In order that the equation may be satisfied, the coefficient of each dP; /dé 
must vanish identically. Accordingly we multiply the whole by y/4ma and 
equate to zero the coefficient in question, and obtain 


Ce fat 2 
Ze Paar et Ona). ia l)t Ore Derm 
Cae 


+ (25-4 3) (20-45) == (0) silele.é:eieisie's ete ele ete 


This equation (22) is applicable for all values of ¢ from 1 to infinity, provided 
that we take C,, #,, C_,, H_, as being zero. 

We shall only consider in detail the case of greatest interest, namely that 
ofthe most important of the tides generated by the attraction of the sun and 


23—2 
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moon. We know that in this case the equilibrium tide is expressed by a 
zonal harmonic of the second order; and therefore all the #;, excepting Ff, 
are zero. Thus the equation (22) will not involve #; in any case excepting 
when 2=2. 
If we write for brevity 
Pe 2 biy 


er SCT = Omen) 
the equation (22) becomes 
Cei5 C;_. 
y a C; HU onc se crcvcvces Me 
CRENCEIAE CEOS) Cs 
bay 


save that when 7=2, the right-hand side is H,, a known quantity ew 


4ma 
hypothest. 

The equations naturally separate themselves into two groups, in one of 
which all the suffixes are even and the other odd. Since our task is to 
evaluate all the C’s in terms of #,, it is obvious that all the C’s with odd 
suffixes must be zero, and we are left to consider only the cases where 
1=2, 4,6, We. 

We have said that C, must be regarded as being zero; if however we take 


Bboy 
4ma 


Q=- E,, so that C, is essentially a known quantity 


the equation (23) has complete applicability for all even values of 7 from 2 
upwards, 


The equations are 
—"*.— [,0,+-—=0 
TE ie ok ceil 
It would seem at first sight as if these equations would suffice to deter- 
mine all the C’s in terms of C,, and that C, would remain indeterminate ; but 
we shall show that this is not the case. 


CO; 
= EC) + rie 13 =). &ec. 


For very large values of ¢ the general equation of condition (23) tends to 
assume the form 


Csi0 “F Cis ay 
ee 
C; ma 
By writing successively 1+ 2,7+4,7+6 in this equation and taking the 
differences we obtain an equation from which we see that, unless C;/C;1. tends 
to become infinitely small, the equations are satisfied by C;=C;,. in the limit 
for very large values of ¢ 


Hence, if C; does not tend to zero, the later portion of the series for h 
tends to assume the form 0;(P;+Pij.+ Piys...). All the P’s are equal to 
unity at the pole; hence the hypothesis that C; does not tend to zero leads to 
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the conclusion that the tide is of infinite height at the pole. The expansion 
of the height of tide is essentially convergent, and thus this hypothesis is 
negatived. Thus we are entitled to assume that C; tends to zero for large 
values of 7, 


Now writing for brevity 
1 
oe (i+ 1) (20 + 8 (Qt + 5) 
we may put (23) into the form 


: Cy_2/C; LY pe Qj 
CEI say MCN 
(2¢ + 1) (21 + 3) 


By successive applications of this formula, we may write the right-hand side 
in the form of a continued fraction. 


Let ie a Aj» a Cj bs Qij+2 
: L; = Lis+s aa Liss = 
Cay C; __ Ai» 


Then we have 


(2% —3)(2%—-1l) K; 


or oe = (2i—1)(21+1) K; 
Thus 
Ce 30 Ce Gi= 8b. WOK KC, C,= 31001 . 9 (LU AS KAA KC, We. 


If we assume that any of the higher C’s, such as Q,, or Cg, is of negligible 
smallness, all the continued fractions K,, K,, K, &c. may be computed; and 


ong 3b 
thus we find all the C’s in terms of C,, which is equal to — aL ps 


4ma 
The height of the tide is therefore given by 
) = Zh; cos (2njt + @) 
= — 27 2, (3.5K,P,+ 3.5.7. 9K. K.P, ...} cos (2uft +4) 
ma 


It is however more instructive to express ) as a multiple of the equi- 
librium tide e, which is as we know equal to LP, cos (2nft-+ a). Whence we 
find 


lian Ke, Piss ei. OP B68. IS REE RP +18) 
4ma P, 

The number f is a fraction such that its reciprocal is twice the number of 
sidereal days in the period of the tide. The greatest value of f is that 
appertaining to the lunar fortnightly tide (Mf in notation of Harmonic 
Analysis) and in this case f is in round numbers jg, or more exactly 
f?.= 001383. 


; 4 
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The ratio of the density o of sea-water to 6 the mean density of the earth 
is ‘18093; which value gives us 


The quantity m is the ratio of equatorial centrifugal force to gravity, and 
is equal to shy 


289° 
Finally y/a is the depth of the ocean expressed as a fraction of the earth’s 
radius. 


With these numerical values Mr Hough has applied the solution to 
determine the lunar fortnightly tide for oceans of various depths. Of his 
results we give two :— 


First, when y = 7260 ft.=1210 fathoms, which makes Te = 7,, he finds 


b =F [2669P, —1678P, + 0485P, —“0081P, + °0009P, — 0001 P,,...} 
2 


If the equilibrium theory were true we should have 
ct 
b= 5 (PI 
thus we see how widely the dynamical solution differs from the equilibrium 
value, 


Secondly, when y = 58080 ft. = 9680 fathoms, and — = 1, he finds 
ma 


b = 55 (7208P, — 0973P, + 0048P, — 0001 P,....} 


From this we see that the equilibrium solution presents some sort of 
approximation to the dynamical one; and it is clear that the equilibrium 
solution would be fairly accurate for oceans which are still quite shallow 
when expressed as fractions of the earth’s radius, although far deeper than 
the actual sea. 


The tides of long-period were not investigated by Laplace in this manner, 
for he was of opinion that a very small amount of friction would suffice to 
make the ocean assume its form of equilibrium. In the arguments which he 
adduced in support of this view the friction contemplated was such that the 
integral effect was proportional to the velocity of the water relatively to the 
bottom. It is probable the proportionality to the square of the velocity 
would have been nearer the truth, but the distinction is unimportant. 


The most rapid of the oscillations of this class is the lunar fortnightly 
tide, and the water of the ocean moves northward for a week and then 
southward for a week. In oscillating systems, where the resistances are 
proportional to the velocities, it is usual to specify the resistance by a 
‘modulus of decay,’ namely the time in which a velocity is reduced by 
friction to e or 1/2°78 of its initial value. Now in order that the result 
contemplated by Laplace may be true, the friction must be such that the 
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modulus of decay is short compared with the semi-period of oscillation. It 
seems practically certain that the friction of the ocean bed would not reduce 
a slow ocean current to one-third of its primitive value in a day or two. 
Hence we cannot accept Laplace’s discussion as satisfactory, and the investi- 
gation which has just been given becomes necessary *. 


§ 18. Tesseral Oscillations. 


The oscillations which we now have to consider are those in which the 
form of surface is expressible by the tesseral harmonics. The results will be 
applicable to the diurnal and semidiurnal tides—Laplace’s second and third 
species. 

. 


af 


d (sin 7 a +0 COS 0) Db,u; (< cos @ a + 8? cosec 0) Xb 4; 


If we write «= the equation (17) becomes 


a a te dé 
dé S— 6 cos? @ s? — o? cos? O 
= a Ars S103. eae (24) 
yer 


If D be written for the operation sin @ ee , the middle term may be arranged 


in the form” 


_ a cot 6(D + @ cos @) Sbyu; 


s?— 0? cos? @ 


— >b;u; sin 0 


Therefore on multiplying (24) by sin @ it becomes 
(D + @ cos 6) 2 diu; 
_ $?— a? cos? 


(D — o cos a) | |- Sb; + —t Sh; sin? 6 =0 ...(25) 


We now introduce two auxiliary functions, such that 
Xb; (hi — e;) = Vu; 
= (D—a cos 0) V 4 (s?— 07 cos? 0) D....... 0.0 (26) 
It is easy to prove that 
(D + «cos @)(D—co cos nee Maen (27) 
(D —« cos @)(D +o cos 0) = D? — s°— a sin? 6 + (5? — o* cos? @) 
Also 
(D + @ cos @) (s? — o? cos? 0) B = (s? — a? cos? 8) (D + a cos 0) ® 
te Dg2 Bin? O COB OD Fi crsientncs. snes (28) 
Now perform D +o cos @ on (26), and use the first of (27) and (28), and we 
have 
(D + o cos 6) &b;u; = (D?— 8° + o sin? 6+ s*— 0? cos’ 0) V 
+ (s*— cos? 0) (D + o cos 0) ® + 20% sin? O cosO®...... (29) 


* TA fuller discussion of this subject is contained in Paper 11 below.] 
4 
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The functions V and ® are as yet indeterminate, and we may impose 
another condition on them. Let that condition be 
(D? — s? + sin? 0) V =— 20? sin? 0 cos OD...... ec eee eee (30) 
Then (29) may be written 
(D+ o cos 0) 2b; u; 
S= oc cos? ¢ 
Substituting from this in (25), and using the second of (27), the function 
WV disappears and the equation reduces to 


=W+(D+ cos 0) ® 


(D? - s?— a sin? 0) ® + ae Dig SIL O =e egos ceteree hae (31) 
Since by (30) —o? co? @D=4h bas - (D? — s°+ sin? 6) V, (26) may be 
written 
~b.u,; = D —acos0+}3 cos oe (D? — 3° + o sin? -0)| WoO... (32) 


The equations (30), (31), and (32) define VY and ®, and furnish the 
equation which must be satisfied. 


If we denote cos @ by « the zonal harmonics are defined by 


P;= ane =) (w= 1) 


The following are three well-known properties of zonal harmonics : 
g P 


Tall etal ee “a < 
j [A H) Ge] ti + P= 0 PTS (33) 
G41) Pal CEP) BPit UP = ON eee ee (34) 
D). 
U Bry 8 pata (i+ LP eel pe eee (35) 
du 


cos : : Hm) 
If P; . sf are the two tesseral harmonics of order ¢ and rank s, it is also 
sin 


known that 


Pi=(1— wy ee (36) 
Let us now assume 
hig O07 Py GSP Vesa P= See, 
These must now be substituted in our three equations (30), (31), (82), 
and the result must be expressed by series of the P; functions. It is clear 
then that we have to transform into P; functions the following functions of 


P;,, namely 


and (D?—s+osin?0)P;, cosdP; 


a 


| D— cos d+} j cos (Dt s* +o sin? a)| Pt 


— 
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If we differentiate (33) s times, and express the result by means of the 
operator D, we find 


(DISS) Peg) 2, sin 0 =O. nevi peexseoenes ee (37) 
Again, differentiating (34) s times and using (35), we find 
(6541) Pi, — (i+ 1) cos OP; + +s) By =0 2.00. (38) 
Lastly, differentiating (86) once and using (33), (85), and (88) 
s_%(1—s+1) @+1)@+s) p : 
Di wal Pi - 41 Sac ore ees (39) 


By means of (37), (38), and (89) we have 

1 cat bat $ mo g 

ape a +osin? 0) P;=[-—71@+1) +o] P; 

uae L 
2+) 


its 


cos 6P; (5904, 


Ie oe 
cos @ 
2 sin? 6 


|D-o+4 (D?-s#+osin? a)| P: 


RiGee igre )) 
2 (21 +1) 


Therefore the equations (30), (31), (32) give 


((+s8) [o+ (+1) (0+ 2) ps 


Pisa 2(2i +1) 


s oye s s ) + 5 J ae 
s [isc enol Pit zee eT Pt aT Ping |=8 


a E [441-0] i+ 28 cP | =0 


(@—st+1)[¢+27¢—-1)] 

= |b.(Ci- — HH) Pita | 2 Qi +1) Ps 
Ors) [et @e D+ 2) $ ops | _ 
(+1) IB at- ais 


Since these equations must be true identically, the coefficients of P; in 
each of them must vanish. Therefore 


i “8 Bit eg ae | s t-s 
GO; {o 140 1)} + 20° {8 43) + Bi, % = 


ally 


—Bi{o+tG+1)}+ i=0 


—s)[o+( <r 4 — 2)] 
2 (2i —1) 


s (i+8+1)[o+@+2)0+3)]_ a2 0_ 
+ Airy sa 2 (21 +3) Bi =0 


Be et eae 


4 
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If we eliminate the @’s and #’s from the third equation (40) by means of 
the first two, we find 


AC: UO ee (Al) 
where 
pia ie is ee eee G2 
‘~elott(@it])]  (42—1)[e—@-1)i)[o+70@4+1)] 
(i+ 1-8] [e+ 4 2)@+8)] bj 
(40 +1—-1][o—-C+1)@4+2)][o+i@+1)] 4ma 
. —(1—s)(1—s—1) 


2 (9-1) —3)[(o_-G_-hil 
ee (Cas Este) 
Nit2 (05 + 8) (26+5)[o —(@+ 1) + 2)] 
In the case of the luni-solar semi-diurnal tide (called K, in the notation 
of harmonic analysis) we have 7=2,s=2,0=2. Hence it would appear that 


these formule for Z;, &_, fail by becoming indeterminate, but 7 and s are 
rigorously integers whereas o depends on the ‘speed’ of the tide; accordingly 
in the case referred to we must regard terms involving 7—s as vanishing in 
the limit when o approaches to equality with 7(¢—1). For this particular 
case then we find 


The equation (41) for the successive C’s is available for all values of 2 
provided that C_,, H_,, C), Hy are regarded as being zero. 

As in the case of the zonal oscillations, the equations with odd suffixes 
separate themselves from those with even suffixes, so that the two series may 
be treated independently of one another. Indeed, as we shall see immediately, 
the series with odd suffixes are satisfied by putting all the C’s with odd 
suffixes zero for the case of such oscillations as may be generated by the 
attractions of the moon or sun. 


For the semi-diurnal tides 1=2, s=2, and f is approximately equal to 


unity. Hence the equilibrium tide is such that all the Z;, excepting 3, are 
ZeLO. 


For the diurnal tides i=2, s=1, and f is approximately equal to 4. 
Hence all the H;, excepting Hj, are zero. | 


Since in neither case is there any H with an odd suffix, we need only 
consider those with even suffixes. 


In both cases the first equation among the C’s is 


Sys Sys b. s 
~ 1,0, + nC, =z B; (s=2or1) 
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It follows that if we were to write 
sos _ Yo 
C= dona (s="2/0r ) 


the equation of condition amongst the C’s would be of general applicability 
for all even values of ¢ from 2 upwards. 


The symbols &, 7, do not occur in any of the equations, and therefore we 
may arbitrarily define them as denoting unity, although the general formule 
of € and » would give them other values. Accordingly we shall take 


Ss 3s $ b, ‘ 
BO Ci = ie ES (s=2orl) 


With this definition the equation 
Ei» Op — Li OC; + nize Ciy2 =0 (8 =2 or 1) 

is applicable for 7 = 2, 4, 6, ete. 

It may be proved as in the case of the tides of long period that we may 
regard O;/C;,, as tending to zero. 

Then our equation may be written in the form 

Bee ous 

0; E,Ci/Ciss 
and by successive applications the right hand side may be expressed in the 
form of a continued fraction. 


S 8 ss Ss 8 
pe E590; E Nive Eis oMita 
=a ee aoe 
i Liss = Digs = 


Hence our equation may be written 


Let us write 


Cie -& up 

E,_ 2 Co ue 

Whence a mil Ge, 
1; 
It follows that 
f Hi 3 is hae $ $ AAA, 8 
Ce tg or | ee gy U5, be 
Ns 24 72746 


Then since we have defined 


all the C’s are expressed in terms of known quantities. 
Hence the height of tide ) is given by 
h = xh, cos (2nft + sh + @) 


= — 7 B05 Onpt-+ sp +a) | iP, TT en Pian oe 


M4 , 746 


jebial aly 
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But the equilibrium tide ¢ is given by 
¢ = LE, P) cos (2nft + sh + a) 


Hence we may write our result in the following form, which shows the 
relationship between the true dynamical tide and the equilibrium tide :— 


jes ote [HGP EPL bE ae : 
n 


4ma P; 


11N 


From a formula equivalent to this Mr Hough finds for the lunar seml- 


diurnal tide (s = 2), for a sea of 1210 fathoms (4 7 = ds) ; 


ae i (-10396P? + 57998 P* —19273P* + -08054P%...} 
2 
This formula shows us that at the equator the tide is ‘inverted, and has 
2°4187 times as great a range as the equilibrium tide. 


For this same ocean he finds that the solar semi-diurnal tide is ‘direct’ at 
the equator, and has a range 7°9548 as great as the equilibrium tide. 


Now the lunar equilibrium tide is 2°2 times as great as the solar equili- 
brium tide, and since 2:2 x 2°4187 is only 5:3 it follows that in such an ocean 
the solar tides would have a range half as great again as the lunar. Further, 
since the lunar tides are ‘inverted’ and the solar ‘direct, spring-tide would 
occur at quarter-moon and neap-tide at full and change. 


We give one more example from amongst those computed by Mr Hough. 


In an ocean of 9680 fathoms (Ge = 1) , he finds 
4ma 


We = (1:'7646P? — 06057 P? + 001447 P%...} 
2 
At the equator the tides are ‘direct’ and have a range 19225 as great as 
the equilibrium tide. In this case the tides approximate in type to those 
of the equilibrium theory, although at the equator, at least, they have nearly 
twice the range. 


Our space will not permit us to give others of the remarkable conclusions 
reached by Mr Hough. 


We do not give any numerical results for the diurnal tides, for reasons 
which will appear from the following section. 
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§ 19. Diurnal tide approximately evanescent. 
The equilibrium diurnal tide is given by 
¢ = EP. cos (2nft + p + a) 
where fis approximately $ and the associated function for 7=2, s=1 is 
P= 3 sin 8 cos 0 
Now the height of tide is given by 
h = 20; P; cos (Qnft + 6 + 2) 
and the problem is to evaluate the constants Cj. 


If possible suppose that § is also expressed by a single term like that 
which represents ¢£, so that 


} = 30; sin 6 cos 6 cos (2nft + $ + a) 
Then the differential equation (17) to be satisfied becomes 


an du 2 i ote cos 6 du yee | 
1 1 il d ( do iF ) 2 dé sin 6 (Lae 
V(Cs~ Ea) | in 8 dd\ Fi —eo8d _/ > sm OCF? cos 6) * mACau=O 


Xx 


where w is written for brevity in place of sin @ cos 0. 


Now when fis rigorously equal to 4, it may be proved by actual differen- 
tiation that the expression inside { } vanishes identically, and the equation 


reduces to C, =0. 


We thus find that in this case the differential equation is satisfied by 
zero oscillation of water level. In other words we reach Laplace’s remarkable 
conclusion that there is no diurnal rise and fall of the tide; there are, it is 
true, diurnal tidal currents, but they are so arranged that the water level 
remains unchanged. 


In reality f is not rigorously $ (except for the tide called K,) and there 
will be a small diurnal tide. The lunar diurnal tide called O has been 
evaluated for various depths of ocean by Mr Hough and is found always to 
be small. 


ine 


ON THE DYNAMICAL THEORY OF THE TIDES OF 
LONG PERIOD. 


[Proceedings of the Royal Society of London, Xu. (1886), pp. 837—342.] 


In the following note an objection is raised against Laplace’s method of 
treating these tides, and a dynamical solution of the problem, founded on 
a paper by Sir Wiliam Thomson, is offered. 

Let 0, ¢ be the colatitude and longitude of a point in the ocean, let € and 
n sin @ be the displacements from its mean position of the water occupying 
that point at the time ¢, let } be the height of the tide, and let e be the 
height of the tide according to the equilibrium theory; let n be the angular 
velocity of the earth’s rotation, g gravity, a the earth’s radius, and y the 
depth of the ocean at the point 6, ¢. 


Then Laplace’s equations of motion for tidal oscillations are 


aE : dy ng d 
qp 7 27 8in @ cos 8-7 =— 7 (D —£) ne 
gs onrtls sel gh an nial 
sin 6 dp + 27 608 6 pean ae dg —f) 
And the equation of continuity is 
La J dn _ 
let Pap Ve a ae Ti ee (2) 


The only case which will be considered here is where the depth of the 
ocean is constant, and we shall only treat the oscillations of long period in 
which the displacements are not functions of the longitude. 

As the motion to be considered only involves steady oscillation, we assume 

e€ = e cos (2nft + a) 

h = h cos (2nft + i 

E= 2 C08 (2NfE+G) 2. stecrcnnestaennstnectines (3) 
n =y sin (2nft + a) 

u=h—e ) 
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Hence, by substitution in (1), we have 


; 1 du 
f2 nia! 
af + yf sin 8 cos 0 = 7 
yf’ sin @ + af cos 0 =0 
where penne 
9g 
5 Re TA 
Whence a ( f? — cos )= 7 
: : sav. Lb cos? du 
y sin 0 ( f? — eos Ly Gee 


Then substituting for # and y in (2), which, when y is constant and 7 is 
not a function of ¢, becomes 


Ye 
a + 6 do 6b 80 9) =9 
; y d [sin @du/dé Md 
we get sn do S + 4ma (u+e)=0 


This is Laplace’s equation for tidal oscillations of the first kind*. In 
these tides f is a small fraction, being about 4 in the case of the fortnightly 
tide, and e the coefficient in the equilibrium tide is equal to H (4—cos?@), 
where # is a known function of the elements of the orbit of the tide-gene- 
rating body, and of the obliquity of the ecliptic. 


If now we write 8 = 4ma/y, and pw = cos 8, our equation becomes 


= 2 
5 pe | eth nae ek (4) 
In treating these oscillations Laplace does not use this equation, but 
seeks to show that friction suffices to make the ocean assume at each 
instant its form of equilibrium. His conclusion is no doubt true, but the 
question remains as to what amount of friction is to be regarded as sufficing 
to produce the result, and whether oceanic tidal friction can be great enough 
to have the effect which he supposes it to have. 


The friction here contemplated is such that the integral effect is repre- 
sented by a retarding force proportional to the velocity of the fluid relatively 
to the bottom. Although proportionality to the square of the velocity would 
probably be nearer to the truth, yet Laplace’s hypothesis suffices for the 
present discussion. In oscillations of the class under consideration, the water 
moves for half a period north, and then for half a period south. 


Now in systems where the resistances are proportional to velocity, it is 
usual to specify the resistance by a modulus of decay, namely, that period in 


* Mécanique Céleste. 
‘ 
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which a velocity is reduced by friction to e+ or 1 + 2°783 of its initial value ; 
and the friction contemplated by Laplace is such that the modulus of decay 
is short compared with the semi-period of oscillation. 


The quickest of the tides of long period is the fortnightly tide, hence for 
the applicability of Laplace’s conclusion, the modulus of decay must be short 
compared with a week. Now it seems practically certain that the friction 
of the ocean bed would not much affect the velocity of a slow ocean current 
in a day or two. Hence we cannot accept Laplace’s hypothesis as to the 
effect of friction. 


We now, therefore, proceed to the solution of the equation of motion 
when friction is entirely neglected. 


The solution here offered is indicated in a footnote to a paper by 
Sir Wiliam Thomson (Phil. Mag., Vol. L., 1875, p. 280), but has never 
been worked out. before. 


The symmetry of the motion demands that wu, when expanded in a series 
of powers of yw, shall only contain even powers of pu. 


Let us assume then 


AWS se : eis 
yw — f? Timpote c2 10 +...4+ Bayip Srey 
Then 
La Te — B+. + (By wd, Beh ) wrt 
we —f? du 1 3 1 2t+1 2i—1 eis 
ad {[1l—-,2 du ; ; 
du kee | =B,+ 3 (B,—B,) pet alters + (22 +1) (Boi, — Boy) w+ ee 
Relenon der (5) 
Again 
ad ; 
5 = — f* Bip a6 (B, — f?B;) V8 San + (By, — f? Bois) as aROOC 
u=C-—3f?BP+4(B,—f?Bs) wit... + 5 (Bus —f*Bo a) mB +... 
saves (6) 


where C is a constant. 


Then substituting from (5) and (6) in (4), and equating to zero the 
successive coefficients of the powers of wu, we find 


C=-1H+B/f 
B,— B, (1-3, f18) + }BE=0 


ry 


ee ry 


Thus the constants C and B,, B,, &c., are all expressible in terms of B,. 
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We may remark that if 
—4.4.8B_,=48E, or B,=-2E 


then the general equation of condition in (7) may be held to apply for all 
values of ¢ from 1 to infinity. 


Let us now write it in the form 


Boers it "9 1 Bus 
Teen ~ ein JB + si@ivy BB seca eee reesev ences (8) 
When 27 is large, B,;4,/B,, either tends to become infinitely small, or it 
does not do so. 


Let us suppose that it does not tend to become infinitely small. Then it 
is obvious that the successive B’s tend to become equal to one another, and 
so also do the coefficients B,;_, — f?B,;,, m the expression for du/dy. 
du 
dpe 


Hence — =I + aa where ZL, M are finite, for all values of ~. Hence 


AT DV1— a, , and therefore w is infinite when w= 1 at the pole, 
and dé/dt is infinite there also. 


Hence the hypothesis, that B,;,,/B,-, does: not tend to become infinitely 
small, gives us infinite velocity at the pole. But with a globe covered with 
water this is impossible, the hypothesis is negatived, and B,;,,/B,_, tends to 
become infinitely small. 


This being established let us write (8) in the form 


1 
Bua ~ 24(2¢-+1) Bp 


1 S00A > 1—-— oy aha) ae Beis) Ba 


By repeated applications of (9) we have in the form of a continued 


fraction 


1 cn 1 oe Re 
Bea game | Seana 6 | + ~ GeaenyP (|e 


3 ‘ 1 = oer 2 ‘ 
By 1- nop! ake (2i-+2) (21+8) fp 1 eitneireS ‘B 


And we know that this is a continuous approximation, which must hold 
in order to satisfy the condition that the water covers the whole globe. 


Let us denote this continued fraction by —J;. 


Then, if we remember that B_,=— 24, we have 
B B; 
Behe Bs ihe ae &e. 


4 
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so that 

B,=-2EN,N,, B,=—-2EN,N,N,,  B,=—2EN,N,N,N,, &e. 
EN, 

B 

Then the height of tide } is equal to hcos(2nft+), the equilibrium 
tide e is equal to # (4 —y?) cos (2nft + a), and we have 

h=u+HG-p’) 

=C+ 5h —-(E+3/°B,) w+ 5 (Bi — f?Bs) w+ § (Bs — PBs) wet 


h  2N, 6 
Tia B —(14+ f?M,) w+ 4M, (1+ fe) wt — ENN, + fP7N 5) ue +» 


and C=-1H+2 


Now when 6=40, we have y= 45 x 4ma = ge4gy & = 7260 feet; so that 
8 =40 gives an ocean of 1200 fathoms. 


With this value of 6, and with f= ‘0365012, which is the value for the 
fortnightly tide, I find 


N,=3:040692, N,=1:20137, .V,=°66744, .V,="42819, WN, = 29819 
NG 521950, Wee P1O814 ANieer 1825 eee Ors Ny, =1, We. 
These values give 


aM, ='15208, 14+/?N,=1:0041, 4,(1+ f2N,)=1'5228 


tN,N,1 + f2N;) = 12187, 4N,NLN,(1 + f2N,) = 6099 
4 N,... N+ f2N,)= *2089, 4 Ny 2. NG Lay eV gs OLD 
+N,...Ng(1+ f27N,)= 0098, £N,... NA+ f2N,) = 0014 
$l, ... Ng(1 + f?2N,) = 00017, &e. 
So that 
e ='1520 — 1:0041 py? + 152284 — 1:2187p5 + 60998 — 2089 un” 
+ 0519” — 00984" + 0014 u"* — 000248 +... 
At the pole, where w=1, the equilibrium tide is — 24; at the equator it 
is +34. 
Now at the pole h=—E x‘1037 =—2E x ‘1556 
and at the equator h=+Ex'1520= 14H x:4561 


In a second case, namely, with an ocean four times as deep, so that 


@=10, I find 

j 

z = 2363 — 10016? + 5910u4 — 16275 + 02588 — 0026u” + 0002u" —... 
At the pole h=—Ex°3137 =— 2# x°471 
at the equator h=+H x‘2363=+42 x ‘709 
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With a deeper ocean we should soon arrive at the equilibrium value for 
the tide, for V,, N;, &c., become very small, and 2.V,/8 becomes equal to +. 


These two cases, 8 = 40, 8 =10, are two of those for which Laplace has 
given solutions in the cases of the semi-diurnal and diurnal tides. We notice 
that, with such oceans as we have to deal with, the tide of long period is 
certainly less than half its equilibrium amount. 


In Thomson and Tait’s Natwral Philosophy (edition of 1883) [Paper 9, 
p. 340 above] I have made a comparison of the observed tides of long period 
with the equilibrium theory. The probable errors of the results are large, 
but not such as to render them worthless, and in view of the present in- 
vestigation it is surprising to find that on the average the tides of long 
period amount to as much as two-thirds of their equilibrium value. 


The investigation in the Natural Philosophy was undertaken in the belief 
of the correctness of Laplace’s view as to the tides of long period, and was 
intended to evaluate the effective rigidity of the earth’s mass. 


The present result shows us that it is not possible to attain any estimate 
of the earth’s rigidity in this way, but as the tides of long period are dis- 
tinctly sensible, we may accept the investigation in the Natural Philosophy 


as generally confirmatory of Thomson’s view as to the great effective rigidity 
of the whole earth’s mass. 


There is one tide, however, of long period of which Laplace’s argument 
from friction must hold true. In consequence of the regression of the nodes 
of the moon’s orbit there is a minute tide with a period of nearly nineteen 
years, and in this case friction must be far more important than inertia. 
Unfortunately this tide is very minute, and as I have shown in a Report 
for 1886 to the British Association on the tides [p. 166, above], it 1s entirely 
masked by oscillations of sea level produced by meteorological or other causes. 


Thus it does not seem likely that it will ever be possible to evaluate the 
effective rigidity of the earth’s mass by means of tidal observations. 


12. 


ON THE ANTARCTIC TIDAL OBSERVATIONS OF THE 
‘DISCOVERY.’ 


[To be published hereafter as a contribution to the screntific 
results of the voyage of the ‘ Discovery.’ | 


THE ‘Discovery’ wintered in 1902 and in 1908 at the south-eastern 
extremity of Ross Island, on which Mount Erebus is situated, in south 
latitude 78°49’ and east longitude 166° 20’. 


The station is near the west coast of a great bay in the Antarctic 
Continent, and the westerly coast line runs northward from the station for 
about 9° of latitude. To the eastward of the bay, however, the coast only 
attains a latitude of about 75° and follows approximately a small circle of 
latitude. Since the tide-wave comes from the east and travels to the west 
the station is not sheltered by the coast to the westward, and the continent 
to the eastward can do but little to impede the full sweep of the tide-wave 
in the Antarctic Ocean. It is true that Ross Island itself 1s partially to the 
east of the anchorage, but it is so small that its influence cannot be important. 
Of course the westward coast line must exercise an influence on the state of 
tidal oscillation, for regarding the tide-wave as a free wave coming in from 
the east, it is clear that it will run up to the end of the bay and then wheel 
round northward along the westerly coast. It would seem then that the 
situation is on the whole a good one for such observations. Of course their 
value would have been much increased if it had been possible to obtain other 
observations elsewhere. . 


The following account by Lieutenant Michael Barne, R.N., explains the 
manner in which the tidal observations were made. 


“On our arrival in the vicinity of our winter quarters on Feb. 8th, 1902, 
a good deal of the previous year’s ice remained attached to the land. As 
there was no foreshore, and pieces of this ice were constantly moving out, it 
was impossible to erect a tide-pole. With the final departure of the old ice, 
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the temperature fell, and young ice formed continually, only to be quickly 
broken up by the almost incessant easterly winds. 


“ As this state of affairs promised to last for a considerable time, an effort 
was made to obtain records of the tides. A stout graduated pole was erected 
alongside the ice foot in about 10 feet of water, the lower end being heavily 
weighted and the upper end securely guyed. Some intermittent observa- 
tions were secured in this manner, but they are probably of little value, as 
the ice was continually forming round the pole, which was only with difficulty 
freed from it. Besides this, communication with the shore, and consequently 
approach to the tide-pole, was constantly interrupted. 


“On the ship being finally frozen in, a tide gauge of the following nature 
was erected (Fig. 1). 


Fig. 1. 


“A single length of pianoforte wire (sounding wire) was led through 
a block, secured to the head of a tripod. One end of this length was attached 
to eight 25 lb. sinkers, which were lowered to the bottom. Four 26 Ib. 
sinkers were secured to the other end in such a manner as to allow of their 
free movement, between the ice and the block, as the ice, with the tripod, 
rose and fell with the tide. An indicator was clamped to the wire, and a 
suitable scale secured to the tripod. 


“Tt was thought that the motive force supplied by the weight of four 
sinkers, would be sufficient to draw the smooth surface of the wire through 
the ice, as the water rose and fell; whilst, in case it should fail to do so, the 
weight of eight sinkers would not be sufficient to break the wire. 


“ As it was considered possible that the ice, owing to the proximity of the 
land, might not maintain a uniform position relative to the surface of the 
water, a small hole was occasionally opened close to one of the tripod legs, 
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to which was attached a mark, indicating the height to which the water 


should rise. A few observations shewed that no error from this cause was to 
be apprehended. 


“This gauge was placed about 200 yards from the ship, and two-hourly 


readings with but slight interruption were continued from April 12th to 
April 28th, 


“Some sluggishness in its movement which was eventually noticed, and 
its final breakdown was possibly partly due to the thickening of the ice, but 
principally I think to the fact that too small a block was employed at the 
tripod head. The scale was, by accident, secured so that the readings 
increased upwards; consequently they have to be inverted*. 


“Tt was originally intended to place a tide gauge in the ship, owing to the 
far greater convenience of position, but it was thought that the position 
of the ship relatively to the water surface might alter and this might lead 
to errors. It was hoped that, by placing one on the ice as well as one in 
the ship, check observations might be obtained to determine if this source 
of error existed. This was eventually accomplished on April 25th, but by 
the time the ship gauge was erected, the outside gauge had ceased to be 
entirely satisfactory for the reasons given. The observations however shew a 
close approximation of movement. 


“The ship gauge was arranged as shewn in Fig. 2. The supporting blocks 
were secured rigidly, and, until May 10th, the wire was led directly through 
the ice. As the friction was gradually increasing, a suggestion made by 
Dr Wilson was adopted on that date, and the wire was taken through a tube, 
filled with paraffin oil, and closed at the top and bottom with a hard wooden 
plug through which the wire passed. A maximum and minimum arrange- 
ment, with balanced weights, was added as shewn in the sketch}. Un- 
fortunately, both on May 10th and May 12th, in re-fitting the gauge, the 


indicator had to be fixed afresh, and therefore the observations cannot be 
referred to a common zero, 


“A mark was placed on the ship’s side to ascertain any vertical move- 
ment of the ship relatively to the water surface, and a long plummet was 


secured in the engine-room, to shew any alteration in her inclination to 
the vertical. 


“On April 6th, 1903, the tide gauge was re-erected, and observations con- 


tinued; but, owing to the large number of observers employed, the maximum 
and minimum arrangement was not fitted. 


“The height of the mark (6) on the ship’s side above the water, was 
ascertained about once a month, in the same manner as during the winter 


* This oversight was rectified before May 12. G.H.D. 
+ No use has been made of this arrangement, G. H. D. 
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of 1902, 1. by digging a hole through the ice below the mark, and measuring 
its height. On these occasions the difference between the heights of the 
leading blocks was measured in the following manner. A wooden scale (c) 
marked in half-inches was secured to the beam (a), in a vertical position, 


——) SS 
[freeones ine 
alae acer] Maximum 
& 
{P77 minimum 
/arrangement 
1 on 
all 
ey, scale 
tide rising 


Mark 


Copper Gube 
filled with 
paraffin 


Fie. 2 


close to the outer block, with its zero mark on a level with the top of the 
sheave. A wooden instrument, shaped like the letter T, and having a lead 
weight attached to its lower end, and a hole A (see Fig. 3) in the centre of 
its upper end, was hung, freely, on a nail, in such a manner that its upper 
side was horizontal, and on a level with the top of the sheave of the inner 
block. By bringing the eye on a level with the upper side of this T-piece, 
and noting the position on the scale at which the upper side, if produced, 
would cut it, the reading of the scale was obtained which gave the difference 
in height of the blocks. : 
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“By taking periodical measurements of the height of the mark, and the 
difference between the heights of the blocks, data were obtained, by which 
readings could be corrected for alteration of the trim and the list of the ship 


°A 


Fie. 3. 


respectively and reduced to a common zero, namely that on April 6th, when 
the tide gauge was erected for the winter of 1903. 


“On Sept. 21st, 19038, the wire carried away close to the place where it 
was secured to the weight resting on the bottom. On examination, the wire 
was found to be greatly eaten away, from the point of attachment to a height 
of several feet, presumably on account of an action between the cast-iron 
sinkers, and the steel pianoforte wire.” 


The series of hourly observations was occasionally interrupted by accidents, 
and the trim and list of the ship changed a little from time to time. 
Accordingly it is not possible to treat the observations as a continuous whole. 
The series was therefore broken into a succession of months, so chosen as to 
avoid periods of manifest irregularity or of accidental interruption, and each 
month was treated independently. 


The choice of the method of harmonic analysis to be employed seemed 
to he between that explained in the Admiralty Scientific Manual and that 
devised for the use of the tidal Abacus*. The method of the Manual is 
considerably more laborious than the other, and it was highly desirable 
that the Abacus should be used if it could be trusted for a short series of 
observations. I therefore asked Mr Wright, who carried out the reductions 
and was familiar with the use of the Abacus, to reduce the first month in 
duplicate by the two methods. Curves were drawn through ordinates repre- 


* Manual of Scientific Inquiry, Article Tides; and “On an apparatus for facilitating the 
reduction of tidal observations,” Proc, Roy. Soc., Vol. 52, p. 345. [Papers 4 and 6 in this volume. ] 
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senting the mean height of water at the 24 hours of mean lunar time, as 
derived in the two ways. Although the whole range of height in the 24 
mean lunar hours was only about six inches, the two curves shewed a 
substantial agreement. The same process was then applied with O-time, 
when the range was found to be about 15 inches, and the agreement of 
the two curves was very close. The method of the Manwal shewed several 
sharp peaks or irregularities in the curves which were nearly smoothed out 
by the use of the Abacus. Such peaks would not affect the values of semi- 
diurnal or of diurnal components to a sensible amount, and as they are 
clearly accidental, I concluded that the use of the Abacus was quite satis- 
factory, and accordingly that method was adopted throughout. 


In the use of harmonic analysis it is necessary that the month under 
discussion should differ a little in length according to the tide which is being 
evaluated. For finding the M,-tide months of 30 days or of 29 days would 
be almost equally advantageous, but as 30 days gives us one more day of 
observation that period was adopted. Similarly 30 days is appropriate for 
the S,-tide. For a short period of observation it is necessary to regard this 
tide as compounded of the 8, and K, tides, and we must also suppose its 
range to vary with the sun’s parallax. The separation of these two tides 
from one another depends on theoretical considerations, which appear to be 
well founded. 


Similarly in a short series of observations the K, and P tides must be 
treated as fused together in a single tide, and they are separable by 
theoretical considerations only. For these two tides a month of 27 days is 
appropriate. 

Lastly the analysis for the O-tide demands the use of a month of 
28 days*. 


I determined, then, to separate the months in such a way that the 
shortest months (27 days) should follow one another as closely as possible, 
while the longer months should overlap slightly. Whenever any event 
occurred, whereby it seemed likely that the observations might be vitiated, 
the months were chosen so as to omit the time of possible or actual ab- 
normality. 


It was clearly desirable that the largest possible number of independent 
or nearly independent months should be discussed. This consideration led 
in one case to an overlap of as much as six days; thus the fifth month of 
27 days ended on October 19, while the sixth month began on October 13. 


In the few cases where hourly observations were missing, the defects were 
made good by interpolation. Although the observations began in April, 1902, 
the first satisfactory continuous period began on May 12. It will be well to 


* This use of months of various lengths necessitates some small arithmetical changes in the 
method as explained in the paper on the Apparatus referred to above. [See p. 225 above.] 
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state the epochs for the succession of twelve months which it was possible 
to obtain, and to add a few comments on the observations. 


First month, This begins with 0" May 12, 1902. The observations 
really begin at 2, but extrapolated values were used for 0" and 1". 


Second month. This begins with 0" June 5, 1902. 


On the afternoon of July 5 the wire attached to the sinker parted and 
the observations ceased. The apparatus was only reinstalled at 5 p.m. on 


July 23rd. 
Third month. This begins with 0" July 24, 1902. 
Fourth month. This begins with 0" Aug, 23, 1902. 


Fifth month. This begins with 0° Sept. 28, 1902. The height for 6" on 
October 20 was interpolated. 


On October 1 it was found that the ship had shifted so as to affect the 
readings by one inch. The date at which the shift had occurred was un- 
known, and moreover so small a change could not affect the results sensibly. 


Stath month. This begins with 0° Oct. 138, 1902. On Nov. 9, the four 
hourly values, 12 to 4" inclusive, were missing and were supplied by inter- 
polation. 


As already remarked this month considerably overlaps the one before 
it. This was necessary if a seventh month was to be secured before the 
observations ceased for the season, but the choice of the stage at which 
the overlapping should be made to occur was more or less arbitrary. 


Seventh month. This begins with 0° Nov. 13, 1902. The observation for 
22" of Dec. 9 is missing and was supplied by interpolation. On Dec. 13 the 
wire parted and the series ended for the year. 


In the second winter, that of 1903, somewhat greater care seems to have 
been taken to note the small shifting of the ship. 


Eighth month. This begins with 0" April 6, 1903. Between April 22 and 
May 3 the ship shifted so as to make the readings too high by 3 inches, 
compared with the earlier ones. As an arbitrary correction I deducted one 
inch from all heights from 0° April 24 to 0» April 27; from 1* April 27 to 
0» April 30 I deducted two inches; and for the rest of the month the full 
three inches. These arbitrary corrections were submitted to independent 
harmonic analysis, and it appeared that they afforded corrections so minute 
as to leave the tidal constants virtually unchanged. 


Ninth month. This begins with 0" May 9, 19038. The ship shifted 
considerably at some time about June 12, and as it is only possible to obtain 
one month before that date, there is an unutilized gap of a few days between 
this month and the one before it. 
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Tenth month. This begins with 0" June 15, 1903. On July 10 a sensible 
shift in the trim and height of the ship was discovered. This necessitates 
the addition of 43 inches to all heights, 2$ inches being due to angular 
movement and 2 inches to vertical movement. As an arbitrary correction 
I added 2 inches to all heights from 0° July 8 to 0" July 9; and afterwards 
I added the full 43 inches, 


Eleventh month. This begins with 0" July 14, 1903. 
Twelfth month. This begins with 0? August 14, 1903. 


After Sept. 8 the observations were only taken every two hours, and for 
the remainder of the month the values at the odd hours were interpolated. 


The observations stop on Sept. 20, but are not used in the reductions 
after Sept. 13. 


No corrections have been applied for changes in the barometric pressure. 
As the application of such a correction would have been very laborious and 
moreover somewhat speculative, I have relied on the automatic elimination 
of the inequalities produced by taking mean values. 
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The values of H and « are somewhat irregular from month to month, and 
it is therefore not permissible to adopt the mean values of H and « as 
representing the mean tide. I have therefore formed H cos « and H sin « for 
each month and have taken the mean of each as giving the mean values of 
Heosx and Hsinx. It is easy to compute from these the proper mean 


values of H and « for each tide. The results are given in the following 
table :— 


Mean values of tidal constants. 


Semidiurnal tides Diurnal tides 
M, H = 1:966 inches = 0°164 feet K, H = 9:245 inches = 0°770 feet 
enone = 1Koy Kk = 14°:05 = lel 
8S, H = 1:142 inches = 0:095 feet P H = 3-082 inches = 0°257 feet 
ra ees DIA == Dio Koa OD = 14 
K, H = 311 inches = 0:026 feet O H = 9:264 inches = 0°772 feet 
Ke (2k == Oe kK = 399 °5 = Oy 


The sum of the semi-ranges of the three diurnal tides is 21°6 inches and 
of the three semidiurnal tides is only 34 inches. This result corresponds 
with the fact that little trace of the semidiurnal tide is to be discovered 
from mere inspection of the tide curve. 


When tidal observations have been reduced it is always important to 
verify that the constants found do really represent the tidal oscillation, for in 
computations of such complexity it is always possible that some gross mistake 
of principle may have slipped in unnoticed. Such a verification is especially 
important in a case where the tides are found to be very abnormal, as here, 
and where the results from month to month are not closely consistent. 
I accordingly asked Mr Glazebrook to run off curves for two periods with the 
Indian tide-predicter at the National Physical Laboratory. The constants 
used were the means for the tides evaluated. It is probable that a better 
result would have been attained if a number of other tides, with constants 
assigned by theoretical considerations from analogy with the constants actually 
evaluated, had also been introduced; but I did not think it was worth while 
to do so. Evidence will be given hereafter to shew that the smaller elliptic 
diurnal tides must exercise an appreciable influence. 


The periods chosen for the comparison were about three weeks beginning 
on May 12, 1902, and nearly the same time in November. It does not seem 
worth while to reproduce the whole of the observed and computed curves 
for these periods. The observed tide-curve has frequently sharp irregularities 
presumably produced by weather or by unperceived shifts of the ship, and 
the maxima are sometimes sharp peaks instead of flowing curves. However, 
on the whole the computed and observed curves follow one another very well, 
at least throughout all those portions where the diurnal tide is pronounced. 
Where the diurnal inequality is nearly evanescent, and the semidiurnal tide 
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becomes perceptible the discordance is sometimes considerable, although even 
in these cases every rise and fall of the water is traceable in the computed 
curve. Such discordance was inevitable, for at this part of the curve all 
those tidal oscillations which have any importance have disappeared, and 
only those tides remain which are very small; moreover most of these tides 
are avowedly omitted from the computed curve. 


I give two figures. The first (Fig. 4) shews the two curves where the 
diurnal tide is large, viz. from 0" May 24th to 0" May 25th, 1902; it is a 
rather favourable example of the general agreement referred to above. The 
second figure (Fig. 5) is selected because it exhibits by far the worst discord- 
ance which occurred in the six weeks under comparison. 


I conclude that the reductions are quite as good as could be expected 
from tide-curves which present as much irregularity as these do. It would 
not be possible to make a very good tide-table from the constants, but no 
one wants a tide-table for Ross Island. We only need sufficient accuracy to 
obtain an insight into the nature of the Antarctic tides, and the constants 
are quite sufficient for that end. 


When the mean heights of water at the 24 hours of mean lunar time 
were plotted in curves for each month, it became obvious that a pure semi- 
diurnal inequality did not represent the facts very closely, and that there 
remained also a sensible diurnal inequality. Such an inequality is given by 
the tide M,, and if we neglect the minute portion of the tide M, which 
depends on the terms in the tide-generating potential which vary as the 
fourth power of the moon’s parallax, such an inequality is found to depend 
on the composition of two elliptic tides with speeds y-—o-—@ and y—o +a. 
The genesis of this compounded tide is explained in the report to the British 
Association for 1883 [Paper 1]. 


I accordingly thought it worth while to evaluate the M, tide for each of 
the twelve months under reduction, The results come out sufficiently dis- 
cordant to render it impossible to assign any definite value to the tide, yet 
there appears to be some sort of method in the phases. Thus the phases for 
the twelve months come out for 1902 9°, —3°, — 45°, 6°, — 32°, 70°, 12°, and 
for 1903 6°, —159°, — 179°, — 42°, — 10°. 


Two of the phases, those for the 9th and 10th months, are very discordant, 
but for these months the amplitude of M, is small; it is also very small for 
the 6th month with phase 70°. The mean of all the other phases is such 
that « is pretty small, and this agrees with what is to be expected because « 
for the tide O is small. It thus appears probable that there has been 
a sensible disturbance from the M, tide of the values of the mean heights of 
water as arranged in mean lunar time. It should be noted that the whole 
amplitude of oscillation is so small that it is really surprising that this effect 
should be traceable at all. 
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There is one feature in the results which is so singular that it is well to 
refer to it. If we look at the heights and phases of the M,-tide it will be 
observed that there is a progressive change both in amplitude and phase as 
the season of 1902 advances, and this change is repeated in 1903. 


Mere inspection does not convince one of the degree of regularity, and 
I have therefore prepared a figure which exhibits the march of H cos « and 
of Hsin«. The values for each month may be taken to appertain to the 
middle of the month, and the points surrounded by rings in Fig. 6 give the 
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values for the season of 1902, while those marked with crosses give the values 
for 1903. The broken line shews conjectural curves which appear to satisfy 
the observations. The conjectural curves are such that (in inches) 


H cos« = 1°65 — ‘75 cos (nt + 2°) 
Hsin« = ‘23 + °53 cos (nt + 79°) 
where 7 is 360° per annum and t is expressed in months. 


There would thus be an annual inequality in Hcos« and Hsinx, and 
their mean values, viz. 1°65 and 0°23 inches, would shew that the mean lunar 
semidiurnal tide is expressed by H = 12 inches, « = 8°. 

The mean given previously as derived only from the observations was 
H = 2 inches, « = 10°. 


It will be noticed that the greatest retardation occurs about midsummer, 
and at the same season there is a considerable decrease of amplitude. It is 
almost impossible to believe that the thawing of the sea could decrease the 
amplitude of the tide, although it might possibly increase it. 


It would be strange if this result, depending as it does on 12 independent 
observations, should arise from mere chance. Yet there is no astronomical 
tide which can give an annual inequality in the lunar semidiurnal tide. 
I note that if the observations of 1903 were pushed backward one month 
the whole of the observations would fall into a more perfect curve. Hence 
an inequality of 13 months would satisfy the conditions more perfectly than 
one of 12 months. There is theoretically a minute tidal inequality of long 
period (Laplace’s first species) with a period of 14 months due to the variation 
of latitude; but it is difficult to see how any perturbation of the lunar 
semidiurnal tide could be produced in this way. 


But if we have found a true physical phenomenon, the same kind of effect 
ought probably to be produced on all the other tides. Yet when the 
observations for the other tides are plotted out in the same way, the points 
appear to be arranged almost chaotically. It is true that some slight 
tendency may be perceived for an increase of amplitude towards mid-winter, 
but the effect is too uncertain to justify reduction to numbers. 


A: much longer series of observations would be needed to throw a clear 
light on the point raised, but the result is so curious that it would not have 
been right to pass it by in silence. 


Tidal observations were made at Ross Island (called Erebus Island on 
the memorandum) by Dr Wilson from 2° Jan. 11, 1904 to 8" Jan. 13. The 
place of observation was some 40 or 50 miles to the northward of the winter 
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station. As there seemed some reason to suspect a seasonal variability in 
the tides, it seemed worth while to compare with actuality a tide-curve 
computed with the constants derived from the winter observations. A curve 
was therefore run off at the National Physical Laboratory for a few days 
beginning with 0" Jan. 11, 1904. Although the sites of the two sets of 
observations are not identical, comparison with actuality shews a satis- 
factory agreement. It is unfortunate that these observations were made just 
after the time when the diurnal inequality has vanished and is beginning to 
increase again; for at these times the agreement is liable to be imperfect, 
between computed and observed curves. On these grounds no surprise need 
be felt on account of the fact that the semidiurnal tide is somewhat more 
clearly marked in the observed tide-curve than in the computed one, and 
that the whole range of the diurnal tide on Jan. 11 was three inches greater, 
and on Jan. 12 about six inches (out of 28 inches) greater than appears 
from the computed curve. The computed and observed times of high and 
low water agree closely with one another. We may, on the whole, accept 
these summer observations as proving that our tidal constants are sub- 
stantially correct. 


The semidiurnal tides, although small, exhibit clearly another peculiarity; 
it is that (« of S,)—(« of M,) exhibits a seasonal change of roughly the same 
character in both years. 


In all cases ‘the age of the tide’ is negative and its mean value is about 
—4 days; in other words spring-tide occurs four days before or ten days after 
full and change of moon. 


If the phases of M, and §, differed by 180° we should have neaps at full 
and change, and springs at half moon. This case corresponds to ‘direct’ 
lunar tide and ‘inverted’ solar tide. In the actual case 


(« of M,) — (« of S,) =370° — 272° = 98° 


thus the observations shew a result a little nearer to this condition than to 
the ordinary one where springs coincide with full and change of moon. 


The unusual relationship between the M, and 8, tides is such as to make 
it worth while to examine what would be the condition of affairs in an ocean 
of uniform depth covering the whole planet. From the few soundings which 
have been made it would seem that the ocean may be about 600 fathoms in 
depth, although further north the depth appears to be considerably greater. 
I have therefore taken the formule of Mr Hough (Phil. Trans. A, 191 (1878), 
pp. 177, 180) and evaluated the lunar and solar semidiurnal tides for an 
ocean of 7260 ft. in latitudes 60°, 65°, 70°, 75° with the following 
results :— 
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Lunar semidiurnal tide. 


Latitude... don 60° 65° 70° 75° 
H of equilibrium tide... Meh eeenO;Oo2remy 4°324 em. 2°832 cm. 1622 cm. 
Factor of augmentation for dy- . 
namical tide ... 580 ae 1:932 1-496 1:098 "755 


H of dynamical tide for ocean 11°69 cm. 6°47 cm. 3°11 cm. 1:22 cm. 
of 7260 ft. (direct tide) 43 inches 24 et 1f inches 4 inch 


Solar semidiurnal tide. 


Latitude... aes 60° 65° 70° 75° 
H of equilibrium tide ... ae 2°816 cm. 2°012 cm. 1318 cm. 0°755 cm. 
Factor of augmentation for dy- 
namical tide ... Bot .. —6'441 — 4:390 — 2°556 — 1:008 


H of dynamical tide for ocean) —18:14cm.) -—883 cm. ) —337 cm. ) —0°751 cm. 
of 7260 ft. (inverted tide) j —7 inches —3$ inches} —14 inches} —4 inch 


We thus find that in these high latitudes the solar tide is more magnified 
than the lunar, and is inverted. Thus in latitude 60° the solar tide is much 
larger than the lunar and is inverted, whereas in latitude 70° they are nearly 
of equal magnitude and the inversion of the solar tide still continues. 


For an ocean of twice the depth both the tides are direct, and they are 
not so much magnified. 


Although the Antarctic Ocean runs all round the globe it is of course 
unjustifiable to apply these results directly to the oscillations of the actual 
ocean, but they serve to shew that we have no reason to expect considerable 
semidiurnal tides so near to the pole, and also that the great discrepancy 
between the phases of M, and 8, is not so surprising a fact as might appear 
at first sight. 


It is useless to carry out a similar investigation for the diurnal tides, 
because the variations in the depth of ocean exercise so large an influence 
on the result. We know in fact that for an ocean of uniform depth the K, 
tide vanishes completely, and the O-tide nearly vanishes. 


I find that the equilibrium O-tide is 34 inches in lat. 60° and falls to 
2 inches in lat. 75°. Thus the amplitudes of the diurnal tides observed by 
the ‘ Discovery’ are very much larger than the equilibrium values. 


The Scottish Antarctic Expedition passed the winter of 1903 in S. lat. 
60° 44’ and W. long. 44° 39’ at the South Orkney Islands; they were thus 
nearly opposite to the station of the ‘Discovery.’ Their station was well 
adapted for determining the general character of the tides in the Antarctic 
Ocean. The reduction of their observations was made by Mr Selby at the 
National Physical Laboratory, and gave the following results :— 


M, S, K, K, P ) 
H 1522 ft. ‘902ft.  -245ft. 496 ft. “166ft. 559 ft. 
x -:172° 198° 198° 15° 15° 359° 


25—2 
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It will be noticed that these results are quite normal, save that the S,-tide 
is rather large compared with M,; and there is a well-marked diurnal in- 
equality. They acquire a special interest when. considered in connection with 
the ‘ Discovery’s’ results. We see that the semidiurnal tides are ‘inverted’ 
but have little or no retardation; whereas the M,-tide of the ‘ Discovery’ is 
small, but ‘direct’ also with little retardation. We are thus led to suspect 
that to the northward of the latitude of the South Orkneys, where the 
‘Scotia’ wintered, the semidiurnal tides are inverted with small retardation ; 
that somewhere between the South Orkneys and near to the Antarctic 
Continent there is a nodal line for the M.-tide. There must be also a 
similar node for the S,-tide, and we may perhaps suppose that the node 
of the S,-tide is nearer to Ross Island than that of the M.-tide. 


When we turn to the diurnal tides we find an entirely different condition, 
for at both places the phases are virtually identical, and there seems a primd 
facie case for maintaining that the phase of the diurnal tide throughout the 
whole Antarctic Ocean is approximately the same as in the equilibrium 
theory. I cannot venture to offer any theory in explanation of the greater 
magnitude of the diurnal tide at Ross Island than at the South Orkneys. 
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LUNAR DISTURBANCE OF GRAVITY 
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ON AN INSTRUMENT FOR DETECTING AND MEASURING 
SMALL CHANGES IN THE DIRECTION OF THE FORCE 
OF GRAVITY. 


By G. H. Darwin and Horace Darwin. 


[Report of the Committee, consisting of Mr G. H. Darwin, 
Professor Sir Witt1AM THOMSON, Professor Tarr, Professor 
GRANT, Dr SIEMENS, Professor PursER, Professor G. FORBES, 
and Mr Horace Darwin, appointed for the Measurement of 
the Lunar Disturbance of Gravity. This Report is written 
in the name of G. H. Darwin merely for the sake of verbal 
convenience. British Association Report for 1881, pp. 93 
—126.] 


I. Account of the experiments. 


WE feel some difficulty as to the form which this report should take, 
because we are still carrying on our experiments, and have, as yet, arrived 
at no final results. As, however, we have done a good deal of work, and 
have come to conclusions of some interest, we think it better to give at 
once an account of our operations up to the present time, rather than to 
defer it to the future. 


In November, 1878, Sir William Thomson suggested to me that I should 
endesvorr to investigate experimentally the lunar disturbance of gravity, 
and the question of the tidal yielding of the solid earth. In May, 1879, we 
both visjted him at Glasgow, and there saw an instrument, which, although 
roughly ‘put together, he believed to contain the principle by which success 
might perhaps be attained. The instrument was erected in the Physical 
Labor. tory of the University of Glasgow. We are not in a position to 
give agi accurate description of it, but the following rough details are 
quite ‘sufficient. 
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A solid lead cylinder, weighing perhaps a pound or two, was suspended 
by a fine brass wire, about 5 feet in length, from the centre of the lintel or 
cross-beam of the solid stone gallows, which is erected there for the purpose 
of pendulum experiments. A spike projected a little way out of the bottom 
of the cylindrical weight; a single silk fibre, several inches in length, was 
cemented to this spike, and the other end of the fibre was cemented to 
the edge of an ordinary galvanometer-mirror. A second silk fibre, of equal 
length, was cemented to the edge of the mirror at a point near to the 
attachment of the former fibre. The other end of this second fibre was 
then attached to a support, which was connected with the base of the stone 
gallows. The support was so placed that it stood very near to the spike 
at the bottom of the pendulum, and the mirror thus hung by the bifilar 
suspension of two silks, which stood exceedingly near to one another in 
their upper parts. The instrument was screened from draughts by paper 
pasted across between the two pillars of the gallows; but at the bottom, on 
one side, a pane of glass was inserted, through which one could see the 
pendulum bob and galvanometer-mirror. 


It is obvious that a small displacement of the pendulum, in a direction 
perpendicular to the two silks, will cause the mirror to turn about a vertical 
axls. 


A lamp and slit were arranged, as in a galvanometer, for exhibiting the 
movement of the pendulum, by means of the beam of lhght reflected from 
the mirror. 


No systematic observations were made, but we looked at the instrument 
at various hours of the day and night, and on Sunday also, when the street 
and railway traffic is very small. 


The reflected beam of light was found to be in incessant movement, of so 
irregular a character that it was hardly possible to localise the mean position 
of the spot of hght on the screen, within 5 or 6 inches. On returning to 
the instrument after several hours, we frequently found that the light had 
wandered to quite a different part of the room, and we had sometimes to 
search through nearly a semicircle before finding it again. 


Sir William Thomson showed us that, by standing some 10 feet away 
from the piers, and swaying from one foot to the other, in time with the 
free oscillations of the pendulum, quite a large oscillation of the spot of 
hight could be produced. Subsequent experience has taught us that con- 
siderable precautions are necessary to avoid effects of this kind, and the 
stone piers at Glasgow did not seem to be well isolated from the floor, and 
the top of the gallows was used as a junction for a number of electric 
connections. 


The cause of the extreme irregularity of the movements of the pendulum 
was obscnre; and as Sir William Thomson was of opinion that the instru- 
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ment was well worthy of careful study, we determined to undertake a series 
of experiments at the Cavendish Laboratory at Cambridge. We take this 
opportunity of recording our thanks to Lord Rayleigh* for his kindness in 
placing rooms at our disposal, and for his constant readiness to help us. 


The pressure of other employments on both of us prevented our 
beginning operations immediately, and the length of time which we have 
now spent over these experiments is partly referable to this cause, although 
it is principally due to the number of difficulties to be overcome, and to 
the quantity of apparatus which has had to be manufactured. 


In order to avoid the possibility of disturbance from terrestrial mag- 
netism, we determined that our pendulum should be made of pure copper. 
Mr Hussey Vivian kindly gave me an introduction to Messrs Elkington, 
of Birmingham; and, although it was quite out of their ordinary line of 
business, they consented to make what we required. Accordingly, they 
made a pair of electrolytically-deposited solid copper cylinders, 5$ inches 
long, and 22 inches in diameter. From their appearance, we presume that 
the deposition was made on to the inside of copper tubes, and we under- 
stand that it occupied six weeks to take place. In November, 1879, they 
sent us these two heavy masses of copper, and, declining any payment, 
courteously begged our acceptance of them. Of these two cylinders we 
have, as yet, only used one; but should our present endeavours lead to 
results of interest, we shall ultimately require both of them. 


Two months before the receipt of our weights, the British Association 
had reappointed the Committee for the Lunar Disturbance of Gravity, and 
had added our names thereto. Since that time, with the exception of com- 
pulsory intermissions, we have continued to work at this subject. My brother 
Horace and I have always discussed together the plan on which to proceed ; 
but up to the present time much the larger part of the work has consisted 
in devising mechanical expedients for overcoming difficulties. In this work 
he has borne by very far the larger share; and the apparatus has been 
throughout constructed from his designs, and under his superintendence, by 
the Cambridge Scientific Instrument Company. 


Near the corner of a stone-paved ground-floor room in the Cavendish 
Laboratory there stands a very solid stone gallows, similar to, but rather 
more massive than, the one at Glasgow. As it did not appear thoroughly 
free from rigid connection with the floor, we had the pavement raised all 
round tke piers, and the earth was excavated from round the brick base- 
ment to the depth of about 2 feet 6 inches, until we were assured that 
there was no connection with the floor or walls of the room, excepting 


* Professor Maxwell had given us permission to use the ‘pendulum room,’ but we had not 
yet begun our operations at the time of his death. 
_ + We now think that this was probably a superfluity of precaution. 
/ 
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through the earth. The ditch, which was left round the piers, was found 
very useful for enabling us to carry out the somewhat delicate manipulations 
involved in hanging the mirror by its two silk fibres. 


Into the middle of the flat ends of one of our copper weights (which 
weighed 4797 grammes, with spec. gr. 8°91) were screwed a pair of copper 
plugs; one plug was square-headed and the other pointed. Into the centre 
of the square plug was soldered a thin copper wire, just capable of sustaining 
the weight, and intended to hang the pendulum. 


A stout cast-iron tripod was made for the support of the pendulum. 
Through a hole in the centre of it there ran rather loosely a stout iron rod 
with a screw cut on it. A nut ran on the screw and prevented the rod from 
slipping through the hole. The other end of the copper wire was fixed into 
the end of the rod. 


The tripod was placed with its three legs resting near the margin of 
the circular hole in the centre of the lintel of the gallows. The iron rod 
was in the centre of the hole, and its lower end appeared about six inches 
below the lower face of the lintel. The pendulum hung from the rod by 
a wire of such length as to bring the spiked plug within a few inches 
of the base of the gallows. This would of course be a very bad way of 
hanging a pendulum which is intended to swing, but in our case the 
displacements of the end of the pendulum were only likely to be of a 
magnitude to be estimated in thousandths or even millionths of an inch, 
and it is certain that for such small displacements the nut from which 
the pendulum hung could not possibly rock on its bearings. However, 
in subsequent experiments we improved the arrangement by giving the 
nut a flange, from which there projected three small equidistant knobs, 
on which the nut rested. 


The length of the pendulum from the upper juncture with the iron rod 
down to the tip of the spike in the bob was 148'2 cm. 


An iron box was cast with three short legs, two in front and one 
behind; its interior dimensions were 15 x 15 x 174 cm.; it had a tap at 
the back; the front face (15 x 174) was left open, with arrangements for 
fixing a plate-glass face thereon. The top face (15 x 174) was pierced by 
a large round hole. On to this hole was cemented an ordinary earthenware 
4-inch drain pipe, and on to the top of this first pipe there was cemented 
a second. The box was thus provided with a chimney 144 cm. high. The 
cubic contents of the box and chimney were about 34 gallons. 


The box was placed standing on the base of the gallows, with the chimney 
vertically underneath the round hole in the lintel. The top of the chimney 
nearly reached the lower face of the lintel, and the iron rod of the pendulum 
extended a few inches down into the chimney, The pendulum wire ran 
down the middle of the chimney, and the lower half of the pendulum bob 
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was visible through the open face of the iron box. The stone gallows faces 
towards the S.E., but we placed the box askew on the base, so that its open 
face was directed towards the S. 


The three legs of the box rested on little metal discs, each with a conical 
hole in it, and these discs rested on three others of a somewhat larger size. 
When the box was set approximately in position, we could by an arrangement 
of screws cause the smaller discs to slide a fraction of an inch on the larger 
ones, and thus exactly adjust the position of the box and chimney. 


A small stand, something like a retort stand, about 4 inches high, stood 
on a leaden base, with a short horizontal arm clamped by a screw on to the 
thin vertical rod. This was the ‘fixed’ support for the bifilar suspension 
of the mirror. The stand was placed to the E. of the pendulum bob, and 
the horizontal arm reached out until it came very close to the spike of the 
pendulum. 


The suspension and protection from tarnishing of our mirror gave us 
much trouble, but it is useless to explain the various earlier methods 
employed, because we have now overcome these difficulties in a manner 
to be described later. The two cocoon fibres were fixed at a considerable 
distance apart on the edge of the mirror, and as they were very short they 
splayed out at nearly a right angle to one another. By means of this 
arrangement the free period of oscillation of the mirror was made very short, 
and we were easily able to separate the long free swing of the pendulum 
from the short oscillations of the mirror. 


The mirror was hung so that the upper ends of the silks stood within 
an eighth of an inch of one another, but the tip of the spike stood $ or #5 of 
an inch higher than the fixed support. The plate-glass front of the box was 
then fixed on with indiarubber packing. 


It is obvious that a movement of the box parallel to the front from E, 
to W. would bring the two fibres nearer together; this operation we shall 
describe as sensitising the instrument. A movement of the box perpen- 
dicular to the front would cause the mirror to show its face parallel to 
the front of the box; this operation we shall describe as centralising. As 
sensitising will generally decentralise, both sets of screws had to be worked 
alternately, 


The adjusting screws for moving the box did not work very well; never- 
theless, by a little trouble we managed to bring the two silks of the bifilar 
suspension very close to one another. 


After the instrument had been hung as above described, we tried a 
preliminary sensitisation, and found the pendulum to respond to a slight 
touch on either pier. The spot of light reflected from the mirror was very 


unsteady, but not nearly so much so as in the Glasgow experiment; and 
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we were quite unable to produce any perceptible increase of agitation by 
stamping or swaying to and fro on the stone floor. This showed that the 
isolation of the pier was far more satisfactory than at Glasgow. 


We then filled the box and pipes with water. We had much trouble 
with slow leakage of the vessel, but the most serious difficulty arose from 
the air-bubbles which adhered to the pendulum. By using boiled water 
we obviated this fairly well, but we concluded that it was a great mistake 
to have a flat bottom to the pendulum. This mistake we have remedied in 
the final experiment described in the present paper. 


The damping effect of the water on the oscillations of the pendulum 
and of the mirror was very great, and although the incessant dance of the 
light continued, it was of much smaller amplitude, and comparatively large 
oscillations of the pendulum, caused by giving the piers a push, died out 
after two or three swings. A very slight push on the stone piers displaced 
the mean position of the light, but jumping and stamping on the pavement 
of the room produced no perceptible effect. If, however, one of us stood on 
the bare earth in the ditch behind, or before the massive stone pier, a very 
sensible deflection of the light was caused; this we now know was caused 
by an elastic depression of the earth, which tilted the whole structure in 
one or the other direction. A pull of a few ounces, delivered horizontally 
on the centre of the lintel, produced a clear deflection, and when the pull 
was 8 lbs., the deflection of the spot of ight amounted to 45 cm. We then 
determined to make some rough systematic experiments. 


The room was darkened by shutters over all the windows, and the doors 
were kept closed. The paraftin lamp stood at three or four feet to the S.E. 
of the easterly stone pier, but the light was screened from the pier. 


We began our readings at 12 noon (March 15, 1880), and took eight 
between that time and 10.30 P.M. From 12 noon until 4 P.M. the lamp was 
left burning, but afterwards it was only lighted for about a minute to 
take each reading. At 12 the reading was 595 mm., and at 4 P.M. it was 
936 mm.*; these readings, together with the mtermediate ones, showed 
that the pendulum had been moving northwards with a nearly uniform 
velocity. After the lamp was put out, the pendulum moved southward, 
and by 10.30 p.M. was nearly in the same position as at noon. 


During the whole of the two following days and a part of the next 
we took a number of readings from 9 A.M. until 11 p.m. The observations 
when graphically exhibited showed a fairly regular wave, the pendulum 
being at the maximum of its northern excursion between 5 and 7 P.M., and 
probably furthest south between the same hours in the morning. But 

* I give the numbers as recorded in the note-book, but the readings would sometimes differ 


by 2 or 3 mm. within half-a-minute. The light always waves to and fro in an uncertain sort of 
way, so that it is impossible to assign a mean position with any certainty. 
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besides this wave motion, the mean position for the day travelled a good 
deal northward. We think that a part of this diurnal oscillation was due 
to the warping of the stone columns from changes of temperature. An 
increase of temperature on the south-east faces of the piers carried the 
lintel towards the north-west, and of this displacement we observed only 
the northerly component. The lamp produced a very rapid effect, and the 
diurnal change lagged some two hours behind the change in the external 
air. The difference between the temperatures of the S.E. and N.W. faces 
of the pier must have been very slight indeed. At that time, and indeed 
until quite recently, we attributed the whole of this diurnal oscillation to 
the warping of the piers, but we now feel nearly certain that it was due in 
great measure to a real change in the horizon. 


We found that warming one of the legs of the iron tripod, even by contact 
with the finger, produced a marked effect, and we concluded that the mode 
of suspension was unsatisfactory. 


Although we had thus learnt that changes of temperature formed the 
great obstacle in the way of success, there were a good many things to be 
learnt from the instrument as it existed at that time, 


After the box and pipes had been filled for some days the plate-glass 
front cracked quite across, and a slow leakage began to take place; we were 
thus compelled to dismount the whole apparatus and to make a fresh start. 


It is obvious that to detect and measure displacements of the pendulum 
in the N. and S. direction, the azimuth of the silks by which the mirror is 
suspended must be E. and W., and that although any E. and W. displace- 
ment of the pendulum will be invisible, still such displacement will alter 
the sensitiveness of the instrument for the N. and S. displacements. In 
order to obviate this we determined to constrain the pendulum to move 
only in the N. and S. azimuth. 


Accordingly we had a T-piece about 4 inches long fixed to the end of 
the iron rod from which the pendulum hung. The two ends of a fine 
copper wire were soldered into the ends of the T-piece; a long loop of 
wire was thus formed. The square-headed plug at the top of the pendulum 
bob was replaced by another containing a small copper wheel, which could 
revolve about a horizontal axis. The bearings of the wheel were open on 
one side. 

When the wheel was placed to ride on the bottom of the wire loop, and 
the pendulum bob hooked on to the axle of the wheel by the open bearings, 
we had our pendulum hanging by a bifilar suspension. The motion of the 
pendulum was thus constrained to take place only perpendicular to the plane 
of the wire loop. | 

The iron tripod was replaced by a slate slab large enough to entirely 
cover the hole in the lintel of the gallows. Through the centre of the slab 
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was a round hole, of about one inch in diameter, through which passed the 
iron rod with the T-piece at the lower end. The iron rod was supported 
on the slate by means of the flanged nut above referred to. There was also 
a straight slot, cut quite through the slab, running from the central hole to 
the margin. The purpose of this slot will be explained presently. 


In the preceding experiment we had no means of determining the abso- 
lute amount of displacement of the pendulum, although, of course, we knew 
that it must be very small. There are two methods by which the absolute 
displacements are determinable; one is to cause known small displacements 
to the pendulum and to watch the effect on the mirror; and the second is 
to cause known small horizontal forces to act on the pendulum. We have 
hitherto only employed the latter method, but we are rather inclined to 
think that the former may give better results. 


The following plan for producing small known horizontal forces was 
suggested by my brother. 


Suppose there be a very large and a very small pendulum hanging by 
wires of equal length from neighbouring points in the same horizon; and 
suppose the large and the small pendulum to be joined by a fibre which 
is a very little shorter than the distance between the points of suspension, 
Then each pendulum is obviously deflected a little from the vertical, but 
the deflection of the small pendulum varies as the mass of the larger, and 
that of the larger as the mass of the smaller. If m be the mass of the 
small pendulum, and M that of the large one, and if a be the distance 
between the points of suspension, then it may be easily shown that if a be 
increased by a small length éa, the increase of the linear deflection of the 
large pendulum is méa/(m+M). If 1 be the length of either pendulum, the 
angular deflection of the larger one is méa/l(m+M), and this is the deflec- 
tion which would be produced by a horizontal force equal to méa/l(m+M) 
of gravity. It is clear, then, that by making the inequality between the two 
weights m and M very great, and the displacement of the point of suspension 
very small, we may deflect the large pendulum by as small a quantity as we 
like. The theory is almost the same if the two pendulums are not of exactly 
the same length, or if the length of one of them be varied. 


Now in our application of this principle we did not actually attach the 
two pendulums together, but we made the little pendulum lean up against 
the large one; the theory is obviously just the same. 


We call the small pendulum ‘the disturber,’ because its use is to disturb 
the large pendulum by known forces. A small copper weight for the dis- 
turber weighed "732 grammes, and the large pendulum bob, with its pulley, 
weighed 4831°5. Therefore the one was 6600 times as massive as the other. 
The disturber was hung by a platinum wire about ;,45th of an inch in 
diameter, which is a good deal thinner than a fine human hair, 
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We must now explain how the disturber was suspended, and the method 
of moving its point of suspension. 


Parallel to the sides of the slot in the slate slab there was riveted a pair 
of brass rails, one being V-shaped and the other flat; on these rails there 
slid a little carriage with three legs, one of which slid on one rail, and the 
other two on the other. A brass rod with an eyelet-hole at the end was 
fixed to the centre of the carriage, and was directed downwards so that it 
passed through the centre of the slot. The slot was directed so that it was 
perpendicular to the T-piece from which the pendulum hung, and the brass 
rod of the little carriage was bent and of such length, that when the carriage 
was pushed on its rails until it was as near the centre of the slab as it would 
go, the eyelet-hole stood just below the T-piece, and half-way between the 
two wires. A micrometer screw was clamped to the slab and was arranged 
for making the carriage traverse known lengths on its rails, and as the wires 
of the pendulum were in the E. and W. plane, the carriage was caused to 
travel N. and S. by its micrometer screw. 


One end of the fine platinum wire was fastened to the eyelet, and the 
other (as above stated) to the small disturbing weight. The platinum wire 
was of such length that the disturber just reached the pulley by which the 
big pendulum hung. We found that by pushing the carriage up to the 
centre, and very slightly tilting it off one rail, we could cause the disturber 
weight to rest on either side of the pulley at will. If it was left on the side 
of the pulley remote from the disturber-carriage, it was in gear, and the 
traversing of the carriage on its rails would produce a small pressure of the 
disturber on to the side of the pulley. If it was left on the same side of the 
pulley as the disturber-carriage, the two pendulums were quite independent 
and the disturber was out of gear. 


On making allowance for the difference in length between the pendulum 
and the disturber, and for the manner in which the thrust was delivered at 
the top of the pendulum, but omitting the corrections for the weights of the 
suspending wires and for the elasticity of the copper wire, we found that 
one turn of the micrometer screw should displace the spike at the bottom 
of the pendulum through 0:0001 mm. or szs555th of an inch. The same 
displacement would be produced by an alteration in the direction of gravity 
with reference to the earth’s surface by 7th of a second of are. 


A rough computation showed that the to and fro motion of the pendulum 
in the N.S. azimuth, due to lunar attraction, should, if the earth be rigid, be 
the same as that produced by 22 turns of the micrometer screw. 

We now return to the other arrangements made in re-erecting the 
instrument. 

A new mirror, silvered on the face, was used, and was hung in a slightly 


different manner. 
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The fluid in which the pendulum was hung was spirits and water. The 
physical properties of such a mixture will be referred to later. In order to 
avoid air-bubbles we boiled 34 gallons of spirits and water for three hours in 
vacuo, and the result appeared satisfactory in that respect. 


After the mirror was hung, the plate-glass front to the box was fixed 
and the vessel was filled by the tap in the back of the box. The disturber 
was not introduced until afterwards, and we then found that the pendulum 
responded properly to the disturbance. 


As the heat of a lamp in the neighbourhood of the piers exercised a 
large disturbance, we changed the method of observing, and read the reflec- 
tion of a scale with a telescope. The scale was a levelling staff divided into 
feet, and tenths and hundredths of a foot, laid horizontally at 15 feet from 
the piers, with the telescope immediately over it. 


Since the amount of fluid through which the light had to pass was 
considerable, we were forced to place a gas-flame immediately in front of 
the scale; but the gas was only kept alight long enough to take a reading. 


After sensitising the instrument we found that the incessant dance of 
the image of the scale was markedly less than when the pendulum was hung 
in water. A touch with the finger on either pier produced deflection by 
bending the piers, and the instrument responded to the disturber. 


The vessel had been filled with fluid for some days, and we had just 
begun a series of readings, when the plate-glass front again cracked quite 
across without any previous warning. ‘Thus ended our second attempt. 


In the third experiment (July and August, 1880) the arrangements were 
so nearly the same as those just described that we need not refer to them. 
The packing for the plate-glass front was formed of red lead, and this 
proved perfectly successful, whereas the indiarubber packing had twice 
failed. As we were troubled by invisible leakage and by the evaporation 
of the fluid, we arranged an inverted bottle, so as always to keep the 
chimney full. We thought that when the T-piece at the end of the shaft 
became exposed to the air, the pendulum became much more unsteady, but 
we now think it at least possible that there was merely a period of real 
terrestrial disturbance. 


From August 10 to 14 we took a series of observations from early morning 
until late at night. We noted the same sort of diurnal oscillatory motion as 
before, but the outline of the curve was far less regular. This, we think, may 
perhaps be explained by the necessity we were under of leaving the doors 
open a good deal, in order to permit the cord to pass by which Lord Rayleigh 
was spinning the British Association coil. 


Notwithstanding that the weather was sultry the warping of the stone 
columns must have been very slight, for a thermometer hung close to the 
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pier scarcely showed a degree of change between the day and night, and the 
difference of temperature of the N. and S. faces must have been a very small 
fraction of a degree. At that time, however, we still thought that the whole 
of the diurnal oscillation was due to the warping of the columns. 


We next tried a series of experiments to test the sensitiveness of the 
instrument. 


As above remarked the image of the scale was continually in motion, and 
moreover the mean reading was always shifting in either one direction or 
the other. At any one time it was possible to take a reading to within 
goth of a foot with certainty, and to make an estimate of the ;5th of a foot, 
but the numbers given below are necessarily to be regarded as very rough 
approximations. 


As above stated, the gallows faced about to the S.E., and we may describe 
the two square piers as the E. and W. piers, and the edges of each pier by 
the points of the compass towards which they are directed. 


On August 14, 1880, my brother stood on a plank supported by the 
pavement of the room close to the S.W. edge of the W. pier, and, lighting 
a spirit lamp, held the flame for ten seconds within an inch or two of 
this edge of the pier. The effect was certainly produced of making the 
pendulum bob move northwards, but as such an effect is fused in the 
diurnal change then going on, the amount of effect was uncertain. He 
then stood similarly near the N.E. edge of the E. pier, and held the spirit 
flame actually licking the edge of the stone during one minute. The effect 
should now be opposed to the diurnal change, and it was so. Before the 
exposure to heat was over the reading had decreased ‘15 feet, and after the 
heat was withdrawn the recovery began to take place almost immediately. 
We concluded afterwards that the effect was equivalent to a change of 
horizon of about 0°15. 


When the flame was held near but not touching the lintel for thirty 
seconds, the effect was obvious but scarcely measurable, even in round 
numbers, on account of the unsteadiness of the image. 


When a heated lump of brass was pushed under the iron box no effect 
whatever was perceived, and even when a spirit flame was held so as to lick 
one side of the iron box during thirty seconds, we could not be sure that 
there was any effect. We had expected a violent disturbance, but these 
experiments seemed to show that convection currents in the fluid produce 
remarkably little effect. 


When a pull of 300 grammes was delivered on to the centre of the lintel 
in a southward direction, we determined by several trials that the displace- 
ment of the reading was about ‘30 feet, which may be equal to about 073 


change of horizon. 
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Two-thirds of a watering-can of water was poured into the ditch at the 
back of the pier. In this experiment the swelling of the ground should 
have an effect antagonistic to that produced by the cooling of the back 
face of the pier, and also to the diurnal changes then going on. The 
swelling of the ground certainly tilted the pier over, so that the reading 
was altered by ‘10 feet. A further dose of water seemed to have the same 
effect, and it took more than an hour for the piers to regain their former 
position. As the normal diurnal change was going on simultaneously, we 
do not know the length of time during which the water continued to 
produce an effect. 


On August 15 we tried a series of experiments with the disturber. When 
the disturber was displaced on its rails, the pendulum took a very perceptible 
time to take up its new position, on account of the viscosity of the fluid in 
which it was immersed. 


The diurnal changes which were going on prevented the readings from 
being very accordant amongst themselves, but we concluded that twenty-five 
turns of the screw gave between ‘4 and ‘3 feet alteration in the reading on 
the scale. From the masses and dimensions of the pendulum and disturber, 
we concluded that 1 foot of our scale corresponded with about 1” change 
in horizon. Taking into account the length of the pendulum, it appeared 
that 1 foot of our scale corresponded with ;,5;th of a mm. displacement of 
the spike at the bottom of the pendulum. Now as a tenth of a foot of 
alteration of reading could be perceived with certainty, it followed that when 
the pendulum point moved through ;;),,th of a mm. we could certainly 
perceive it. 


During the first ten days the mean of the diurnal readings gradually 
increased, showing that the pendulum was moving northwards, until the 
reading had actually shifted 8 feet on the scale. It then became necessary 
to shift the scale. Between August 23 and 25 the reading had changed 
another foot. We then left Cambridge. On returning in October we found 
that this change had continued. The mirror had, however, become tarnished, 
and it was no longer possible to take a reading, although one could just see 
a gas-flame by reflection from the mirror. 


Whilst erecting the pendulum we had to stand on, and in front of, the 
piers, and to put them under various kinds of stress, and we always found 
that after such stress some sort of apparently abnormal changes in the piers 
continued for three or four hours afterwards. 


We were at that time at a loss to understand the reason of this long- 
continued change in the mean position of the pendulum, and were reluctant 
to believe that it indicated any real change of horizon of the whole soil; but 
after having read the papers of MM. d’Abbadie and Plantamour, we now 
believe that such a real change was taking place. 
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By this course of experiments it appeared that an instrument of the kind 
described may be brought to almost any degree of sensitiveness. We had 
seen, however, that a stone support is unfavourable, because the bad conduc- 
tivity of stone prevents a rapid equalisation of temperature between different 
parts, and even small inequalities of temperature produce considerable warping 
of the stone piers. But it now seems probable that we exaggerated the 
amount of disturbance which may arise from this cause. 


A cellar would undoubtedly be the best site for such an experiment, but 
unfortunately there is no such place available in the Cavendish Laboratory. 
Lord Rayleigh, however, placed the ‘balance room’ at our disposal, and this 
room has a northerly aspect. There are two windows in it, high up on the 
north wall, and these we keep boarded up. 


The arrangements which we now intended to make were that the 
pendulum and mirror should be hung in a very confined space, and should 
be immersed in fluid of considerable viscosity. The boundary of that space 
should be made of a heat-conducting material, which should itself form the 
support for the pendulum. The whole instrument, including the basement, 
was to be immersed in water, and the basement itself was to be carefully 
detached from contact with the building in which it stands. By these means 
we hoped to damp out the short oscillations due to local tremors, but to 
allow the longer oscillations free to take place; but above all we desired 
that changes of temperature in the mstrument should take place with great 
slowness, and should be, as far as possible, equal all round, 


We removed the pavement from the centre of the room, and had a 
circular hole, about 3 feet 6 inches in diameter, excavated in the ‘made 
earth,’ until we got down to the undisturbed gravel, at a depth of about 
2 feet 6 inches. 


We obtained a large cylindrical stone 2 feet 4 inches in diameter and 

2 feet 6 inches in height, weighing about three-quarters of a ton. This we 
had intended to place on the earth in the hole, so that its upper surface 
should stand flush with the pavement of the room. But the excavation had 
been carried down a little too deep, and therefore an ordinary flat paving 
stone was placed on the earth, with a thin bedding of cement underneath 
it. ‘The cylindrical block was placed to stand upon the paving stone, with 
a very thin bedding of lime and water between the two stones. The surface 
of the stone was then flush with the floor. We do not think that any sacrifice 
of stability has been made by this course. 


An annular trench or ditch a little less than a foot across is left round 
the stone. We have lately had the bottom of the ditch cemented, and the 
vertical sides lined with brickwork, which is kept clear of any contact with 
the pavement of the room. On the S. side the ditch is a little wider, and 
this permits us to stand in it conveniently. The bricked ditch is watertight, 
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and has a small overflow pipe into the drains. The water in the ditch stands 
slightly higher than the flat top of the cylindrical stone, and thus the whole 
basement may be kept immersed in water, and it is, presumably, at a very 
uniform temperature all round. 


Before describing the instrument itself we will explain the remaining 
precautions for equalisation of temperature. 


On the flat top of the stone stands a large barrel or tub, 5 feet 6 inches 
high and 1 foot 10 inches in diameter, open at both ends. The diameter of 
the stone is about 2 inches greater than the outside measure of the diameter 
of the tub, and the tub thus nearly covers the whole of the stone. The tub 
is well payed with pitch inside, and stands on two felt rings soaked in tar. 
Five large iron weights, weighing altogether nearly three-quarters of a ton, 
are hooked on to the upper edge of the tub, in order to make the joint 
between the tub and the stone watertight. Near the bottom is a plate-glass 
window; when it is in position, the window faces to the S. This tub is filled 
with water and the instrument stands immersed therein. 


We had at first much trouble from the leakage of the tub, and we have 
to thank Mr Gordon, the assistant at the Laboratory, for his ready help in 
overcoming this difficulty, as well as others which were perpetually recurring. 
The mounting of the tub was one of the last things done before the instru- 
ment was ready for observation, and we must now return to the description 
of the instrument itself. 


We used the same pendulum bob as before, but we had its shape altered 
so that the ends both above and below were conical surfaces, whilst the 
central part was left cylindrical. The upper plug with its pulley is replaced 
by another plug bearing a short round horizontal rod, with a rounded groove 
‘cut init. The groove stands vertically over the centre of the weight, and is 
designed for taking the wire of the bifilar suspension of the pendulum; when 
riding on the wire the pendulum bob hangs vertically. 


Part of this upper plug consists of a short thin horizontal arm about an 
inch long. This arm is perpendicular to the plane of the groove, and when 
the pendulum is in position, projects northwards. Through the end of the 
arm is bored a fine vertical hole. This part of the apparatus is for the 
modified form of disturber, which we are now using. 


The support for the pendulum consists of a stout copper tube 22 inches 
in diameter inside measure, and it just admits the pendulum bob with 
ath inch play all round. The tube is 3 feet 6 inches in height, and is 
closed at the lower end by a diaphragm, pierced in the centre by a round 
hole, about ¢ inch in diameter. The upper end has a ring of brass soldered 
on to it, and this ring has a flange to it. The upper part of the brass 
ring forms a short continuation } of an inch in length of the copper tube. 
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The ring is only introduced as a means of fastening the flange to the 
copper tube. 


The upper edge of the brass continuation has three V notches in it at 
120° apart on the circumference of the ring. A brass cap like the lid of a 
pill-box has an inside measure } inch greater than the outside measure of 
the brass ring. The brass cap has three rods which project inwards from 
its circumference, and which are placed at 120° apart thereon, When the 
cap 1s placed on the brass continuation of the upper tube, the three rods 
rest in the three V notches, and the cap is geometrically fixed with respect 
to the tube. A fine screw works through the centre of the cap, and actuates 
an apparatus, not easy to explain without drawings, by which the cap can be 
slightly tilted in one azimuth. The object of tilting the cap is to enable us 
to sensitise the instrument by bringing the silk fibres attached to the mirror 
into close proximity. 


Into the cap are soldered the two ends of a fine brass wire; the junctures 
are equidistant from the centre of the cap and on opposite sides of it; they 
he on that diameter of the cap which is perpendicular to the axis about 
which the tilting can be produced. 


When the pendulum is hung on the brass wire loop by the groove in the 
upper plug, the wires just clear the sides of the copper tube. 


It is clear that the tilting of the cap is mechanically equivalent to a 
shortening of one side of the wire loop and the lengthening of the other. 
Hence the pendulum is susceptible of a small lateral adjustment by means 
of the screw in the cap. 


To the bottom of the tube is soldered a second stout brass ring; this ring 
bears on it three stout brass legs inclined at 120° to one another, all lying in 
a plane perpendicular to the copper tube. From the extremity of each leg 
to the centre of the tube is 8} inches. The last inch of each leg is hollowed 
out on its under surface into the form of a radial V groove. 


' There are three detached short pieces of brass tube, each ending below 
in a flange with three knobs on it, and at the upper end in a screw with a 
rounded head. These three serve as feet for the instrument. These three 
feet are placed on the upper surface of our basement stone at 120° apart, 
estimated from the centre of the stone. The copper tube with its legs 
attached is set down so that the inverted V grooves in the legs rest on the 
rounded screw-head at the tops of the three feet, and each of the feet rests 
on its three knobs on the stone. The bottom of the copper tube is thus 
raised 54 inches above the stone. By this arrangement the copper tube is 
retained in position with reference to the stone, and it will be observed that 
no part of the apparatus is under any constraint except such as is just 
necessary to determine its position geometrically. 
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The screws with rounded heads which form the three feet are susceptible 
of small adjustments in height, and one of the three heads is capable of more 
delicate adjustment, for it is actuated by a fine screw, which is driven by 
a toothed wheel and pinion. The pinion is turned by a wooden rod, made 
flexible by the insertion of a Hook’s joint, and the wooden rod reaches to the 
top of the tub, when it is mounted surrounding the instrument. 


The adjustable leg is to the N. of the instrument, and as the mirror 
faces S. we call it the ‘ back-leg.” When the copper support is mounted on 
its three legs, a rough adjustment for the verticality of the tube is made 
with two of the legs, and final adjustment is made by the back-leg. 


It is obvious that if the back-leg be raised or depressed the point of 
the pendulum is carried southwards or northwards, and the mirror turns 
accordingly. Thus the back-leg with its screw and rod affords the means 
of centralising the mirror, The arrangements for suspending the mirror 
must now be described. 


The lower plug in the pendulum bob is rounded and has a small hori- 
zontal hole through it. When the pendulum is hung this rounded plug 
just appears through the hole in the diaphragm at the bottom of the 
copper tube. 


A small brass box, shaped like a disk, can be screwed on to the bottom 
of the copper tube, in such a way that a diameter of the box forms a 
straight line with the axis of the copper tube. One side of the box is 
of plate glass, and when it is fastened in position the plate glass faces 
to the S. This is the mirror-box; it is of such a size as to permit the 
mirror to swing about 15° in either direction from parallelism with the 
plate-glass front. 


The fixed support for the second fibre for the bifilar suspension of the 
mirror may be described as a very small inverted retort-stand. The vertical 
rod projects downwards from the underside of the diaphragm, a little to the 
E. of the hole in the diaphragm; and a small horizontal arm projects from 
this rod, and is of such a length that its extremity reaches to near the centre 
of the hole. This arm has a small eyelet-hole pierced through a projection 
at its extremity. 


The mirror itself is a little larger than a shilling and is of thin plate 
glass; it has two holes drilled through the edge at about 60° from one 
another. The mirror was silvered on both sides, and then dipped into 
melted paraffin; the paraffin and silver were then cleaned off one side. 
The paraffin protects the silver from tarnishing, and the silver film seen 
through the glass has been found to remain perfectly bright for months, 
after having been immersed in fluid during that time. A piece of platinum 
wire about z,/55th of an inch in diameter is threaded twice through each 
hole in opposite directions, in such a manner that with a continuous piece 
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of wire (formed by tying the two ends together) a pair of short loops are 
formed at the edge of the mirror, over each of the two holes. When the 
mirror is hung from a silk fibre passing through both loops, the weight of 
the mirror is sufficient to pull each loop taut. 


A single silk fibre was threaded through the eyelet-hole at the end of 
the blunt point of the pendulum bob, and tied in such a way that there was 
no loose end projecting so as to foul the other side of the bifilar suspension. 
The other end of the silk fibre was knotted to a piece of sewing silk on 
which a needle was threaded. 


The pendulum was then hung from the cap by its wire loop, outside 
the copper tube, and the silk fibre with the sewing silk and needle 
attached dangled down at the bottom. The cap, with the pendulum 
attached thereto, was then hauled up and carefully let down into the 
copper tube. The sewing silk, fibre, and blunt end came out through 
the hole in the diaphragm. 


We then sewed with the needle through the two loops on the margin 
of the mirror, and then through the eyelet-hole in the little horizontal arm. 
The silk was pulled taut, and the end fastened off on to the little vertical 
rod, from which the horizontal arm projects. 


The mirror then hangs with one part of the silk attached to the pendulum 
bob and the other to the horizontal arm. 


The two parts of the silk are inclined to one another at a considerable 
angle, so that the free period of the mirror is short, but the upper parts of 
the silk stand very close to one another. The mirror-box encloses the mirror 
and makes the copper tube watertight. 


There is another part of the apparatus which has not yet been explained, 
namely, the disturber. This part of the instrument was in reality arranged 
before the mirror was hung. 


We shall not give a full account of the disturber, because it does not 
seem to work very satisfactorily. 


In the form of disturber which we now use the variation of horizontal 
thrust is produced by variation in the length of the disturbing pendulum, 
instead of by variation of the point of support as in the previous experiment. 
It is not easy to vary the point of support when the pendulum is hung in 
a tube which nearly fits it. 


The disturber weight is a small lump of copper, and it hangs by fine 
sewing silk. The silk is threaded through the eyelet in the horizontal arm 
which forms part of the upper plug of the pendulum; thus the disturber 
weight is to the N. of the pendulum. The silk after passing between the 
wires supporting the pendulum has its other end attached to the cap at the 
top at a point to the S. of the centre of the cap. Thus the silk is slightly 
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inclined to the plane through the wires. The arrangement for varying the 
length of the disturbing pendulum will not be explained in detail, but it 
may suffice to say that it is produced by a third weight, which we call the 
‘guide weight, which may be hauled up or let down in an approximately 
vertical line. This guide weight determines by its position how much of 
the upper part of the silk of the disturber shall be cut off, so as not to form 
a part of the free cord by which the disturbing weight hangs. 


The guide weight may be raised or lowered by cords which pass through 
the cap. If the apparatus were to work properly a given amount of displace- 
ment of the guide weight should produce a calculable horizontal thrust on 
the pendulum. The whole of the arrangements for the disturber could be 
made outside the copper tube, so that the pendulum was lowered into the 
tube with the disturber attached thereto. 


After the mirror was hung and the mirror-box screwed on, a brass cap 
was fixed by screws on to the flange at the top of the copper tube. This 
cap has a tube or chimney attached to it, the top of which rises five inches 
above the top of the cap or lid from which the pendulum hangs. From 
this chimney emerges a rod attached to the screw by which the sensitising 
apparatus is actuated, and also the silk by which the guide weight is raised 
or depressed. 


The copper tube, with its appendages, was then filled with a boiled 
mixture of filtered water and spirits of wine by means of a small tap 
in the back of the mirror-box. The mixture was made by taking equal 
volumes of the two fluids; the boiling to which it was subjected will of 
course have somewhat disturbed the proportions. Poiseuille has shown* 
that a mixture of spirits and water has much greater viscosity than either 
pure spirits or pure water. When the mixture is by weight in the propor- 
tion of about seven of water to nine of spirits, the viscosity is nearly three 
times as great as that of pure spirits or of pure water. As the specific 
gravity of spirits is about ‘8, it follows that the mixture is to be made by 
taking equal volumes of the two fluids. It was on account of this remarkable 
fact that we chose this mixture in which to suspend the pendulum, and we 
observed that the unsteadiness of the mirror was markedly less than when 
the fluid used was simply water. 


The level of the fluid stood in our tubular support quite up to the top 
of the chimney, and thus the highest point of the pendulum itself was 
5 inches below the surface. 


The tub was then let down over the instrument, and the weights hooked 
on to its edge. The plate-glass window in the tub stood on the S. opposite 
to the mirror-box. The tub was filled with water up to nearly the top of 


* Poggendorf’s Annalen, 1843, Vol. nvit., p. 437. 
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the chimney, and the ditch round the stone basement was also ultimately 
filled with water. The whole instrument thus stood immersed from top to 
bottom in water. 


Even before the tub was filled we thought that we noticed a diminution 
of unsteadiness in the image of a slit reflected from the mirror. The filling 
of the tub exercised quite a striking effect in the increase of steadiness, and 
the water in the ditch again operated favourably. 


We met with much difficulty at first in preventing serious leakage of 
the tub, and as it is still not absolutely watertight, we have arranged a 
water-pipe to drip about once a minute into the tub. <A small overflow 
pipe from the tub to the ditch allows a very slow dripping to go into 
the ditch, and thus both vessels are kept full to a constant level. We 
had to take this course because we found that a rise of the water in the 
ditch through half an inch produced a deflection of the pendulum. The 
ditch, it must be remembered, was a little broader on the S. side than 
elsewhere, 


In May, 1881, we took a series of observations with the light, slit and 
scale. The scale was about 7 feet from the tub, and in order to read it we 
found it convenient to kneel behind the scale on the ground. I was one 
day watching the light for nearly ten minutes, and being tired with kneeling 
on the pavement, I supported part of my weight on my hands a few inches in 
front of the scale. The place where my hands came was on the bare earth 
from which one of the paving stones had been removed. I was surprised 
to find quite a large change in the reading. After several trials I found 
that the pressure of a few pounds with one hand only was quite sufficient 
to produce an effect. 


It must be remembered that this is not a case of a small pressure 
delivered on the bare earth at say 7 feet distance, but it is the difference 
of effect produced by this pressure at 7 feet and 8 feet; for of course the 
change only consisted in the change of distribution in the weight of a small 
portion of my body. 


We have, however, since shown that even this degree of sensitiveness 
may be exceeded. 


We had thought all along that it would ultimately be necessary to take 
our observations from outside the room, but this observation impressed it 
on us more than ever; for it would be impossible for an observer always 
to stand in exactly the same position for taking readings, and my brother 
and I could not take a set of readings together on account of the difference 
between our weights. 


In making preliminary arrangements for reading from outside the room 
we found the most convenient way of bringing the reflected image into 
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the field of view of the telescope was by shifting a weight about the room, 
My brother stood in the room and changed his position until the image 
was in the field of view, and afterwards placed a heavy weight where he 
had been standing; after he had left the room the image was in the field 
of view. 


On the S.W. wall of the room there is a trap-door or window which opens 
into another room, and we determined to read from this. 


In order to read with a telescope the light has to undergo two reflections 
and twelve refractions, besides those in the telescope; it has also to pass 
twice through layers of water and of the fluid mixture. In consequence of 
the loss of light we found it impossible to read the image of an illuminated 
scale, and we had to make the scale self-luminous. 


On the pavement to the S. of the instrument is placed a flat board on 
to which are fixed a pair of rails; a carriage with three legs slides on these 
rails, and can be driven to and fro by a screw of ten threads to the inch. 
Backlash in the nut which drives the carriage is avoided by means of a 
spiral spring. A small gas-flame is attached to the carriage; in front of it 
is a piece of red glass, the vertical edge of which is very distinctly visible 
in the telescope after reflection from the mirror. The red glass was intro- 
duced to avoid prismatic effects, which had been troublesome before. The 
edge of the glass was found to be a more convenient object than a line 
which had been engraved on the glass as a fiducial mark. 


The gas-flame is caused to traverse by pullies driven by cords. The cords 
come to the observing window, and can be worked from there. A second 
telescope is erected at the window, for reading certain scales attached to 
the traversing gear of the carriage, and we find that we can read the 
position of the gas-flame to within a tenth of an inch, or even less, with 
certainty. 


From the gas the ray of light enters the tub and mirror-box, is reflected 
by the mirror, and emerges by the same route; it then meets a looking- 
glass which reflects it nearly at right angles and a little upwards, and 
finally enters the object-glass of the reading telescope, fixed to the sill of 
the observing window. 


When the carriage is at the right part of the scale the edge of the red 
glass coimcides with the cross wire of the reading telescope, and the reading 
is taken by means of the scale telescope. 


Arrangements had also to be made for working the sensitiser, centraliser, 
and disturber from outside the room. 


A scaffolding was erected over the tub, but free of contact therewith, 
and this supported a system of worm-wheels, tangent-screws, and pullies 
by which the three requisite movements could be given, The junctures 
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with the sensitising and centralising rods were purposely made loose, because 
it was found at first that a slight shake to the scaffolding disturbed the 
pendulum. 


The pullies on the scaffolding are driven by cords which pass to the 
observing window. 


On the window-sill we now have two telescopes, four pullies, an arrange- 
ment, with a scale attached, for raising and depressing the guide weight, and 
a gas tap for governing the flame in the room. 


After the arrangements which have been described were completed we 
sensitised the instrument from outside the room. The arrangements worked 
so admirably that we could produce a quite extraordinary degree of sensi- 
tiveness by the alternate working of the sensitising and centralising wheels, 
without ever causing the image of the lamp to disappear from the field 
of view. This is a great improvement on the old arrangement with the 
stone gallows. 


We now found that if one of us was in the room and stood at about 
16 feet to the S. of the instrument with his feet about a foot apart, and 
slowly shifted his weight from one foot to the other, then a distinct change 
was produced in the position of theemirror. This is the most remarkable 
proof of sensitiveness which we have yet seen, for the instrument can 
detect the difference between the distortion of the soil caused by a weight 
of 140 lbs. placed at 16 feet and at 17 feet. We have not as yet taken 
any great pains to make the instrument as sensitive as possible, and we 
have little doubt but that we might exceed the present degree of delicacy, 
if it were desirable to do so. 


The sensitiveness now attained is, we think, only apparently greater 
than it was with the stone gallows, and depends on the improved optical 
arrangements, and the increase of steadiness due to the elimination of 
changes of temperature in the support. 


From July 21 to July 25 we took a series of readings, There was 
evidence of a distinct diurnal period with a maximum about noon, when 
the pendulum stood furthest northwards; in the experiment with the stone 
gallows in 1880 the maximum northern excursion took place between 
5 and 7 P.M. 


The path of the pendulum was interrupted by many minor zigzags, and 
it would sometimes reverse its motion for nearly an hour together. During 
the first four days the mean position of the pendulum travelled southward, 
and the image went off the scale three times, so that we had to recentralise 
it. In the night between the 24th and 25th it took an abrupt turn north- 
ward, and the reading was found in the morning of the 25th at nearly the 


opposite end of the scale. ; 
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On the 25th the dance of the image was greater than we had seen it at 
any time with the new instrument, so that we went into the room to see 
whether the water had fallen in the tub and had left the top of the copper 
tube exposed; for on a previous occasion this had appeared to produce much 
unsteadiness. There was, however, no change in the state of affairs. A few 
days later the image was quite remarkable for its steadiness. 


On July 25, and again on the 27th, we tried a series of observations with 
the disturber, in order to determine the absolute value of the scale. 


The guide weight being at a known altitude in the copper tube, we took 
a series of six readings at intervals of a minute, and then shifting the guide 
weight to another known altitude, took six more in a similar manner; and 
so on backwards and forwards for an hour. 


The first movement of the guide weight produced a considerable disturb- 
ance of an irregular character, and the first set of readings were rejected. 
Afterwards there was more or less concordance between the results, but it 
was to be noticed there was a systematic difference between the change 
from ‘up’ to ‘down’ and ‘down’ to ‘up.’ This may perhaps be attributed 
to friction between certain parts of the apparatus. We believe that on 
another occasion we might erect the disturber under much more favourable 
conditions, but we do not feel sure that it could ever be made to operate 
very satisfactorily. 

The series of readings before and after the change of the guide weight 
were taken in order to determine the path of the pendulum at the critical 
moment, but the behaviour of the pendulum is often so irregular, even 
within a few minutes, that the discrepancy between the several results and 
the apparent systematic error may be largely due to unknown changes, which 
took place during the minute which necessarily elapsed between the last 
of one set of readings and the first of the next. The image took up its 
new position deliberately, and it was necessary to wait until it had come 
to its normal position. 


Between the first and second sets of observations with the disturber, it 
had been necessary to enter the room and to recentralise the image. We 
do not know whether something may not have disturbed the degree of 
sensitiveness, but at any rate the results of the two sets of observations 
are very discordant*. 


The first set showed that one inch of movement of the gas-flame, which 
formed the scale, corresponds with ;4th of a second of are of change of 
horizon; the second gave 3th of a second to the inch. 


As we can see a twentieth of an inch in the scale, it follows that a change 
of horizon of about 0005 should be distinctly visible. In this case the 


* See, however, the postscript at the end of this part. 
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4000 
we do not think that the disturber gives more than the order of the changes 


of horizon which we note, but our estimate receives a general confirmation 
from another circumstance. 


point of the pendulum moves through jg459th of a millimetre. At present 


From the delicacy of the gearing connected with the back-leg, we esti- 
mate that it is by no means difficult to raise the back-leg by a millionth 
of an inch. The looseness in the gearing was purposely kept so great that 
it requires a turn or two of the external pulley on the window-sill before 
the backlash is absorbed, but after this a very small fraction of a turn is 
sufficient to move the image in the field. 


We are now inclined to look to this process with the back-leg to enable 
us to determine the actual value of our scale, but this will require a certain 
amount of new apparatus, which we have not yet had time to arrange. In 
erecting the instrument we omitted to take certain measurements which 
it now appears will be necessary for the use of the back-leg as a means 
of determining the absolute value of our scale, but we know these measure- 
ments approximately from the working drawings of the instrument. Now 
it appears that one complete revolution of a certain tangent-screw by which 
the back-leg is raised should tilt the pendulum-stand through almost exactly 
half a second of arc, and therefore this should produce a relative displace- 
ment of the pendulum of the same amount We have no doubt but that 
a tenth of the turn of the tangent-screw produces quite a large deflection 
of the image, and probably a hundredth of a turn would produce a sensible 
deflection. Therefore, from mere consideration of the effect of the back-leg 
we do not doubt but that a deflection of the pendulum through a yt;th of | 
a second of arc is distinctly visible. This affords a kind of confirmation of 
the somewhat unsatisfactory deductions which we draw from the operation 
of the disturber. 


Postscript—The account of our more recent experiments was written 
during absence from Cambridge from July 29 to August 9. In this period 
the gradual southerly progression of the pendulum bob, which was observed 
up to July 28, seems to have continued; for on August 9 the pendulum 
was much too far 8. to permit the image of the gas-flame to come into 
the field of view of the telescope. On August 9 the image was recen- 
tralised, and on the 9th and 10th the southerly change continued; on 
the 11th, however, a reversal northwards again occurred. During these 
days the unsteadiness of the image was much greater than we have seen 
it at any time with the new instrument. There was some heavy rain 
and a good deal of wind at that time. We intend to arrange a scale for 
giving a numerical value to the degree of unsteadiness, but at present it 
is merely a matter of judgment. 


‘It seems possible that earthquakes were the cause of unsteadiness on 
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August 9, 10, and 11, and we shall no doubt hear whether any earthquakes 
have taken place on those days. 


After August 11 we were both again absent from Cambridge. On 
August 16 my brother returned, and found that the southerly progression 
of the pendulum bob had reasserted itself, so that the image was again 
far out of the field of view. After recentralising he found the image to 
be unusually steady. 


This appeared a good opportunity of trying the effect of purely local 
tremors. 


One observer therefore went into the room and, standing near the instru- 
ment, delivered some smart blows on the brickwork coping round the ditch, 
the stone pavement, the tub, and the large stone basement underneath the 
water. Little or no effect was produced by this. Very small movements 
of the body, such as leaning forward while sitting in a chair, or a shift of 
part of the weight from heels to toes, produced a sensible deflection, and it 
was not very easy for the experimenter to avoid this kind of change whilst 
delivering the blows. To show the sensitiveness of the instrument to steady 
pressure we may mention that a pressure of three fingers on the brick coping 
of the ditch produces a marked deflection. 


On August 17 I returned to Cambridge, and noted, with my brother, that 
the image had never been nearly so steady before. The abnormal steadiness 
continued on the 18th. There was much rain during those days. 


On the afternoon of the 19th there was a high wind, and although the 
abnormal steadiness had ceased, still the agitation of the image was rather 
less than we usually observe it. 


The image being so steady on the 17th, we thought that a good oppor- 
tunity was afforded for testing the disturber. At 6.15 P.M. of that day we 
began the readings. ‘The changes from ‘up’ to ‘down’ were made as quickly 
as we could, and in a quarter of an hour we secured five readings when the 
guide weight was ‘up,’ and four when it was ‘down.’ 


When a curve was drawn, with the time as abscissa, and the readings 
as ordinates, through the ‘up’s, and similarly through the ‘down’s, the 
curves presented similar features. This seems to show that movement of 
the disturber does not cause irregularities or changes, except such as it is 
designed to produce. 


The displacement of the guide weight was through 5 cm. on each 
occasion. 


The four changes from ‘up’ to ‘down’ showed that an inch of scale cor- 
responded with 0’-0897, with a mean error of 00021; the four from ‘down’ 
to ‘up’ gave 00909 to the inch, with a mean error of 00042. Thus the 
systematic error on the previous occasions was probably only apparent. 
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Including all the eight changes together, we find that the value of an 
inch is 00903 with a mean error of 00030. 


A change in the scale reading amounting to a tenth of an inch is 
visible without any doubt, and even less is probably visible. Now it will 
give an idea of the delicacy of the instrument when we say that a tenth 
of an inch of our scale corresponds to a change of horizon* through an 
angle equal to that subtended by an inch at 384 miles. 


II. On the work of previous observers. 


In the following section we propose to give an account of the various 
experiments which have been made in order to detect small variations of 
horizon, as far as they are known to us; but it is probable that other 
papers of a similar kind may have escaped our notice. 


In a report of this kind it is useful to have references collected together, 
and therefore, besides giving an account of the papers which we have con- 
sulted, we shall requote the references contained in these papers. 


In Poggendorff’s Annalen for 1873 there are papers by Prof. F. Zéllner, 
which had been previously read before the Royal Saxon Society, and which 
are entitled “Ueber eine neue Methode zur Messung anziehender und 
abstossender Krafte,” Vol. 150, p. 131, “ Beschreibung und Anwendung des 
Horizontalpendels,” Vol. 150, p. 134. A part of the second of these papers 
is translated, and the figure is reproduced in the supplementary number of 
the Philosophical Magazine for 1872, p. 491, in a paper “On the Origin: of 
the Earth’s Magnetism.” 


The horizontal pendulum was independently invented by Prof. Zollner, 
and, notwithstanding assertions to the contrary, was probably for the first 
time actually realised by him; it appears, however, that it had been twice 
invented before. The history of the instrument contains a curious piece of 
scientific fraud, of which we shall give an account below. 


The instrument underwent some modifications under the hands of Pro- 
fessor Zéllner, and the two forms are described in the above papers. 


The principle employed is as follows:—There is a very stout vertical 
stand, supported on three legs. At the top and bottom of the vertical 
shaft are fixed two projections. Attached to each projection is a fine 
straight steel clock spring; the springs are parallel to the vertical shaft 
of the stand, the one attached to the lower projection running upwards, and 


* We use the expression ‘change of horizon’ to denote relative movement of the earth, at the 
place of observation, and the plumb-line. Such changes may arise either from alteration in the 
shape of the earth, or from displacement of the plumb-line; our experiments do not determine 
which of these two really takes place. 
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that attached to the upper one running downwards. The springs are of 
equal length, each being equal to half the distance between their points 
of attachment on the projections. 


The springs terminate in a pair of rings, which stand exactly opposite 
to one another, so that a rod may be thrust through both. 


A glass rod has a heavy weight attached to one end of it, and the other 
end is thrust through the two rings. The rings are a little separated from 
one another, and the glass rod stands out horizontally, with its weight at 
the end, and is supported by the tension of the two springs. It is obvious 
that if the point of attachment of the upper spring were vertically over 
that of the lower spring, and if the springs had no torsional elasticity, then 
the glass rod would be in neutral equilibrium, and would stand equally well 
in any azimuth, 

The springs being thin have but little torsional elasticity, and Professor 
Zollner arranges the instrument so that the one support is very nearly over 
the other. In consequence of this the rod and weight have but a small 
predilection for one azimuth more than another. The free oscillations of 
the horizontal pendulum could thus be made extraordinarily slow ; and even 
a complete period of one minute could be easily attained. 


A very small horizontal force of course produces a large deflection of 
the pendulum, and a small deflection of the force of gravitation wath 
reference to the instrument must produce a like result. He considers 
that by this instrument he could, in the first form of the instrument, 
detect a displacement of the horizon through 0”:00035; in the second his 
estimate is 0001. 


The observation was made by means of a mirror attached to the weight, 
and scale and telescope. 


The maximum change of level due to the moon’s attraction is at 
St Petersburg 00174, and from the sun 00080 [C. A. F. Peters, Bull. 
Acad. Imp. St Pétersbourg, 1844, Vol. 111., No. 14]; and thus the instrument 
was amply sensitive enough to detect the lunar and solar disturbances of 
gravity*. 


* We are of opinion that M. Ziéllner has made a mistake in using at Leipzig Peters’ results 
for St Petersburg. Besides this he considers the changes of the vertical to be 0’:0174 on each 
side of a mean position, and thus says the change is 00348 altogether. Now a rough computa- 
tion which I have made for Cambridge shows that the maximum meridional horizontal component 
of gravitation, as due to lunar attraction, is 4°12 x 10-8 of pure gravity. This force will produce 
a deflection of the plumb-line of 0”:0085, and the total amplitude of meridional oscillation will be 
0’:0170. The maximum deflection of the plumb-line occurs when the moon’s hour-angle is + 45° 
and £135° at the place of observation. The change at Cambridge when the moon is S.E. and 
N.W. is 0”:0216. The deflection of the plumb-line varies as the cosine of the latitude, and is 
therefore greater at Cambridge than at St Petersburg. Multiplying :0216 by sec 51° 43’ cos 60° 
we get ‘0174, and thus my calculation agrees with that of Peters. 
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Professor Zéllner found, as we have done, that the readings were never 
the same for two successive instants. The passing of trains on the railway 
at a mile distant produced oscillations of the equilibrium position. He 
seems to have failed to detect the laws governing the longer and wider 
oscillations performed. Notwithstanding that he took a number of precau- 
tions against the effects of changes of temperature, he remarks that “the 
external circumstances under which the above experiments were carried out 
must be characterised as extremely unfavourable for this object (measuring 
the lunar attraction), so that the sensitiveness might be much increased in 
pits in the ground, provided the reaction of the glowing molten interior 
against the solid crust do not generate inequalities of the same order.” 


Further on he says that if the displacements of the pendulum should be 
found not to agree in phase with the theoretical phase as given by the sun’s 
position, then it might be concluded that gravitation must take a finite time 
to come from the sun. 


It appears to me that such a result would afford strong grounds for 
presuming the existence of frictional tides in the solid earth, and that 
Professor Zollner’s conclusion would be quite unjustifiable. 


Earlier in the paper he states that he preferred to construct his 
instrument on a large scale, in order to avoid the disturbing effects of 
convection currents. We cannot but think, from our own experience, that 
by this course Professor Zéllner lost more than he gained, for the larger 
the instrument the more it would necessarily be exposed in its various 
parts to regions of different temperature, and we have found that the 
warping of supports by inequalities of temperature is a most serious cause 
of disturbance. 


The instrument of which we have given a short account appears to us 
very interesting from its ingenuity, and the account of the attempts to use 
it is well worthy of attention, but we cannot think that it can ever be made 
to give such good results as those which may perhaps be attained by our 
plan or by others. The variation in the torsional elasticity of the suspending 
springs, due to changes of temperature, would seem likely to produce serious 
variations in the value of the displacements of the pendulum, and it does not 
seem easy to suspend such an instrument in fluid in such a manner as to kill 
out the effects of purely local tremors. 


Moreover, the whole instrument is kept permanently in a condition of 
great stress, and one would be inclined to suppose that the vertical stand 
would be slightly warped by the variation of direction in which the tensions 
of the springs are applied, when the pendulum bob varies its position. 


In a further paper in the same volume, p. 140, “ Zur Geschichte des 
Horizontalpendels,” Zéllner gives the priority of invention to M. Perrot, who 
: 4 
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had described a similar instrument on March 31, 1862 (Comptes Rendus, 
Vol. 54, p. 728), but as far as he knows M. Perrot did not actually 
construct it. 


He also quotes an account of an “Astronomische Pendelwage,” by 
Lorenz Hengler, published in 1832, in Vol. 43 of Dingler’s Polytechn. 
Journ., pp. 81—92. In this paper it appears that Hengler gives the most 
astonishing and vague accounts of the manner in which he detected the 
lunar attraction with a horizontal pendulum, the points of support being 
the ceiling and floor of a room 16 feet high. The terrestrial rotation was 
also detected with a still more marvellous instrument. 


Zillner obviously discredits these experiments, but hesitates to charac- 
terise them, as they deserve, as mere fraud and invention. 


The university authorities at Munich state that in the years 1830-1 
there was a candidate in philosophy and theology named Lorenz Hengler, 
of Reichenhofen, “der weder friiher noch spater zu finden ist.” 


At p. 150 of the same volume Professor Safaiik contributes a “ Beitrag 
zur Geschichte des Horizontalpendels.” He says that the instrument takes 
its origin from Professor Gruithuisen, of Munich, whose name has “keinen 
guten Klang” in the exact sciences. 


This strange person, amongst other eccentricities, proposed to dig a 
hole quite through the earth, and proposes a catachthonic observatory. 
Gruithuisen says, in his Neuen Analekten fiir Erd- und Himmelskunde 
(Munich, 1832), Vol. 1, Part 1.: “I believe that the oscillating balance 
(Schwung-wage) of a pupil of mine (named Hengeller), when constructed 
on a large scale, will do the best service.” 


Some of the most interesting observations which have been made are 
those of M. d’Abbadie. He gave an account of his experiments in a paper, 
entitled “Etudes sur la verticale,” Association Francaise powr Vavancement 
des Sciences, Congrés de Bordeauaz, 1872, p. 159. As this work is not very 
easily accessible to English readers, and as the paper itself has much 
interest, we give a somewhat full abstract of it. He has also published 
two short notes with reference to M. Plantamour’s observations (noticed 
below), in Vol. 86, p. 1528 (1878), and Vol. 89, p. 1016 (1879), of the 
Comptes Rendus. We shall incorporate the substance of his remarks in 
these notes in our account of the original paper. 


When at Olinda, in Brazil, in 1837, M. d’Abbadie noticed the variations 
of a delicate level which took place from day to day. At the end of the 
two months of his stay there the changes in the E. and W. azimuth had 
compensated themselves, and the level was in the same condition as at 


first; but the change in the meridian was still progressing when he had 
to leave. 
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In 1842, at Gondar, in Ethiopia, and at Saga, he noticed a similar 
thing. In 1852 he gave an account to the French Academy (Comptes 
Rendus, May, p. 712) of these observations, as well as of others, by means 
of levels, which were carried out in a cellar in the old castle of Audaux, 
Basses Pyrénées. 


Leverrier, he says, speaks of sudden changes taking place in the level 
of astronomical instruments, apparently without cause. Airy has proved 
that the azimuth of an instrument may change, and Hough notes, in 
America, capricious changes of the Nadir. 


Henry has collected a series of levellings and azimuths observed at 
Greenwich during ten years, and during eight of the same years at 
Cambridge (Monthly Notices R. A. S., Vol. vit1, p. 1384). The results with 
respect to these two places present a general agreement, and show that 
from March to September the western Y of the transit instrument. falls 
through 25, whilst it deviates at the same time 2” towards the north. 
Elis has made a comparison of curves applying to Greenwich, during 
eight years, for level and azimuth. He shows that there is a general 
correspondence with the curves of the external temperature (Memoirs of 
the R. Ast. Soc., Vol. XX1x., pp. 45—57). 


In the later papers M. d’Abbadie says that M. Bouquet de la Grye 
has observed similar disturbances of the vertical at Campbell Island, 
S. lat. 52° 34’. M. Bouquet used a heavy pendulum governing a vertical 
lever, by which the angle was multiplied*. He found that the great 
breakers on the shore at a distance of two miles caused a deviation of 
the vertical of 1-1. On one occasion the vertical seems to have varied 
through 32 in 3} hours. 

M. d’Abbadie also quotes Elkin, Yvon Villarceau, and Airy as having found, 
from astronomical observations, notable variations in latitude, amounting to 
from 7” to 8”. 


As M. d’Abbadie did not consider levels to afford a satisfactory method 
of observation of the presumed changes of horizon, he determined to proceed 
in a different manner. 


The site of his experiments was Abbadia, in Subernoa, near Hendaye. 
The Atlantic was 400 metres distant, and the sea-level 62 metres below 
the place of observation. The subsoil was loamy rock (roche marneuse), 
belonging to cretaceous deposits of the south of France. Notwithstanding 
the steep slope of the soil, water was found at about 5 metres below the 
surface. 


* T do not find a reference to M. Bouquet in the R.S. catalogue of scientific papers. It 
appears from what M. d’Abbadie says that certain observations have been made with pendulums 
in Italy, but that it does not distinctly appear that the variations of level are simultaneous over 
wide areas. No reference is given as to the observers. 
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In this situation he had built, in 1863, a steep concrete cone, of which 
the external slope was ten in one (une inclinaison d’une dixieme). The 
concrete cone is truncated, and the flat surface at the top is 2 metres in 
diameter. It is pierced down the centre by a vertical hole or well 1 metre 
in diameter. This well extends to within half a metre of the top, at which 
point the concrete closes in, leaving only a hole of 12 centimetres up to the 
flat upper surface. 


From the top of the concrete down to the rock is 8 metres, and the 
well is continued into the rock to a further depth of 2 metres: thus from 
top to bottom is 10 metres. 


A tunnel is made to the bottom of the well in order to drain away the 
water, and access of the observer to the bottom is permitted by means of 
an underground staircase. Access can also be obtained to a point half-way 
between the top and bottom by means of a hole through the concrete. At 
this point there is a diaphragm across the well, pierced by a hole 21 centi- 
metres in diameter. The diaphragm seems to have been originally made 
in order to support a lens, but the mode of observation was afterwards 
changed. The diaphragm is still useful, however, for allowing the observer 
to stand there and sweep away cobwebs. 


The cone is enclosed in an external building, from the roof of which, as 
I understand, there hangs a platform on which the observer may stand 
without touching the cone; and the two staircases leading up to the top 
are also isolated*, 


On the hole through the top of the cone is riveted a disk of brass 
pierced through its centre by a circular hole 21 mm. in diameter. The 
hole in the disk is traversed across two perpendicular diameters by fine 
platinum wires; at first there were only two wires, but afterwards there 
were four, which were arranged so as to present the outline of a right- 
angled cross. The parallel wires were very close together, so that the four 
wires enclosed in the centre a very small square space. 


At the bottom of the well is put a pool of mercury. The mercury 
was at first in an iron basin, but the agitation of the mercury was found 
sometimes to be so great that no reflection was visible for an hour together. 
At the suggestion of Leverrier the iron basin was replaced by a shallow 
wooden tray with a corrugated bottom, and a good reflection was then 
generally obtainable. Immediately over the mercury poo] there stood a 
lens of 10 cm. diameter and 10 metres focal length, and over the brass 
disk there stood a microscope with moveable micrometer wires in the eye- 
piece, and a position circle. The platinum wires were illuminated, and on 
looking through the microscope the observer saw the wires both directly and 


* This passage appears to me a little obscure, and I cannot quite understand the arrange- 
ment. 


1881] D’ABBADIE’'S NADIRANE. 419 


by reflection. The observations were taken by measuring the azimuth and 
displacement of the image of the central square relatively to the real 
square enclosed by the wires. 


One division of the micrometer screw indicated a displacement of 
vertical of 0°03, so that the observations were susceptible of considerable 
refinement. 


The whole of the masonry was finished in 1863, and M. d’Abbadie then 
allowed the structure five years to settle before he began taking observa- 


: x ; ; at ae 
tions. The arrangements for observing above described were made in 1868 
and 1869. 


In the course of a year he secured 2000 observations, and the results 
appear to be very strange and capricious. 


Throughout March, 1869, the perturbations of the mercury were so 
incessant that observations (taken at that time with the iron basin) were 
nearly impossible; on the 29th he waited nearly an hour in vain in trying 
to catch the image of the wires. T'wo days later the mercury was perfectly 
tranquil. On April 6 it was much agitated, although the air and sea were 
calm. A tranquil surface was a rare exception. | 


In 1870 the corrugated trough was substituted for the iron basin; and 
M. d’Abbadie says :— 


“Cependant, ni le fond inégal du bain ‘rainé ni sa forme ne m’ont 
empéché d’observer, ce que j’appelle des ombres fuyantes. Ce sont des 
bandes sombres et paralléles qui traversent le champ du microscope avec 
plus ou moins de vitesse, et qu’on explique en attribuant au mercure des 
ondes trés ténues, causées par une oscillation du sol dans un seul sens. Le 
plus souvent ces ombres semblent courir du S.E. au N.O., approximative- 
ment selon l’axe de la chaine des Pyrénées; mais je les ai observées, le 
15 Mars 1872, allant vers le S.O. A cette époque, le mercure était depuis 
le 29 février, dans une agitation continuelle, comme mon aide l’avait constaté 
en 1869, aussi dans le mois de Mars*.” 


He observed also, from time to time, certain oscillations of the mercury 
too rapid to be counted, which he calls ‘ tremoussements.’ There were also 
sudden jumpings of the image from one point to another, or ‘frétillements,’ 
indicating a sudden change of vertical through 049 to 0°65. 

He observed many microscopic earthquakes, and in some cases the image 
was carried quite out of the field of view. 

He also detected the difference of vertical according to the state of the 
tide in the neighbouring sea; but the change of level due to this cause was 
often masked by others occurring contemporaneously. 


* M. d’Abbadie writes to me that this phenomenon was ultimately found to result from air 
currents (Noy. 5, 1881). 
| ‘ 7-2 
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From observations during the years 1867 to 1872 (with the exception 
of 1870) he finds that in every year but one the plumb-line deviated 
northwards during the latter months of the year, but in 1872 it deviated 
to the south. 


He does not give any theoretical views as to the causes of these 
phenomena, but remarks that his observations tend to prove that the 
causes of change are sometimes neither astronomical nor thermometrical. 


The most sudden change which he noted was on October 27, 1872, 
when the vertical changed by 24 in six hours and a quarter. Between 
January 30 and March 26 of the same year the plumb-line deviated 45 
towards the south. 


We now come to the valuable observations of M. Plantamour, which 
we believe are still being prosecuted by him. His papers are “Sur le 
déplacement de la bulle des niveaux & bulle dair,’ Comptes Rendus, 
June 24, 1878, Vol. 86, p. 1522, and “Des mouvements périodiques du sol 
accusés par des niveaux & bulle d’air,” Comptes Rendus, December 1, 1879, 
Vol 89, p. 937. 


The observations were made at Sécheron, near Geneva, at first at the 
Observatory, and afterwards at M. Plantamour’s house. After some pre- 
liminary observations, he obtained a very sensitive level and laid it on 
the concrete floor of a room in which the variations of temperature were 
very small. The azimuth of the level was E. and W., and the observations 
were made every hour from 9 A.M. until midnight. Figures are given of 
the displacement of the bubble during April 24, 25, and 26, 1878. The 
results indicate a diurnal oscillation of level, the E. end of the level being 
highest towards 5.30 p.M.; the amplitudes of the oscillations were 84, 
112, 15°75 during these three days. It also appeared that there was 


a gradual rising of the mean diurnal position of the E. end during the 
same time. 


The level was then transported to a cellar in M. Plantamour’s house, 
when the temperature only varied by half a degree centigrade. The bubble 
of the level often ran quite up to one end. A new and larger level was 
obtained, together with the great ‘chevalet de fer, which is used by the 
manufacturers in testing levels. Both levels were placed E, and W., at 
about two metres apart. During May 8 and 4, 1878, the bubble travelled 
eastward without much return, and it is interesting to learn that simul- 
taneous observations by M. Turretini, at the Level Factory, three kilometres 
distant, at Plainpalais, showed a similar change. 


Between May 38 and 6 the level actually changed through 17”. Up to 
the 19th the level still showed the eastward change. 


M. Plantamour remarks that the eastern pier of a transit instrument is 
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known to rise during a part of the year, but not by an amount comparable 
with that observed by him, and that the diurnal variations are unknown. 


After further observations of a similar kind, one of the levels was 
arranged in the N. and S. azimuth. 


The same sort. of diurnal oscillations, although more irregular, were 
observed, but the hours of maximum were not the same in the two 
levels. During the four days, May 24 to 28, the maximum rising of the 
north generally took place about noon. This is exactly the converse of 
what we have recently observed. 


In the second paper he remarks: 


“Dans le sens du méridien, les mouvements diurnes sont tres rares 
irréguliers et toujours trés faibles, le niveau en accuse parfois, quand il n’y 
en a point de lest & l’ouest, et inversement, quand ces derniers sont tres 
prononcés, on n’en apercoit que trés rarement du sud au nord.” 


In our experiment of March 15 to 18, 1880, we found that the pendulum 
stood furthest north about 6 P.M., so that at that time the S. was most 
elevated; and in the short series of observations during the present summer 
the maximum elevation of the S. took place about noon. 


On October 1, 1878, M. Plantamour began a new series of observations, 
which lasted until September 30, 1879. The levels were arranged in the 
two azimuths as before, and the observations were taken five times a day, 
namely, at 9 A.M., noon, 3, 6, and 9 pM. The mean of these five readings 
he takes as the diurnal value. 


During October and November the eastern end of the level fell, which 
is exactly the converse of what happened during the spring of the 
same year; he concludes that the eastern end falls when the external 
temperature falls. 


When a curve of the external temperature was placed parallel with 
that for the level, it appeared that there was a parallelism between the 
two, but the curve for the level lagged behind that for temperature by 
a period of from one to four days. 


This parallelism was maintained until the end of June, 1879, when it 
became disturbed. From then until the beginning of September the E. 
rose, but in a much greater proportion than the rise of mean temperature. 
It must be noted that July was a cold and wet month. 


Although the external temperature began to fall on August 5, the E. 
end continued to rise until September 8. This he attributes to an accumu- 
lation of heat in the soil. The total amplitude of the annual oscillation 
from E. to W. amounted to 28°08. 
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There was also a diurnal oscillation in this azimuth which amounted to 
3-2 on September 5. The east end appeared to be highest between 6 and 
7.45 p.m., and lowest at the similar hour in the morning™*. 


The meridional oscillations were much smaller, the total annual amplitude 
being only 489. From December 23, 1878, until the end of April, 1879, 
there was a correspondence between the external temperature curve and 
that for N. and 8. level. We have already quoted the remark on the diurnal 
meridional oscillations. 


M. Plantamour tells us that in 1856 Admiral Mouchez detected no 
movement of the soil by means of the levels attached to astronomical 
instruments. On the other hand, M. Hirsch established, by several years 
of observation at Neuchatel, that there was an annual oscillation of a transit 
instrument from E. to W., with an amplitude of 23”, and an azimuthal 
oscillation of 75”. Similar observations with the transit instrument were 
made at the observatory at Berne in the summer of 1879. 


It is to be regretted that M. Plantamour does not give us more informa- 
tion concerning the manner in which the iron support for the levels was 
protected from small changes of temperature, nor with regard to the effect 
of the observer’s weight on the floor of the room. We have concluded that 
both these sources of disturbance should be carefully eliminated. 


Some interesting observations were made at Pulkova on a subject 
cognate to that on which we are writing. M. Magnus Nyrén contributed, 
on February 28, 1878, an interesting note to the Imperial Academy of 
St Petersburg, entitled “Erderschiitterung beobachtet an einem feinem 
Niveau 1877 Mai 10+.” On May 10 (April 28), 1877, at 416 4aM., a 
striking disturbance of the level on the axis of the transit was observed 
by M. Nyren in the observatory at Pulkova. The oscillations were watched 
by him for three minutes; their complete period was about 20 seconds, 
and their amplitude between 15 and 2”. At 4.35 a.m. there was no 
longer any disturbance. He draws attention to the fact that it afterwards 
appeared that one hour and fourteen minutes earlier there had been a 
great earthquake at Iquique. The distance from Iquique to Pulkova is 
10,600 kilometres in a straight line, and 12,540 kilometres along the are 
of a great circle. He does not positively connect the two phenomena 
together; but he observes that if the wave came through the earth 
from Iquique to Pulkova it must have travelled at the rate of about 


* It seems that M. Plantamour sent a figure to the French Academy with the paper, but no 
figure is given. This figure would doubtless have explained the meaning of some passages which 
are somewhat obscure. Thus he speaks of the minimum occurring between 6 and 7.45, but it is 
not clear whether minimum means E. highest or E. lowest. I interpret the passage as above, 
because this was the state of things in the observations recorded in the first of the two papers. 
There is a similar difficulty about the meridional oscillations. 

+ Bull. Acad. St Petersb., Vol. xxtv., p. 567. 
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24, kilometres per second. This is the speed of transmission through 
platinum or silver. 


M. Nyren thinks the wave-motion could not have been so regular as 
it was, if the transmission had been through the solid, and suggests that 
the transmission was through the fluid interior of the earth. 


It appears to us that this argument is hardly sound, and that it would 
be more just to conclude that the interior of the earth was a sensibly 
perfectly elastic solid; because oscillations in molten rock would surely be 
more quickly killed out by internal friction than those in a solid. How- 
ever, M. Nyrén does not lay much stress on this argument. He also 
draws attention to the fact that on September 20 (8), 1867, M. Wagner 
observed at Pulkova an oscillation of the level, with an amplitude of 8”, 
and that seven minutes before the disturbance there had been an earth- 
quake at Malta. On April 4 (March 23), 1868, M. Gromadzki observed an 
agitation of the level, and it was afterwards found that there had been 
an earthquake in Turkestan five minutes before. 


Similar observations of disturbances had been made twice before, once 
by M. Wagner and once by M. Romberg; but they had not been connected 
with any earthquakes—at least with certainty. 

Dr C. W. Siemens has invented an instrument of extraordinary delicacy, 
which he calls an “Attraction-meter.” An account of the instrument is 
given in an addendum to his paper “On determining the depth of the sea 
without the use of the sounding-line” (Phil. Trans., 1876, p. 659). We 
shall not give any account of this instrument, because Dr Siemens is a 
member of our committee, and will doubtless bring any observations he may 
make with it before the British Association at some future time. 


III. Remarks on the present state of the subject. 


Although our experiments are not yet concluded, it may be well to make 
a few remarks on the present aspects of the question, and to state shortly our 
intentions as to future operations. 


Our experiments, as far as they go, confirm the results of MM. d’Abbadie 
and Plantamour, and we think that there can remain little doubt that the 
surface of the earth is in incessant movement, with oscillations of periods 
extending from a fraction of a second to a year. 


Whether it be a purely superficial phenomenon or not, this consideration 
should be of importance to astronomical observers, for their instruments are 
necessarily placed at the surface of the earth. M. Plantamour and others 
have shown that there is an intimate connection between the changes of 
level and those of the temperature of the air; whence it follows that the 
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principal part of the changes must be superficial, On the other hand, 
M. d’Abbadie has shown that it is impossible to explain all the changes by 
means of changes of temperature. It would be interesting to determine 
whether changes of a similar kind penetrate to the bottom of mines, and 
Gruithuisen’s suggestion of a catachthonic observatory seems worthy of 
attention, although he perhaps went rather far in the proposition that the 
observatory should be ten or fifteen miles below the earth’s surface. 


It may appear not improbable that the surface of the soil becomes 
wrinkled all over, when it is swollen by increase of temperature and by 
rainfall. If this, however, were the case, then we should expect that instru- 
ments erected at a short distance apart would show discordant results. 
M. Plantamour, however, found that, at least during three days, there was 
a nearly perfect accordance between the behaviour of two sets of levels at 
three kilometres apart; and during eight years there appeared to be general 
agreement between the changes of level of the astronomical instruments at 
Greenwich and Cambridge. It would be a matter of much interest to 
determine how far this concordance would be maintained if the instrument 
of observation had been as delicate as that used by M. d’Abbadie or as our 
pendulum. 


M. Plantamour speaks as though it were generally recognised that one 
pier of a transit circle rises during one part of the year and falls at 
another*. But if this ‘be so throughout Europe, we must suppose that 
there is a kind of tide in the solid earth, produced by climatic changes ; 
the rise and fall of the central parts of continents must then amount to 
something considerable in vertical height, and the changes of level on the 
easterly and westerly coasts of a continent must be exactly opposite to one 
another. We are not aware that any comparison of this kind has been 
undertaken. The idea seems of course exceedingly improbable, but we 
understand it to be alleged that it is the eastern pier of transit instru- 
ments in Europe which rises during the warmer part of the year. Now 
if this be generally true for Europe, which has no easterly coast, it is not 
easy to see how the change can be brought about except by a swelling of 
the whole continent. 


We suggest that in the future it will be thought necessary to erect at 
each station a delicate instrument for the continuous observation of changes 
of level. Perhaps M. d’Abbadie’s pool of mercury might be best for the 
longer inequalities, and something like our pendulum for the shorter ones; 


* “Dans l’opération au moyen de laquelle on vérifie ’horizontalité de l’axe d’une lunette 
méridienne, il parait qu’on remarque bien un léger mouvement d’exhaussement de l’est pendant 
une partie de l’année, mais il n’est pas aussi considérable que celui qu’accuse mon niveau, et l’on 
n’a jamais remarqué, que je sache, une oscillation diurne comme celle qu’a indiquée le niveau 
dans le pavillon.” Comptes Rendus, June 24, 1878, Vol. uxxxvr., p. 1525. 
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or possibly the pendulum, when used in a manner which we intend to try, 
might suffice for all the inequalities. 


At present the errors introduced by unknown inequalities of level are 
probably nearly eliminated by the number of observations taken; but it 
could not fail to diminish the probable error of each observation if a correc- 
tion were applied for this cause of disturbance from hour to hour, or even 
from minute to minute. If the changes noted by M. Plantamour are not 
entirely abnormal in amount, such corrections are certainly sufficient to 
merit attention. 

In our first set of experiments we found that stone piers are exceedingly 
sensitive to changes of temperature and to small stresses. Might it not be 
worth while to plate the piers of astronomical instruments with copper, and 
to swathe them with flannel? We are not aware as to the extent to 
which care is taken as to the drainage of the soil round the piers, or as 
to the effect of the weight of the observer’s body; but we draw attention 
to the effect produced by the percolation of water round the basement, and 
to the impossibility we have found of taking our observations in the same 
room with the instrument. 

In connection with this subject we may notice an experiment which 
was begun 34 years ago by my brother Horace. The experiment was 
undertaken in connection with my father’s investigation of the geological 
activity of earthworms, and the object was to determine the rate at which 
stones are being buried in the ground in consequence of the excavations 
of worms. 

The experiment is going on at Down, in Kent. The soil is stiff red 
clay, containing many flints lying over the chalk. There are two stout 
metal rods, one of iron and the other of copper. The ends were sharpened 
and they were hammered down vertically into the soil of an old grass field, 
and they are in contact with one another, or nearly so. When they had 
penetrated 8 feet 6 inches it was found very difficult to force them deeper, 
and it is probable that the ends are resting on a flint. The ends were 
then cut off about three inches above the ground. 

A stone was obtained like a small grindstone, with a circular hole in 
the middle. This stone was laid on the ground with the two metal rods 
appearing through the hole. Three brass V grooves are leaded into the 
upper surface of the stone, and a moveable tripod-stand with three rounded 
legs can be placed on the stone, and is, of course, geometrically fixed by 
the nature of its contact with the V’s. An arrangement with a micrometer 
screw enables the observer to take contact measurements of the position 
of the upper surface of the stone with regard to the rods. The stone 
has always continued to fall, but during the first few months the rate of 
fall was probably influenced by the decaying of the grass underneath it. 
The general falling of the stone can only be gathered from observations 
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taken at many months apart, for it is found to be in a state of continual 
vertical oscillation. 

The measurements are so delicate that the raising of the stone produced 
by one or two cans full of water poured on the ground can easily be per- 
ceived. Between September 7 and 19, 1880, there was heavy rain, and 
the stone stood 1°91 mm. higher at the latter date than at the former. 
The effect of frost and the wet season combined is still more marked, for 
on January 23, 1881, the stone was 412 mm. higher than it had been on 
September 7, 1880. 

The prolonged drought of the present summer has had a great effect, 
for between May.8 and June 29 the stone sank through 579 mm. The 
opposite effects of drought and frost are well shown by the fact that on 
January 23 the stone stood 8°62 mm. higher than on June 29, 1881. The 
observations are uncorrected for the effect of temperature on the metal 
rods, but the fact that the readings from the two rods of different metals 
always agree very closely znter se, shows that such a correction would amount 
to very little. 

The changes produced in the height of the stone are, of course, entirely 
due to superficial causes; but the amounts of the oscillations are certainly 
surprising, and although the basements of astronomical instruments may be 
very deep, they cannot entirely escape from similar oscillations*. 

In his address to the mathematical section at the meeting of the British 
Association at Glasgow in 1876, Sir William Thomson tells ust that Peters, 
Maxwell, Nyren, and Newcomb? have examined the observations at Pulkova, 
Greenwich, and Washington, in order to discover whether there is not an 
inequality in the latitude of the observatories having a period of about 
306 days. Such an inequality must exist on account of the motion in that 
period of the instantaneous axis of rotation of the earth round the axis of 
maximum moment of inertia. The inequality was detected in the results, 
but the probable error was very large, and the epochs deduced by the 
several investigators do not agree inter se. It remains, therefore, quite 
uncertain whether the detection of the inequality is a reality or not. But 
now we ask whether it is not an essential first step in such an enquiry 
to make an elaborate investigation by a very delicate instrument of the 
systematic changes of vertical at each station of observation ? 

We will next attempt to analyse the merits and demerits of the various 
methods which have been employed for detecting small changes in the 
vertical. 

* [An account of this experiment is given in Proc. Roy. Soc., Vol. uxvut., 1901, pp. 253—261.] 

+ B. A. Report for 1876, p. 10. For ‘“‘Nysen” read “ Nyrén.” 

{ Peters’ paper is in Bull. St Pet. Acad., 1844, p. 305, and Ast. Nach., Vol. xx11., 1845, pp. 71, 
103, 119. Nyrén’s paper is in Mém. St Pet. Acad., Vol. x1x., 1873, No. 13. With regard to 


Maxwell, see Thomson and Tait’s Nat. Phil., 2nd edit., Part1., Vol. 1. An interesting letter 
from Newcomb is quoted in Sir W. Thomson’s address. 
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The most sensitive instrument is probably the horizontal pendulum of 
Professor Zéllner, and its refinement might be almost indefinitely increased 
by the addition of the bifilar suspension of a mirror as a means of exhibiting 
the displacements of the pendulum bob. If this were done it might be 
possible to construct the instrument on a very small scale and yet ‘to 
retain a very high degree of sensitiveness. We are inclined to think, 
however, that the variation of the torsional elasticity of the suspending 
springs under varying temperature presents an objection to the instrument 
which it would be very difficult to remove. The state of stress under 
which the instrument is of necessity permanently retained seems likely 
to be prejudicial. 


Next in order of sensitiveness is probably our own pendulum, embodying 
the suggestion of Sir William Thomson. We are scarcely in a position as 
yet to feel sure as to its merits, but it certainly seems to be capable of 
all the requisite refinement. We shall give below the ideas which our 


experience, up to the present time, suggest as to improvements and future 
observations. 


Although we know none of the details of M. Bouquet de la Grye’s pendu- 
lum actuating a lever, it may be presumed to be susceptible of considerable 
delicacy, and it would be likely to possess the enormous advantage of giving 
an automatic record of its behaviour. On the other hand the lever must 
introduce a very unfavourable element in the friction between solids. 


M. d’Abbadie’s method of observation by means of the pool of mercury 
seems on the whole to be the best which has been employed hitherto. But 
it has faults which leave ample fields for the use of other instruments. The 
construction of a well of the requisite depth must necessarily be very expen- 
sive, and when the structure is made of a sufficient size to give the required 
degree of accuracy, it is difficult to ensure the relative immobility of the 
cross-wires and the bottom of the well. 


Levels are exceedingly good from the point of view of cheapness and 
transportability, but the observations must always be open to some doubt 
on account of the possibility of the sticking of the bubble from the effects 
of capillarity. The justice of this criticism is confirmed by the fact that 
M. Plantamour found that two levels only two metres apart did not give 
perfectly accordant results. Levels are moreover, perhaps, scarcely sensitive 
enough for an examination of the smaller oscillations of level. Dr Siemens’ 
form of level possesses ample sensibility, but is probably open to the same 
objections on the score of capillarity. 


In the case of our own experiments we think that the immersion of 
the whole instrument in water from top to bottom has proved an excellent 
precaution against the effects of change of temperature, and our experience 
leads us to think that much of the agitation of the pendulum in the earlier 
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set of experiments was due to small variations of temperature against which 
we are now guarded. 


The sensitiveness of the instrument leaves nothing to be desired, and 
were such a thing as a firm foundation attainable, we could measure the 
horizontal component of the lunar attraction to a considerable degree of 
accuracy. We believe that this is the first instrument in which the 
viscosity of fluids has been used as a means of eliminating the effects of 
local tremors. In this respect we have been successful, for we find that 
jumping or stamping in the room itself produces no agitation of the pendu- 
lum, or at least none of which we can feel quite sure. We are inclined 
to try the effect of fluids of greater viscosity, such as glycerine, syrup of 
sugar, or paraffin oil. But along with such fluids we shall almost inevitably 
introduce air-bubbles, which it may be hard to get rid of. If a fluid of 
great viscosity were used, we should then only observe the oscillations of 
level of periods extending over perhaps a quarter to half a minute. The 
oscillations of shorter periods are, however, so inextricably mixed up with 
those produced by carriages and railway trains, that nothing would be 
lost by this. 


In connection with this point Mr Christie writes to me, that “In the 
old times of Greenwich Fair, some twenty years ago, when crowds of people 
used to run down the hill, I find the observers could not take reflection 
observations for two or three hours after the crowd had been turned 
Outer We do not have anything like such crowds now, even on Bank 
holidays, and I have not heard lately of any interference with the obser- 
vations.” If the observers attributed the agitation of the mercury to the 
true cause, the elasticity of the soil must be far more perfect than is 
generally supposed. It would be surprising to find a mass of glass or steel 
continuing to vibrate for as long as two hours after the disturbance was 
removed. May it not be suspected that times of agitation, such as those 
noted by M. d’Abbadie, happened to coincide on two or three occasions 
with Greenwich Fair ? 

As the sensitiveness of our present instrument is very great, although 
the sensitising process has never been pushed as far as possible, we think 
that it will be advantageous to construct an instrument on half, or even 
less than half, the present scale. The heavy weights which we now have 
to employ will thus be reduced to one-eighth of the present amount. The 
erection of the instrument may thus be made an easy matter, and an easily 
portable and inexpensive instrument may be obtained. 

Our present form of instrument has several serious flaws. The image is 
continually travelling off the scale, the gearing both internal and external 
to the room for observing is necessarily complex and troublesome to erect, 
and lastly we have not yet succeeded in an accurate determination of the 
value of the scale. 
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We are in hopes of being able to overcome all these objections. We 
propose to have a fixed light, which may be cast into the room from the 
outside. This will free us from the obviously objectionable plan of having 
a gas-flame in the room, and at the same time will abolish the gearing for 
traversing the lamp on the scale. We should then abolish the disturbing 
pendulum and thus greatly simplify the instrument. The readings would 
be taken by the elevation or depression of the back-leg, until the image of 
the fixed light was brought to the cross-wire of the observing telescope. 


The ease with which the image may be governed with our present 
arrangements leads us to be hopeful of the proposed plan. The use of the 
back-leg will, of course, give all the displacements in absolute measure. 


The only gearings which it will be necessary to bring outside the room 
will be those for sensitising and for working the back-leg. The sensitising 
gearing, when once in order, will not have to be touched again. 


The objections to this plan are, that it is necessary to bring one of the 
supports of the instrument under very slight stresses, and that it will not 
be possible to take readings at small intervals of time, especially if a more 
viscous fluid be used*, 


Our intention is to proceed with our observations with the present instru- 
ment for some time longer, and to note whether the general behaviour of the 
pendulum has any intimate connection with the meteorological conditions. 
We intend to observe whether there is a connection between the degree of 
agitation of the pendulum and the occurrence of magnetic storms. M. Zéllner 
has thrown out a suggestion for this sort of observation, but we find no notice 
of his having acted on it+ 


We shall also test how far the operation by means of the back-leg may be 
made to satisfy our expectations. 


We have no hope of being able to observe the lunar attraction in the 
present site of observation, but we think it possible that we may devise 
a portable instrument, which shall be amply sensitive enough for such a 
purpose, if the bottom of a deep mine should be found to give a sufficiently 
invariable support for the instrument. 


The reader will understand that it is not easy to do justice to an 
incomplete apparatus, or to give a very satisfactory account of experiments 
still in progress; but as it is now two years since the Committee was 
appointed, we have thought it best to give to the British Association such 
an account as we can of our progress. 

* [Mr Horace Darwin has designed a new form of bifilar pendulum, in which the mirror 
itself is the bob of the pendulum, Such an instrument, with continuous photographic record, 
has been used at Birmingham and at Edinburgh. See Committee on Earth Tremors, B.A. Reports 


for 1893 and 1894. ] 
. t+ Phil. Mag., Dec. 1872, p. 497. 
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THE LUNAR DISTURBANCE OF GRAVITY; VARIATIONS IN 
THE VERTICAL DUE TO. ELASTICITY OF THE EARTH’S 
SURFACE. 


[Second Report of the Committee, consisting of Mr G. H. 
DARWIN, Professor Sir WILLIAM THOMSON, Professor T alr, 
Professor GRANT, Dr SIEMENS, Professor PURSER, Professor 
G. Forses, and Mr Horace DaRwIN, appointed for the 
Measurement of the Lunar Disturbance of Gravity. Written 
by Mr G. H. Darwin. British Association Report for 1882, 
pp. 95—119.] 


SHORTLY after the meeting of the British Association last year (1881), 
the instrument with which my brother and I were experimenting at the 
Cavendish Laboratory, at Cambridge, broke down, through the snapping 
of the wire which supported the pendulum. A succession of unforeseen 
circumstances have prevented us, up to the present time, from resuming 
our experiments. 


The body of the present Report, therefore, will merely contain an account 
of such observations by other observers as have come to our knowledge 
within the past year, and it must be taken as supplementary to the second 
part of the Report for 1881. The Appendix, however, contains certain 
theoretical investigations, which appear to me to throw doubt on the utility 
of very minute gravitational observations. 


The readers of the Report for 1881 will remember that, in the course 
of our experiments, we were led away from the primary object of the 
Committee, namely, the measurement of the Lunar Disturbance of Gravity, 
and found ourselves compelled to investigate the slower oscillations of the 
soil. 
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It would be beyond the scope of the present Report to enter on the 
literature of seismology. But, the slower changes in the vertical having 
been found to be intimately connected with earthquakes, it would not have 
been possible, even if desirable, to eliminate all reference to seismology from 
the present Report. 


The papers which are quoted below present evidence of a very mis- 
cellaneous character, and therefore this Report must necessarily be rather 
disjointed. It has seemed best in our account of work done rather to 
classify together the observers than the subjects. This rule will, however, 
be occasionally departed from, when it may seem desirable to do so. 


The interesting researches in this field made during the last ten years 
by the Italians, are, I believe, but little known in this country, and as the 
accounts of their investigations are not easily accessible (there being, for 
example, no copy of the Bulletino, referred to below, at Cambridge), it 
will be well to give a tolerably full account of the results attained. I have 
myself only seen the Transactions for four years. 


The great extension which these investigations have attained in Italy 
has been no doubt due to the fact of the presence of active volcanos and 
of frequent sensible earthquakes in that country. But it is probable that 
many of the same phenomena occur in all countries. 


In 1874 the publication of the Bulletine del Vulcanismo Italiano was 
commenced at Rome under the editorship of Professor S. M. de Rossi, of 
Rome*. As the title of this publication shows, it is principally occupied 
with accounts of earthquakes, but the extracts made will refer almost entirely 
to the slower oscillations of level. 


IT learn from the Bulletino that in 1873 Professor Timoteo Bertelli, 
of Florence, had published an historical account of small spontaneous 
movements of the pendulum, observed since the seventeenth century up 
to that timef. 


In 1874 (Anno 1 of the Bulletino) Rossi draws attention to the fact 
that there are periods lasting from a few days to a week or more, in which 
the soil is in incessant movement, followed by a comparative cessation of such 
movement. This he calls a ‘seismic period.’ In the midst or at the end of 
a seismic period there is frequently a sensible earthquake. 


At page 51 he remarks, in a review of some observations of Professor 
Pietro Monte (Director of the Observatory of Leghorn), that he was led 
to suspect that the crust of the earth is in continuous and slow movement 


* T am compelled to make this abstract from manuscript notes, but my papers having become 
somewhat disarranged, I am not absolutely certain in one or two places of the year to which the 
observations refer. 

+ Bulletino Boncampagni, t. vi., Gennaio, 1873. Reprinted Via Lata, No. 2114, Rome. 

‘ 
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during the seismic period, and that this movement is influenced by varia- 
tions of barometric pressure. This suspicion was, he says, confirmed by 
finding, in his observations of a pendulum at Rocca di Papa (of which 
we shall speak again below), that during the seismic period the excursions 
of the pendulum were mostly in the S.W. and N.E. azimuth. This is 
perpendicular to the volcanic fracture, which runs towards the Alban lake 
and the sea. The lips of the fracture rise and fall, and there result two sets 
of waves along and perpendicular to the fracture. In an earthquake these 
waves are propagated with great velocity (the phenomenon being in fact 
dynamical), but during the seismic period the same class of changes takes 
place slowly. This view accords with observations at Velletri made by 
Professor D. G. Galli. 


With regard to the influence of barometric pressure Rossi elsewhere 
quotes M. Poey (October 15, 1857?) as having attributed the deviations 
of the vertical to this cause, and remarks :— 


“ Although he (Poey) gave too much weight to the baro-seismic action 
of large variations of atmospheric pressure, yet after very numerous obser- 
vations made by me in these last three years (I suppose 1871-4), I can 
affirm that no marked barometric depression has occurred without having 
been immediately preceded, accompanied, or followed by marked micro- 
seismic movements; but besides these there are other irregular, often 
considerable and instantaneous movements, which occur under high pressure. 
To distinguish them, I have called the first baro-seismic, and the second 
vulcano-sersmic, movements.” The reader will find a theoretical investiga- 
tion on this subject in the Appendix to the present Report. 


Rossi states (page 118, Anno 1?) that whilst Etna was in a condition 
of activity his pendulums at Rocca di Papa were extraordinarily agitated 
at the beginning of each barometric storm. 


At page 90 of the second year are given graphical illustrations of the 
simultaneous deflections of pendulums at Rome, Rocca di Papa, Florence, 
Leghorn, and Bologna. There is some appearance of concordance between 
them, and this shows that the agitations sometimes affect considerable tracts 
of land, but that the minor deflections are purely local phenomena. 


M. d’Abbadie, in presenting a memoir on micro-seismic movements by 
Father Bertelli to the French Academy, relates (Comptes Rendus, 1875, 
Vol. 81, p. 297) the following experiment made by Count Malvasia, as proving 
the independence of the disturbances of the pendulum from the tremors 
produced by traffic. Two batteries of artillery were marching through 
Bologna, and it was arranged that at 80 metres from the Palazzo Malvasia 
they should break into a trot. The pendulum, situated only 6 metres from 
the street, was observed to be unaffected by this, and continued its oscilla- 
tions in the E,W. azimuth. A pool of mercury was violently agitated, and it 
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was concluded that the motion communicated to the ground by the artillery 
was exclusively vertical. 


At page 5 of the Bulletino for 1876 (January to May), Rossi writes 
a “Guida pratica per le osservazioni sismiche.” This article contains a 


description of the instruments which have been used by the Italian 
observers. 


Bertelli used a pendulum protected from the air, with a microscope 
and micrometer for evaluating the oscillations. The upper part of the 
support of the pendulum consisted of a spiral spring, so that vertical 
movements of the ground could be recorded. This instrument he calls a 
tromo-seismometer. 


Professor Egidi, of Anagni, proposed to use the reflection from mercury. 
The object observed was to be a mark fixed on a wall, and the reflected 
image of the mark was to be observed with a telescope. The deviation of 
the vertical was to be evaluated by noting the amount of movement required 
to bring the cross-wires of the telescope on to the mark. This instrument 
has not, I think, the advantages of M. d’Abbadie’s, because the light was 
incident at about 45° on the mercury, and thus the mark and telescope were 
remote from one another; whereas in the arrangement of M. d’Abbadie the 
mark and microscope are close together, and only a micrometer wire in the 
microscope is movable. 


Cavalleri used ten pendulums of graduated length, and found that some- 
times one of the pendulums was agitated and sometimes another. Rossi 
observed the same with his pendulums at Rocca di Papa. It thus appears 
that the free period of oscillation of the pendulum is a disturbing element. 


In order to obviate the discrepancies which must arise in the use of 
various kinds of pendulums for simultaneous observations in different places, 
Bertelli and Rossi propose a normal ‘tromometer, of which a drawing is 
given. The length of the pendulum is 14 metres, the weight 100 grammes, 
and it makes forty-nine free oscillations in a minute. To the bottom of the 
pendulum is attached a horizontal disk, on the underside of which are 
engraved two fine lines at right-angles to one another. These lines are 
observed, after total internal reflection in a glass prism placed immediately 
below the disk, by a horizontal microscope, furnished with a micrometer. 
The azimuth of the deflection of the vertical is observed by a position- 
circle. 


This paper also contains a description of the author's observatory at 
Rocca di Papa. It is established in a cave at 700 metres above the sea, on 
the external slope of the extinct Latian volcano, There is a large central 
pendulum hanging from the roof, and there are four others with different 
weights and lengths hanging in tubes cut in the native rock. Only the ends 
of these pendulums are visible, and they are protected by glass at the visible 
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parts. A great part of this paper is occupied with descriptions of seismo- 
meters, and this is outside the scope of the present Report. 


In presenting a pamphlet by Father Bertelli, entitled “ Riassunto delle 
osservazioni microsismiche, &e.,” to the French Academy (Comptes Rendus, 
1877, Vol. 84, p. 465), M. d’Abbadie summarises Bertelli’s conclusions 
somewhat as follows :— 


The oscillation of the pendulum is generally parallel to valleys or chains 
of mountains in the neighbourhood. The oscillations are independent of 
local tremors, velocity and direction of wind, rain, change of temperature 
and atmospheric electricity. 


Pendulums of different lengths betray the movements of the soil in 
different manners, according to the agreement or disagreement of their 
free-periods with the period of the terrestrial vibrations. 


The disturbances are not strictly simultaneous in the different towns of 
Italy, but succeed one another at short intervals. 


After earthquakes the ‘tromometric’ or microseismic movements are 
especially apt to be in a vertical direction. They are always so when the 
earthquake is local, but the vertical movements are sometimes absent when 
the shock occurs elsewhere. Sometimes there is no movement at all, even 
when the shock occurs quite close at hand. 


The positions of the sun and moon appear to have some influence on the 
movements of the pendulum, but the disturbances are especially frequent 
when the barometer is low. 


The curves of ‘the monthly means of the tromometric movement’ exhibit 
the same forms in the various towns of Italy, even those which are distant 
from one another. 


The maximum of disturbance occurs near the winter solstice and the 
minimum near the summer solstice; this agrees with Mallet’s results about 
earthquakes. 


At Florence a period of earthquakes is presaged by the magnitude and 
frequency of pendulous movements in a vertical direction. These movements 
are observable at intervals and during several hours after each shock. 


At page 103 of the first part of the Bulletino for 18782, there is a 
review of a work by Giulio Grablovitz, “Dell attrazione luni-solare in rela- 
zione coi fenomeni mareo-sismici,” Milano, Tipografia degli Ingegneri, 1877. 


In this work it appears that M. Grablovitz attributes a considerable part 
of the deviations of the vertical to bodily tides in the earth, but as he 
apparently enters into no computations to show the competency of this cause 
to produce the observed effects, it does not seem necessary to make any 
further comment on his views. 
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At page 99 of the volume for September—December, 1878, Rossi writes 
on the use of the microphone for the purpose of observing earthquakes 
(“Tl microfono nella meteorologia endogena”), He begins by giving an 
account of a correspondence, beginning in 1875, between himself and Count 
Giovanni Mocenigo*, of Vicenza, who seems to have been very near to the 
discovery of the microphone. When the invention of the microphone was 
announced, Mocenigo and Armellini adopted it for their experiments, and 
came to the conclusion that the mysterious noises which they heard arose 
from minute earthquakes or microsisms. 


Rossi then determined to undertake observations in his cavern at Rocca 
di Papa, with a microphone, made of silver instead of carbon, mounted on a 
stone beam. ‘The sensitiveness of the instrument could be regulated, and he 
found that it was not much influenced by external noises, 


The instrument was placed 20 metres underground, and remote from houses 
and carriage-roads. It was protected against insects, and was wrapped up in 
wool, Carpet was spread on the floor of the cave to deaden the noise from 
particles of stone which might possibly fall. Having established his micro- 
phone, he waited till night and then heard noises which he says revealed 
‘natural telluric phenomena,’ The sounds which he heard he describes as 
‘roarings, explosions occurring isolated or in volleys, and metallic or bell-like 
sounds’ [fremiti, scopu isolati o di moschetteria, e€ suoni metallici o di 
campana]. They all occurred mixed indiscriminately, and rose to maxima at 
irregular intervals. By artificial means he was able to cause noises which he 
calls ‘rumbling (?) or crackling’ [rullo o crepito]. The roaring [fremito] was 
the only noise which he could reproduce artificially, and then only for a 
moment. It was done by rubbing together the conducting wires, in the 
same manner as the rocks must rub against one another when there is an 
earthquake. 


A mine having been exploded in a quarry at some distance, the tremors 
in the earth were audible in the microphone for some seconds subsequently. 


There was some degree of coincidence between the agitation of the 
pendulum-seismograph and the noises heard with the microphone. 


At a time when Vesuvius became active, Rocca di Papa was agitated by 
microsisms, and the shocks were found to be accompanied by the very same 
microphonic noises as before. The noises sometimes became ‘intolerably 
loud’; on one occasion in the middle of the night, half an hour before a 
sensible earthquake. The agitation of the microphone corresponded exactly 
with the activity of Vesuvius. 


Rossi then transported his microphone to Palmieri’s Vesuvian observatory, 


* Count Mocenigo has recently published at Vicenza a book on his observations. It is 
reviewed in Nature for July 6, 1882. 
: a 
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and worked in conjunction with him. He there found that each class of 
shock had its corresponding noise. The sussultorial shocks, in which I con- 
ceive the movement of the ground is vertically wp and down, gave the volleys 
of musketry [i colpi di moschetteria], and the undulatory shocks gave the 
roarings [i fremiti]. The two classes of noises were sometimes mixed up 
together. 


Rossi makes the following remarks: “On Vesuvius I was put in the way 
of discovering that the simple fall and rise in the ticking which occurs with 
the microphone [battito del orologio unito al microfono] (a phenomenon 
observed by all, and remaining inexplicable to all) is a consequence of the 
vibration of the ground.” This passage alone might perhaps lead one to sup- 
pose that clockwork was included in the circuit; but that this was not the 
case, and that ‘ticking’ is merely a mode of representing a natural noise, is 
proved by the fact that he subsequently says that he considers the ticking to 
be ‘a telluric phenomenon.’ 


Rossi then took the microphone to the Solfatara of Pozzuoli, and here, 
although no sensible tremors were felt, the noises were so loud as to be heard 
simultaneously by all the people in the room, The ticking was quite masked 
by other natural noises. The noises at the Solfatara were imitated by 
placing the microphone on a vessel of boiling water, Other seismic noises 
were then imitated by placing the microphone on a marble slab, and 
scratching and tapping the under surface of it. 


The observations on Vesuvius led him to the conclusion that the earth- 
quake oscillations have sometimes fixed nodes and loops, for there were places 
on the mountain where no effects were observed. Hence, as he remarks, 
although there may sometimes be considerable agitation in an earthquake, 
the true centre of disturbance may be very distant. 


In conclusion Rossi gives a description of a good method of making a 
microphone. A common nail has a short piece of copper wire wound round 
it, and the other end of the wire is wound round a fixed metallic support 
The nail thus stands at the end of a weak horizontal sprmg; but the nail is 
arranged so that it stands inclined to the horizon, instead of being vertical. 
The point of the nail is then put to rest on the middle of the back of a silver 
watch, which lies flat on a slab. The two electrodes are the handle of the 
watch and the metallic support. He says that this is as good as any instru- 
ment. The telephone is a seismological instrument, and therefore, strictly 
speaking, beyond the scope of this Report; but as some details of its use 
have already been given, I will here quote portions of an interesting letter by 
Mr John Milne, of the Imperial Engineering College of Tokio, which appeared 
in Nature for June 8, 1882. Mr Milne writes :— 


“In order to determine the presence of these earth-tremors, at the end 
of 1879 I commenced a series of experiments with a variety of apparatus, 
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amongst which were microphones and sets of pendulum apparatus, very 
similar in general arrangement, but, unfortunately, not in refinement of 
construction, to the arrangements now being used in the Cavendish 
Laboratory. 


“The microphones were screwed on to the heads of stakes driven in the 
ground, at the bottom of boxed-in pits. In order to be certain that the 
records which these microphones gave were not due to local actions, such as 
birds or insects, two distinct sets of apparatus were used, one being in the 
middle of the lawn in the front of my house, and the other in a pit at the 
back of the house. The sensitiveness of these may be learnt from the fact 
that if'a small pebble was dropped on the grass within six feet of the pit, a 
distinct sound was heard in the telephone, and a swing produced in the needle 
of the galvanometer placed in connection with these microphones. A person 
running or walking in the neighbourhood of the pits, had each of his steps so 
definitely recorded, that a Japanese neighbour, Mr Masato, who assisted me 
in the experiments, caused the swinging needle of his galvanometer to close 
an electric circuit and ring a bell, which, it is needless to say, would alarm a 
household. In the contrivance we have a hint as to how earth-tremors may 
be employed as thief-detectors. 


“The pendulum apparatus, one of which consisted of a 20-lb. bob of lead 
at the end of 20 feet of pianoforte wire provided with small galvanometer 
mirrors, and bifilar suspensions were also used in pairs. With this apparatus 
a motion of the bob relatively to the earth was magnified 1000 times, that is 
to say, if the spot of light which was reflected from the mirror moved a dis- 
tance equal to the thickness of a sixpence, this indicated there had been a 
relative motion of the bob to the extent of 1000th part that amount. 


“The great evil which everyone has to contend with in Japan when 
working with delicate apparatus is the actual earthquakes, which stop or 
alter the rate of ordinary clocks. 

“ Another evil which had to be contended with was the wind, which shook 
the house in which my pendulums were supported, and I imagine the ground 
by the motion of some neighbouring trees. A shower of rain also was not 
without its effects upon the microphones. After many months of tiresome 
observation, and eliminating all motions which by any possibility have been 
produced by local influence, the general result obtained was that there 
were movements to be detected every day and sometimes many times 
per day.... 

“A great assistance to the interpretation of the various records which an 
earthquake gives us on our seismographs is what I may call a barricade of 
post-cards. At the present moment Yedo is barricaded, all the towns around 
for a distance of 100 miles being provided with post-cards. Everyone of 


them is posted with a statement of the shocks which have been felt. 
i / 
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“For the months of October and November it was found from the records 
of the post-cards that nearly all the shocks came from the north and passed 
Yedo to the south-west. When coming in contact with a high range of 
mountains, they were suddenly stopped, as was inferred from the fact that 
the towns beyond this range did not perceive that an earthquake had occurred. 
This fact having been obtained, the barricade of post-cards has been extended 
to towns lying still farther north. The result of this has been that several 
earthquake origins have, so to speak, been surrounded or corralled, whilst 
others have been traced as far as the seashore. For the latter shocks, earth- 
quake hunting with post-cards has had to cease, and we have solely to rely 
upon our instruments. Having obtained our earthquake centres, at one or 
more of these our tremor instruments might be erected, and it would soon be 
known whether an observation of earth-tremors would tell us about the com- 
ing of an earthquake as the cracklings of a bending do about its approaching 
breakage. To render these experiments more complete, and to determine 
the existence of a terrain tide, a gravitimeter might be established. I men- 
tion this because if terrain tides exist, and they are sufficiently great from a — 
geological point of view, it would seem that they might be more pronounced 
and therefore easier to measure in a country like Japan, resting in a heated 
and perhaps plastic bed, than in a country lke England, where volcanic 
activity has so long ceased, and the rocks are, comparatively speaking, cold 
and rigid, if an instrument, sufficiently delicate to detect differences in the 
force of gravity, in consequence of our being lifted farther from the centre of 
the earth every time by the terrain tide as it passed between (sic) our feet, 
could be established in conjunction with the experiments on earth-tremors.” 


The only account which I have been able to find of M. Bouquet de la 
Grye’s observations (mentioned in the last report) 1s contained in the Comptes 
Rendus for March 22, 1875, page 725. M. Bouquet writes :— 

“... The observation of the levels of our meridian telescopes put us on 
the track of a curious fact. Not only is Campbell Island subject to earth- 
quakes, but it also exhibits movements when the great swell falls in breakers 
on the coast. I thought that it would be interesting to study this new 
phenomenon, The instrument, which was quickly put together, consisted of 
a steel wire supporting a weight, to which was soldered a needle; the move- 
ments of the weight were amplified 240 times by means of a lever; by 
passing an electric current through this multiplying pendulum, which was 
terminated at the bottom by a small cup of amalgamated tin, regular oscilla- 
tions of joj oth of a mm. could be registered. I propose to repeat these 
observations with a pendulum of much larger amplifying power, so as to try 
to register the variations of the plumb-line.” 

In a letter to me, M. d’Abbadie mentions an attempt by Brunner to 
improve M. Bouquet de la Grye’s apparatus, but considers that the attempt 
was a failure. 
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He also tells me that Delaunay directed M. Wolf to devise an apparatus 
for detecting small deviations of the vertical, and that the latter, without 
M. d’Abbadie’s knowledge, adopted his rejected idea of a pendulum, about 
30 metres long, bearing a prism at the end by reflection from which a scale 
was to be read by means of a distant small refractor. The pendulum was 
actually set up, but the wire went on twisting and untwisting until Delaunay’s 
death, and no observations were made with it. Our own experience is enough 
to show that nothing could have been made of such an instrument. 


M. d’Abbadie gives further explanations of a passage in his own paper 
about the arrangement of the staircases for access to and observation with 
his Nadirane. In writing the Report of 1881 I had found the description of 
the arrangements difficult to understand. 

The woodcut below is a copy of the rough diagram that he sent me. 


There were three staircases :— 


T cut in the rock; CB to ascend from the cellar-flags CD; and, lastly, AS 
to mount from the boarded ground floor, AB, to the small floor SN, which 
was hung from the roof. The two upper staircases did not touch the trun- 
cated cone of concrete anywhere. 


Ss N 


Jigen ils 


Judging from this figure, I imagine that the concrete cone has an 
external slope of ten in one; the French expression was ‘une inclinaison 
d'une dixieme.’ 

M. d’Abbadie informs me that the apparently curious phenomenon of the 


‘ombres fuyantes, which were observed in the reflection from the pool of 
J 
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mercury, to which we drew attention last year, was of no significance. It 
arose from the currents of air caused by a candle left standing on the stair- 
case 'T cut in the rock. The light was required for pouring out the mercury, 
and it was left burning whilst the observation was being taken; but now that 
this operation is done entirely from above, the phenomenon has disappeared. 


In a paper entitled “ Recherches sur la Verticale” (Ann. de la Soc. Scient. 
de Bruselles, 1881), M. d’Abbadie continues the account of his observations 
with his instrument, called by him a Nadirane. It was described in the last 
year’s Report, and some further details have been given above. A portion of 
this paper refers to his old observations, and gives further important details 
as to the exact method of making observations, and of various modifications 
which have been introduced. 


Each complete observation consists of the following processes:—measure- 
ment of the distance between the cross-wires and their image, (1) in the 
meridian, (2) in the prime vertical, (3) in the N.W. azimuth, (4) observation 
of barometer, (5) of thermometer, (6) of direction and force of the wind, 
(7) condition and movement of the image estimated with the micrometer, 
(8) condition of the heavens, (9) of the breakers called ‘les Criquets, which 
can be observed from the neighbouring room. 


This last is to determine whether it is possible to have a rough sea with a 
calm image ; a condition which has not hitherto been observed. This state- 
ment seems somewhat contradictory of the following :— 


“ Aucunes des variations dans les circonstances concomitantes n’a paru se 
rattacher a l'état de Pimage qui, pendant des journées entieres, parait tantdt 
belle, tantdt faible, et parfois méme disparait entierement, bien que ce dernier 
inconvénient ait été évité en grande partie par usage dun récipient en bois 
& tond rainé pour contenir le mercure.” I presume we are to understand that 
the roughness of the sea and the badness of the image is the only congruence 
hitherto observed. 


M. d’Abbadie’s observations on the effect of the tides will be referred to 
in the Appendix to this Report. He then discusses the various causes which 
may perhaps influence the vertical. 


The variations of air temperature are insufficient, because the vertical has 
been seen to vary 2’"4 in six hours. If the effects are to be attributed to 
variations in the temperature of the rock, it would be necessary to suppose 
that that temperature varies discontinuously, which it is difficult to admit. 


If it be supposed that the changes take place in the instrument itself, the 
like must be true of astronomical instruments. And there is no reason to 
admit the reality of such strange variations. 


Another cause, more convenient because more vague, is variation of a 
chemical or mechanical nature in the crust of the earth. But if this be so, 
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why does the vertical ever return to its primitive position? Another cause 
may be variation in the position of the earth’s axis of rotation. 


The azimuthal variations in astronomical instruments, referred to by 
M. d’Abbadie (see a paper by Mr Henry, Vol. vit. p. 134, Month. Not. R.A.S.), 
are difficult to explain without having recourse to such variation in the axis 
of rotation, 


He also tells us that Ellis (Vol. xx1x. 1861, p. 45, Mem. R.A.S.) has dis- 
cussed the Greenwich observations from 1851 to 1858. A comparison of the 
results obtained from two neighbouring meridian instruments seemed to 
show that the azimuthal variations are partly purely instrumental. 

M. d’Abbadie’s paper contains diagrams illustrating the variations of the 
vertical observed with the Nadirane during nearly two years. He sums up 
the results as follows :-— 


“En résumé le maximum d’écart du sud au nord entre le fil et son image 
a été égal a& 492 (this is 15’"94; it seems as though this should be twice the 
deviation of the vertical) le 830 Novembre & 8h. 43m. du matin. Ce méme 
jour, a 7h. 28m., on a lu 40™1, chiffre porté ici au tableau, et 876 seulement 
& 1h. 32m. du soir. Dans l’espace de six heures la verticale a done varié de 
25 ou 0°81 (as this is the deviation of the image, should not the deviation 
of the vertical be half as much?). Le minimum de Il’année, ou 3:06, fut 
atteint le 19 Janvier & 3h. 3m. du matin, ainsi que le 21 du méme mois a 
midi, bien qu’on efit observé 3°44 et 3°30 dans les matinées de ces deux jours, 
ainsi qu’on le voit au tableau ci-aprés.... Pendant l’année entiere la verti- 
cale, considérée selon le plan du méridien, a done varié d'un angle de 12°45 
ou 4034.... On aura.... 83 ou 2”7 pour la plus grande variation dans 
le sens Est-Ouest ot I’on nivelle les tourillons des lunettes méridiennes.” 

Towards the end M. d’Abbadie makes the excellent remark, that in dis- 
cussing latitudes and declinations of stars, account should be taken of the 
instantaneous position of the vertical at the moment of taking the observa- 
tion. 


In the Archives des Sciences, 1881, Vol. v. p. 97, M. P. Plantamour 
continues the account of his observations on oscillations of the soil at Sécheron, 
near Geneva. The account of the earlier observations, which we quoted from 
the Comptes Rendus in our previous Report, is also contained in Vol. I. 
of the Archives, p. 641. The paper to which we are now referring contains a 
graphical reproduction of the previous series of observations, as far as concerns 
the daily means. 

The new series extends from October 1, 1879, to December 31, 1880, the 
disposition of the levels being the same as was described in our last Report. 
The observations were taken at 9 A.M. and 6 P.M., which hours are respectively 
a little before the diurnal minimum and maximum. The meanings of the 


terms maximum and minimum were somewhat obscure in the Comptes Rendus, 
: 4 
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but I now find that the right interpretation was placed on M. Plantamour’s 


words, for maximum means for the two levels E. end highest and S. end 
highest. 


The N.S. level seems to have behaved very similarly in the two years of 
observation; the total annual amplitudes in the two years being 4/89 and 
456 respectively. In both years this level followed, with some retardation, 
the curve of external temperature, except between April and October, when 
the curves appear to be inverted. The E.W. level behaved very differently 
in the two years. In 1879 the E. end began to fall rapidly at the end of 
November, and continued to fall until December 26, when the reading was 
—88"71; it rose a little early in January and then fell again, so that on 
January 28, 1880, the reading was — 89°95. The amplitude of the total fall 
(viz. from October 4, 1879, to January 28, 1880) was 95°80. In the preced- 
ing year the amplitude was only 28’"08. The E. end has never recovered its 
primitive position, and remains nearly 80” below its point of departure. 


It is difficult to believe that so enormous a variation of level is normal, 
and one is tempted to suspect that there is some systematic error in his mode 
of observation. If such oscillations as these were to take place in an astro- 
nomical observatory, accurate astronomical observations would be almost 
impossible, 

I have seen nothing which shows that M. Plantamour takes any special 
precaution with regard to the weight of the observer’s body, nor is it ex- 
pressly stated that the observer always stands in exactly the same position, 
although, of course, it is probable that this is the case. It would be interest- 
ing, also, to learn whether any precautions have been taken for equalising the 
temperature of the level itself. To hold the hand in the neighbourhood of a 
delicate level is sufficient to quite alter the reading. In one of his letters to 
me M. d’Abbadie also remarks on the slow molecular changes in glass, which 
render levels untrustworthy for comparisons at considerable intervals of time. 
Although we must admire M. Plantamour’s indomitable perseverance, it is to 
be regretted that his mode of observation is by means of levels; and we are 
compelled to regard, at least provisionally, these enormous changes of level 
either as a local phenomenon, or as due to systematic error in his mode of 
observation, 


In the Report for 1881 we referred to some observations by Admiral 
Mouchez, made in 1856, on changes of level. A short paper by Admiral 
Mouchez on these observations will be found in the Comptes Rendus for 1878, 
Vol. 87, p. 665. I now find that the observations were, in fact, discussed by 
M. Gaillot, in a paper entitled “Sur la direction de la verticale & lobserva- 
toire de Paris,” at p. 684 of the same volume. The paper consists of the 
examination of 1077 determinations of latitude, made between 1856 and 1861, 
with the Gambey circle. 
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M. Gaillot concludes that the variation from year to year 1s accidental, 
and that the variation of latitude in the course of the year is represented by 


360° (t — 95) 
365°25 


where ¢ is the number of days since J anuary 1. 


OA = + 020 sin | 


By a comparison of day and night observations he concludes that there is 
no trace of a diurnal variation. On this we may remark that, if the maximum 
and minimum occur at 6 P.M. and 6 A.M. (which is, roughly speaking, what we 
found to be the case), then the diurnal oscillation must necessarily disappear 
by this method of treatment. 


Individual observations ranged from 2°48 above to 317 below the mean. 
On this he remarks :— 


“Ceux qui savent combien l’observation du nadir présente parfois de dith- 
culté dans un observatoire situé au milieu d’une grande ville, .... ceux-la ne 
trouveront pas ces écarts exagérés, et ne croiront nullement avoir besoin de 
faire intervenir une déviation de la verticale pour les expliquer.” 


M. Gaillot concludes by remarks adverse to any sensible deviations of the 
vertical. 


It seems to me, however, that in the passage about the influence of the 
traffic of a great town, M. Gaillot begs the whole question by setting down to 
that disturbing influence all remarkable deviations of the vertical. Our obser- 
vations, and those of many others, are entirely adverse to such a conclusion. 


M. d’Abbadie, in a letter to me, also expresses himself as to the inconclu- 
siveness of M. Gaillot’s discussion. 


He also tells me that M. Tisserand, in his observations of latitude in 
Japan, found variations amounting to nearly 7”; and when asked “ How he 
could be so much in error,” answered “That he was sure of his observations 
and calculations, but could not explain the cause of such variations.” 


The following further references may perhaps be useful:—Maxwell’s paper 
on the 306-day inequality in the earth’s rotation, which was mentioned in 
the Report of last year, is in the Trans. Roy. Soc. of Edinburgh, 1857, 
Vol. XxI. pp. 559-70. See also Bessel’s Abhandlungen, Vol. 1. p. 42, Vol. U1. 
p. 304. In Nature for January 12, 1882 (p. 250), there is an account of 
the work of the Swiss Seismological Commission. The original sources 
appear to be a text-book on Seismology by Professor Heim, of Bern, the 
Annuaire of the Physical Society of Bern, and the Archives des Sciences of 
Geneva. I learn from M. d’Abbadie that Colonel Orff has been making 
systematic observations twice a day with levels at the Observatory at Munich, 
and that Colonel Goulier has been doing the same at Paris, with levels filled 
_ with bisulphide of carbon, 
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APPENDIX. 


On VARIATIONS IN THE VERTICAL DUE TO ELASTICITY OF THE 
EARTH'S SURFACE. 


By G. H. Darwin. 


1. On the Mechanical Effects of Barometric Pressure on the 
Earth’s Surface. 


The remarks of Signore de Rossi, on the observed connection between 
barometric storms and the disturbance of the vertical, have led me to make 
the following investigation of the mechanical effects which are caused by 
variations of pressure acting on an elastic surface. The results seem to show 
that the direct measurement of the lunar disturbance of gravity must for ever 
remain impossible *. 


The practical question is to estimate the amount of distortion to which 
the upper strata of the earth’s mass are subjected, when a wave of barometric 
depression or elevation passes over the surface. The solution of the following 
problem should give us such an estimate. 


Let an elastic solid be infinite in one direction, and be bounded in the 
other direction by an infinite plane. Let the surface of the plane be every- 
where acted on by normal pressures and tractions, which are expressible as a 
simple harmonic function of distances measured in some fixed direction along 
the plane. It is required to find the form assumed by the surface, and 
generally the condition of internal strain. 

This is clearly equivalent to the problem of finding the distortion of the 
earth’s surface produced by parallel undulations of barometric elevation and 
depression. It is but a slight objection to the correctness of a rough estimate 
of the kind required, that barometric disturbances do not actually occur in 
parallel bands, but rather in circles. And when we consider the magnitude 
of actual terrestrial storms, it is obvious that the curvature of the earth’s 
surface may be safely neglected. 


This problem is mathematically identical with that of finding the state of 
stress produced in the earth by the weight of a series of parallel mountains. 
The solution of this problem has recently been published in a paper by me in 
the Philosophical Transactions (Part 11. 1882, pp. 187—230+), and the solution 
there found may be adapted to the present case in a few lines. 

The problem only involves two dimensions. If the origin be taken in the 
mean horizontal surface, which equally divides the mountains and valleys, 
and if the axis of z be horizontal and perpendicular to the mountain chains, 


* [This prevision has now been falsified ; see p. 346. ] 
+ [To be reproduced in Vol. 1. of these collected papers. ] 
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and if the axis of # be drawn vertically downwards, then the equation to the 
mountains and valleys is supposed to be 


Z 
w= — hcos- 


b 


so that the wave-length from crest to crest of the mountain ranges is 27b. 


The solution may easily be found from the analysis of section 7 of the 
paper referred to. It is as follows :— 


Let a, y be the displacements at the point #, 2 vertically downwards and 
horizontally (a has here the opposite sign to the a of (44)). Let w be the 
density of the rocks of which the mountains are composed; g gravity; 
v modulus of rigidity, then 


Qu “da 
il a W 
ny, ou bx Ps sievatsietstevoialtieroneteleretersvers aiereta skein (1) 
where W =— guwhe—“*" cos ; 
From these we have at once 
_ geh ( i) See 
Pos i} te i og cos r 
y= LO miSI ae, ae a eee ee cena (2) 


The first of these gives the vertical displacement, the second the horizontal, 
and the third the inclination to the horizon of strata primitively plane. 


At the surface C= a ae cos : = 0| 


de = con sim 5 


* Tt is easy to verify that these values of a and y, together with the value p=gwh e*) cos z/b 
for the hydrostatic pressure, satisfy all the conditions of the problem, by giving normal pressure 
gwhcosz/b at the free surface of the infinite plane, and satisfying the equations of internal 
equilibrium throughout the solid. I take this opportunity of remarking that the paper from 
which this investigation is taken contains an error, inasmuch as the hydrostatic pressure is 
erroneously determined in section 1, The term —W should be added to the pressure as deter- 
mined in (3). This adds W to the normal stresses P, Q, R throughout the paper, but leaves the 
difference of stresses (which was the thing to be determined) unaffected. If the reader should 
compare the stresses, as determined from the values of a, y in the text above, and from the value 
of p given in this note, with (38) of the paper referred to, he is warned to remember the missing 
term W. 

[The mistake, referred to, will be corrected in the reproduction of the paper.] 


da  gwh. z | 
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Hence the maximum vertical displacement of the surface is + gwhb/2u, and 
the maximum inclination of the surface to the horizon is 


+ cosec 1” x gwh/2u seconds of are 


Before proceeding further I shall prove a very remarkable relation be- 
tween the slope of the surface of an elastic horizontal plane and the deflection 
of the plumb-line caused by the direct attraction of the weight producing 
that slope. This relation was pointed out to me by Sir William Thomson, 
when I told him of the investigation on which I was engaged; but I am 
alone responsible for the proof as here given. He writes that he finds that it 
is not confined simply to the case where the solid is incompressible, but in 
this paper it will only be proved for that case. 


Let there be positive and negative matter distributed over the horizontal 
plane according to the law wh cos (z/b); this forms, in fact, harmonic moun- 
tains and valleys on the infinite plane. We require to find the potential and 
attraction of such a distribution of matter. 


Now the potential of an infinite straight line, of line-density p, at a point 
distant d from it, is well-known to be — 2p logd, where pw is the attraction 
between unit masses at unit distance apart. Hence the potential V of the 
supposed distribution of matter at the point a, z, is given by 


V=—2ywh [ “cos flog va + (S — 2) dg 


= — pwhb || sin : log fa? + (€- x] —2 {© a oe nea at} 


It is not hard to show that the first term vanishes when taken between the 
limits. 


tx 
ea cos — sin = =, and we have 


bia b b’ 


ee ge Le Ci lee \eta 
V = 2uwhb (ie (sin p85 + cos p sn ;] Lap 


so that sin 53 sin sys 


Big 


Now put ¢= — 


But it is known* that 


le t sin ctdt _ = ie t cos ct 


ewer igpe ¢=9 


Therefore V = 2arpwhbe-*” cos ; 


; : 3 
If g be gravity, a earth’s radius, and 6 earth’s mean density, 2a = a : 
' a 


And 


V= ae be-*” cos ; Sc deec ete esee ceeds (4) 


* See Todhunter’s Int. Calc.; Chapter on “Definite Integrals.” 
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The deflection of the plumb-line at any point on the surface denoted by 
«a =0, and z, is clearly dV/gdz, when «=0. Therefore, 
Dison ae 


the deflection =—— x Dad SUD prvi (5) 


But from (2) the slope (or ss when 2 is zero) ,is— gah sin”, 
IZ 2u b 
Therefore deflection bears to slope the same ratio as v/g to 4a8. This 
ratio is independent of the wave-length 27b of the undulating surface, of the 
position of the origin, and of the azimuth in the plane of the line normal to 
the ridges and valleys. Therefore the proposition is true of any combination 
whatever of harmonic undulations, and as any inequality may be built up of 
harmonic undulations, it is generally true of inequalities of any shape what- 
ever, 


Now a= 6:37 x 108cm., 6= 52; and 4a6 = 12°03 x 10% grammes per square 
centimetre. -The rigidity of glass in gravitation units ranges from 1°5 x 10° 
to 24x 108. Therefore the slope of a very thick slab of the rigidity of glass, 
due to a weight placed on its surface, ranges from 8 to 5 times as much as 
the deflection of the plumb-line due to the attraction of that weight. Even 
with rigidity as great as steel (viz., about 8 x 10°), the slope is 14 times as 
great as the deflection. 


A practical conclusion from this is that in observations with an artificial 
horizon the disturbance due to the weight of the observer’s body is very far 
greater than that due to the attraction of his mass. This is in perfect 
accordance with the observations made by my brother and me with our 
pendulum in 1881, when we concluded that the warping of the soil by our 
weight when standing in the observing room was a very serious disturbance, 
whilst we were unable to assert positively that the attraction of weights 
placed near the pendulum was perceptible. It also gives emphasis to the 
criticisms we have made on M,. Plantamour’s observations—namely, that he 
does not appear to take special precautions against the disturbance due to 
the weight of the observer’s body. 


We must now consider the probable numerical values of the quantities 
involved in the barometric problem, and the mode of transition from the 
problem of the mountains to that of barometric inequalities. 


The modulus of rigidity in gravitation units (say grammes weight per 
square centimetre) is v/g. In the problem of the mountains, wh is the mass 
of a column of rock of one square centimetre in section and of length equal 
to the height of the crests of the mountains above the mean horizontal plane. 
In the barometric problem, wh must be taken as the mass of a column of 
mercury of a square centimetre in section and equal in height to a half of the 
maximum range of the barometer. 
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This maximum range is, I believe, nearly two inches, or, let us say, 5 em. 
The specific gravity of mercury is 13°6, and therefore wh = 34 grammes. 


The rigidity of glass is from 150 to 240 million grammes per square 
centimetre ; that of copper 540, and of steel 843 millions. 


I will take v/g=38 x 108, so that the superficial layers of the earth are 
assumed to be more rigid than the most rigid glass. It will be easy to adjust 
the results afterwards to any other assumed rigidity. 


* gwh _ 567. 648,000 | 5°67 
With these data we have oy 108? also a GE 
It seems not unreasonable to suppose that 1500 miles (2°4 x 10° em.) is 
the distance from the place where the barometer is high (the centre of the 
anti-cyclone) to that where it is low (the centre of the cyclone). Accord- 
ingly the wave-length of the barometric undulation is 4°8 x 10% cm., and 
b=48 x 10° + 6:28 cm., or, say, b=°8 x 10° cm. 
gu 
2u 
We thus see that the ground is 9 em. higher under the barometric 
depression than under the elevation. 


=tQ“OLL Ts 


Thus, with these data, b= 4°5 cm. 


If the sea had time to attain its equilibrium slope, it would stand 
5 x 13°6, or 68 cm. lower under the high pressure than under the low. But 
as the land is itself depressed 9 cm., the sea would apparently only be 
depressed 59 cm. under the high barometer. 


It is probable that, in reality, the larger barometric inequalities do not 
linger quite long enough over particular areas to permit the sea to attain 
everywhere its due slope, and therefore the full difference of water-level can 
only be attained occasionally. 


On the other hand, the elastic compression of the ground must take place 
without any sensible delay. Thus it seems probable that the elastic com- 
pression of the ground must exercise a very sensible effect in modifying the 
apparent depression or elevation of the sea under high and low barometer. 


It does not appear absolutely chimerical that, at some future time when 
both tidal and barometric observations have attained to great accuracy, an 
estimate might thus be made of the average modulus of rigidity of the upper 
500 miles of the earth’s mass. 


Even in the present condition of barometric and tidal information, it 
might be interesting to make a comparison between the computed height of 
tide and the observed height, in connection with the distribution of baro- 
metric pressure. It is probable that India would be the best field for such an 
attempt, because the knowledge of Indian tides is more complete than that 
for any other part of the world. On the other hand we shall see in the 
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following section that tidal observations on coast-lines of continents are liable 
to disturbance, so that an oceanic island would be a more favourable site. 


It has already been shown that the maximum apparent deflection of the 
plumb-line, consequent on the elastic compression of the earth, amounts to 
0” 0117, and this is augmented to 0’-0146, when we include the true deflec- 
tion due to the attraction of the air. It is worthy of remark that this result 
is independent of the wave-length of the barometric inequality, and thus we 
get rid of one of the conjectural data. 


Thus if we consider the two cases of high pressure to right and low to 
left, and of low pressure to right and high to left, we see that there will be a 
difference in the position of the plumb-line relatively to the earth’s surface of 
00292. Even if the rigidity of the upper strata of the earth were as great 
as that of steel, there would still be a change of 0011. 


A deflection of magnitude such as 0-03 or 0-01 would have been easily 
observable with our instrument of last year, for we concluded that a change 
of 54,th of a second could be detected, when the change occurred rapidly. 


It was stated in our previous Report that at Cambridge the calculated 
amplitude of oscillation of the plumb-line due directly to lunar disturbance 
of gravity amounts to 00216. Now as this is less than the amplitude 
due jointly to elastic compression and attraction, with the assumed rigidity 
(300 millions) of the earth’s strata, and only twice the result if the rigidity 
be as great as that of steel, it follows almost certainly that from this cause 
alone the measurement of the lunar disturbance of gravity must be im- 
possible with any instrument on the earth’s surface. 


Moreover the removal of the instrument to the bottom of the deepest 
known mine would scarcely sensibly affect the result, because the flexure of 
the strata at a depth so small, compared with the wave-length of barometric 
inequalities, is scarcely different from the flexure of the surface. 

The diurnal and periodic oscillations of the vertical observed by us were 
many times as great as those which have just been computed, and therefore 
it must not be supposed that more than a fraction, say perhaps a tenth, of 
those oscillations was due to elastic compression of the earth. 

The Italian observers could scarcely, with their instruments, detect de- 
flections amounting to ;4;th of a second, so that the observed connection 
between barometric oscillation and seismic disturbance must be of a different 
kind. 

It is not surprising that in a volcanic region the equalisation of pressure, 
between imprisoned fluids and the external atmosphere, should lead to earth- 
quakes. 

If there is any place on the earth’s surface free from seismic forces, it 
might be possible (if the effect of tides as computed in the following section 
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could be eliminated) with some such instrument as ours, placed in a deep 
mine, to detect the existence of barometric disturbance many hundreds 
of miles away. It would of course for this purpose be necessary to note the 
positions of the sun and moon at the times of observation, and to allow for 
their attraction. 


2. On the Disturbance of the Vertical near the Coasts of Continents due 
to the Rise and Fall of the Tide. 


Consider the following problem :— 


On an infinite horizontal plane, which bounds in one direction an infinite 
incompressible elastic solid, let there be drawn a series of parallel straight 
lines, distant J apart. Let one of these be the axis of y, let the axis of z be 
drawn in the plane perpendicular to the parallel lines, and let the axis of « 
be drawn vertically downwards through the solid. 


At every point of the surface of the solid, from z=0 to J, let a normal 
pressure gwh (1 —2z2/l) be apphed; and from z=0 to —/ let the surface be 
free from forces. Let the same distribution of force be repeated over all the 
pairs of strips into which the surface is divided by the system of parallel 
straight lines. It is required to determine the strains caused by these forces. 

Taking the average over the whole surface there is neither pressure nor 
traction, since the total traction on the half-strips subject to traction is equal 
to the total pressure on the half-strips subject to pressure. 


The following is the analogy of this system with that which we wish to 
discuss: the strips subject to no pressure are the continents, the alternate 
ones are the oceans, g is gravity, w the density of water, and h the height of 
tide above mean water on the coast-line. 


We require to find the slope of the surface at every point, and the vertical 
displacement. 


It is now necessary to bring this problem within the range of the results 
used in the last section. In the first place, it is convenient to consider the 
pressures and tractions as caused by mountains and valleys whose outline is 
given by e=—h(1— 2z2/l) from z=0 to l, and 2=0 from z=0 to —l. To 
utilise the analysis of the last section, it is necessary that the mountains and 
valleys should present a simple-harmonic outline. Hence the discontinuous 
function must be expanded by Fourier’s method. Known results of that 
method render it unnecessary to have recourse to the theorem itself, It is 
known that 

+47 —10=sin 0+ }sin 26 + isin 30+... 
—30=—sin 0+} sin 20—1sin30 +... 


i. 4 1 
br FO=— Joos 0+. 05 30+ 5.008 50 +... 
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The upper sign being taken for values of @ between the infinitely small 


positive and +, and the lower for values between the infinitely small nega- 
tive and — 7. 


Adding these three series together we have 
2 {4 sin 204+ 4sin 404 ...} + = 008 6+ 5, cos 36+ =: cos 56 + =f 


equal to m—26 from @=0 to +7, and equal to zero from @=0 to —7. 
Hence the required expansion of the discontinuous function is 


— {4 sin 26 + }sin 40 + ...} 


— F008 @+ 5, 00880 + 5 cos 50 +.. | see pesi an soe ees (6) 
TT 3 

where C= = PEP AEE Oe CEs (7) 
For it vanishes from z= —J to 0, and is equal to —h(1 —2z/l) from z=0 


DONIC 


Now looking back to the analysis of the preceding section we see that if 
the equation to the mountains and valleys had been a= —/hsin(z/b), a would 
have had the same form as in (2) but of course with sine for cosine, and y 
would have changed its sign and a cosine would have stood for the sine. 
Applying then the solution (2) to each terni.of our expansion separately, and 
only writing down the solution for the surface at which «=0, we have at 
once that y = 0, and 
a = {580 in 20+ 4.sin 40+ = sin 60 + .. + 
v m (2? 6? 

33 


da mda 
The slope of the surface is dz 1 dé? thus 


4 gh = |o0s 8 + 5,008 30+ 5 5008 50+...} Wi deaene menace (8) 
Tv 7 


da Tl 4 00s 20+ } 0s 40+ cos 60 +.. } 


ene 4 2 find +g. J sin 30 + = d = sin 50+.. ‘ ey is. (9) 
TU “ar 


The formuls (8) and (9) are the required expressions for the vertical 
depression of the surface and for the slope. 

It is interesting to determine the form of surface denoted by these equa- 
tions. Let us suppose then that the units are so chosen that gwhl/m°v may 
be equal to one. Then (8) becomes 

it 2 iD 1 
a= 5,sin 20-4 7,sin 40 +... = 2 |* cos 0 + 5, €05 30 +. 7 peek) 
4 29—2, 
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oF = bcos 20+4c0s 404... aeate sin 0 + 3 8in 80+ sa wea Ld} 

When @ is zero or +7, da/d@ becomes infinite, which denotes that the 
tangent to the warped horizontal surface is vertical at these points. The 
verticality of these tangents will have no place in reality, because actual 
shores shelve, and there is not a vertical wall of water when the tide rises, as 
is supposed to be the case in the ideal problem. We shall, however, see that 
in practical numerical application, the strip of sea-shore along which the 
solution shows a slope of more than 1” is only a small fraction of a millimetre. 
Thus this departure from reality is of no importance whatever. 


When @=0 or +7, 


Daibeetha 1 2 
ane {+ tpt faa x 1052 = 670 


being + when 6=0, and — when 0=+4 7. 


When @= +447, a vanishes, and therefore midway in the ocean and on 
the land there are nodal lines, which always remain in the undisturbed 
surface, when the tide rises and falls. At these nodal lines, defined by 
O6=+4+47, 

ye (( 1h il if 
EE ne x a Asst 
dé 2 log, 2 TF att 33 + 5s 2) 
= — ‘3466 F °6168 = — ‘9684 and + 2702 


Thus the slope is greater at mid-ocean than at mid-land. By assuming @ 
successively as $7, 47, 47, and summing arithmetically the strange series 
which arise, we can, on paying attention to the manner in which the signs of 


the series occur, obtain the values of @ corresponding to 0, + $7, + $7, + 37, 
+3, t4a, t5a, +a. The resulting values, together with the slopes as 
obtained above, are amply sufficient for drawing a figure, as shown annexed. 


lu 
a} fe) 
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a 
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SEA LAND SEA LAND 


LOW TIDE 
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The straight line is a section of the undisturbed level, the shaded part 
being land, and the dotted sea. The curve shows the distortion, when warped 
by high and low-tide as indicated. 


The scale of the figure is a quarter of an inch to 7 for the abscissas, and 
a quarter of an inch to unity for the ordinates; it is of course an enormous 
exaggeration of the flexure actually possibly due to tides, 
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It is interesting to note that the land regions remain very nearly flat, 
rotating about the nodal line, but with slight curvature near the coasts. It 
is this curvature, scarcely perceptible in the figure, which is of most interest 
for practical application. 


The series (8) and (9) are not convenient for practical calculation in the 
neighbourhood of the coast, and they must be reduced to other forms. It is 
easy, by writing the cosines in their exponential form, to show that 


cos 6 + $cos 20 + 4.cos30 +... =— log, (+ 2 sin 40)......... (13) 
cos 9—4 cos 20+4cos36+...= log,(2cos46)............ (14) 


Where the upper sign in (13) is to be taken for positive values of @ and the 
lower for negative. 


For the small values of 6, for which alone we are at present concerned, 
the series (13) becomes — log, (+ @) and the lower log, 2. 


Taking half the ditference and half the sum of the two series we have 
4 cos 20+14cos 46+... =—4 log (+ 0) —} log?2......... (15) 
cos 8+ 4cos 30+ 400s 56+... =— 4 log (4 0) +4 log?2......... (16) 
Integrating (16) with regard to 6, and obser ving that the constant intro- 
duced on Ca. is zero, we have 
sin 8 HS , sin 30+ 5, , sin 50 = — 46 [log (+ 0)—1]+ 40 log2 ...(17) 
Then from (15) and (17) 


; ie 
Jos 20+ fe0s46-+...~= {sin + sin 30-+...} 
2 T | 32 


20 , = 0 é 
Peles log =4 = als 
(4 ~ ) log (+ 8) y(1+= log 2 - = ...(18) 
Integrating (15), and observing that the constant is zero, we have 
_ Si 20-4 5, sin 40+ esi lon (28) 11 46 lov 213) 


Integrating (17) and putting in the proper constant to make the left-hand 
side vanish when 6=0, we have 


Lig ool Beem | tl 1 ; ) 
= — (75608 8+ 55 cos 80 +.. 
— 16 log (+ 0) + 46°(8 + log 2)......(20) 
For purposes of practical calculation @ may be taken as so small that the 
right-hand side of (18) reduces to — $ log (+ 20), and the right-hand sides of 
_ (19) and (20) to zero. 
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Hence by (8) and (9), we have in the neighbourhood of the coast 


ieee Ls Ll 
meee eae gti 


= Ih Fy 94087 mae, (21) 
TU 7 


da  — gwh az | 
aes log, 10 logy, ] 


I shall now proceed to compute from the formule (21) the depression of 
the surface and the slope, corresponding to such numerical data as seem most 
appropriate to the terrestrial oceans and continents. 


Considering that the tides are undoubtedly augmented by kinetic action, 
we shall be within the mark in taking h as the semi-range of equilibrium 
tide. At the equator the lunar tide has a range of about 53 cm., and the 
solar tide is very nearly half as much. ‘Therefore at the spring-tides we may 
take h=40cm. It must be noticed that the highness of the tides, say 15 or 
20 feet, near the coast is due to the shallowing of the water, and it would not 
be just to take such values as representing the tides over large areas; w, the 
density of the water is, of course, unity. 


If we suppose it is the Atlantic Ocean and the shores of Europe with 
Africa, and of North and South America, which are under consideration, it is 
not unreasonable to take J as 3,900 miles or 6°28 x 108cm. Then 

2ar2/l =z x 10% 


Taking v/g as 3 x 108, that is to say, assuming a rigidity greater than 
that of glass, we have for the slope in seconds of arc, at a distance z from the 
sea-shore 


eosec 1” x seers 
27 x3 x 10 
= 001008 (8 — logy) Z) 
From this the followmg table may be computed by simple multiplica- 
tion :— 


, x log. 10 x (8 — logy, z) 


Distance from mean 


water-mark Slope 
1 cm. = I xeaiy, ; : : : ‘ .  0”-0806 
10 cm. = UO ean : ‘ ; ‘ : : ‘0706 
10? cm. = 1metre . : ‘ ; 3 : “0605 
10° cm. = Osan, ; ‘ : : : 3 0504 
104 cm. =100 m. : : : : : a 0403 
10° cm. = J eiloma : , ‘ ‘ ; 0302 
10° cm. = 10kilom. . - , , : : 0202 
2x10®em.= 20kilom. . : : : . 5 0170 
5x10 cm.= 50 kilom. . : 3 ; A : 0131 


10? cm. =100 kilom. . ; : 3 ; : ‘O101 
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On considering the formula (22) it appears that z must be a very small 
fraction of a millimetre before the slope becomes even as great as 1’. This 
proves that the rounded nick in the surface, which arises from the discon- 
tinuity of pressure at our ideal mean water-mark, is excessively small, and 
the vertical displacement of the surface is sensibly the same, when measured 
in centimetres, on each side of the nick, in accordance with the first of (21). 


The result (5) of section 1 shows that, with rigidity 3 x 10%, the true 
deflection of plumb-line due to attraction of the water is a quarter of the 
slope. Hence an observer in a gravitational observatory at distance z from 
mean water-mark, would note deflections from the mean position of the 
vertical 14 times as great as those computed above. And as high water 
changes to low, there would be oscillations of the vertical 24 times as great. 
We thus get the practical results in the following table :— 


Distance of obser- Amplitude of 
vatory from apparent oscillation 
mean water-mark of the vertical 
10 metres . ‘ : 2 5 5 : 3 ee O26 
100 m. : . 4 5 5 . : : 5 ‘101 
lkilom. . : : : : . : : F ‘O76 
10 kilom. . : : : ; : , : : "050 
20 kilom. . ; , : : s : , 4 042 
50 kilom. . : : : : : ; ; 4 035 
100 kilom. . : : : are: ; : : 025 


It follows, from the calculations made for tracing the curve, that halfway 
across the continent (that is to say, 3,142 kilometres from either coast) the 
. 648,009  gwh 
s x 

T TU 


slope 1 x ‘2703 seconds of arc, = 000237; and the range of 


Uv 
apparent oscillation is 0-006. 


In these calculations the width of the sea is taken as 6,283 kilometres. If 
the sea be narrower, then to obtain the same deflections of the plumb-line, 
the observatory must be moved nearer the sea in the same proportion as the 
sea is narrowed. If, for example, the sea were 3,142 kilometres wide, then at 
10 kilometres from the coast the apparent amplitude of deflection is 0-042. 
If the range of tide is greater than that here assumed (viz., 80 cm.), the 
results must be augmented in the same proportion. And, lastly, if the 
rigidity of the rock be greater or less than the assumed value (viz., 3 x 10°) 
the part of the apparent deflection depending on slope must be diminished 
or increased in the inverse proportion to the change in rigidity. 


I think there can be little doubt that in narrow seas the tides ame gene- 
rally much greater than those here assumed; and it is probable that at a 
gravitational observatory actually on the sea-shore on the south-coast of 
England, apart from seismic changes, perceptible oscillations of the vertical 


‘would be noted. 
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Sir William Thomson has made an entirely independent estimate of the 
probable deflection of the plumb-line at a sea-side gravitational observatory *. 
He estimates the attraction of a slab of water, 10 feet thick (the range of tide), 
50 miles broad perpendicular to the coast, and 100 miles long parallel with 
the coast, on a plummet 100 yards from the low water mark, and opposite 
the middle of the 100 miles of length. He thinks this estimate would very 
roughly represent the state of things say at St Alban’s Head. He finds then 
that the deflection of the plumb-line as high-tide changes to low would be 
zoosco0th of the unit angle or 0”050. The general theorem proved above, as 
to the proportionality of slope to attraction, shows that, with rigidity 3 x 10° 
for the rocks of which the earth is formed, the apparent deflection of the 
plumb-line would amount to 025. 


It is just possible that a way may in this manner be opened for determin- 
ing the modulus of rigidity of the upper 100 or 200 miles of the earth’s 
surface, although the process would be excessively laborious. The tides of 
the English Channel are pretty well known, and therefore it would be possible 
by very laborious quadratures to determine the deflection of the plumb-line 
due to the attraction of the tide at any time at a chosen station. If then the 
deflection of the plumb-line could be observed at that station (with corrections 
applied for the positions ‘of the sun and moon), the ratio of the calculated 
to the observed and corrected deflection, together with the known value of 
the earth’s radius and mean density, form the materials for computing the 
rigidity. But such a scheme would be probably rendered abortive by just 
such comparatively large and capricious oscillations of the vertical, as we, 


M. d’Abbadie and others, have observed. 


It is interesting to draw attention to some observations of M. d’Abbadie 
on the deflections of the vertical due to tides. His observatory (of which an 
account was given in the Report for 1881) is near Hendaye in the Pyrenees, 
and stands 72 metres above, and 400 metres distant from, the sea. He 
writes + :— 


“ J’ai réuni 359 comparaisons d’observations spéciales faites lors du maxi- 
mum du flot et du jusant; 243 seulement sont favorables a la théorie de 
attraction exercée par la masse des eaux, et l’ensemble des résultats pour 
une différence moyenne de marées égale a 2°9 metres donne un résultat 
moyen de 0“56 ou 018 pour le double de lattraction angulaire vers le 
Nord-Ouest. Ceci est conforme 4 la théorie, car les différences observées 
doivent étre partagées par moitié, selon la loi de la réflexion; mais comme il 
y a toujours de l’inattendu dans les expériences nouvelles, on doit ajouter que 
sur les 116 comparaisons restantes il y en a eu 57 ot le flot semble repousser 
le mercure au leu de lattirer. Mes résultats ont été confirmés pendant 


* Thomson and Tait’s Nat. Phil. § 818. 
+ “Recherches sur la Verticale.” Ann. de la Soc. Scient. de Bruaelles, 1881. 
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Vhiver dernier par M. l’abbé Artus, qui a eu la patience de comparer ainsi 71 
flots et 73 jusants consécutifs, de janvier 4 mars 1880, Lui aussi a trouvé un 
tiers environ de cas défavorables 4 nos théories admises. On est done en 
droit @affirmer que si la mer haute attire le plus souvent le pied du fil a 
plomb, il y a une, et peut-étre plusieurs, autres forces en jeu pour faire varier 
Sa position.” 


We must now consider the vertical displacement of the land near the 
ce } eae 
coast. In (21) it is shown to be a = gen ye < bi - x 2'1037, where a indicates 
TU T° 
the displacement corresponding to z= 0. 


With the assumed values, h=40, v=3 x 108, J =628 x 10%, I find 
%=5°684 cm. Hence the amplitude of vertical displacement is 11'37 cm. 
As long as hi remains constant this vertical displacement remains the same ; 
hence the high tides of 10 or 15 feet which are actually observed on the 
coasts must probably produce vertical oscillations of quite the same order as 
that computed. 


If the land falls the tide of course rises higher on the coast-line than it 
would do otherwise; hence the apparent height of tide would be h+a,. But 
this shows there is more water resting on the earth than according to the 
estimated value /; hence the depression of the soil is greater in the propor- 
tion 1 + ,/h to unity; this again causes more tide, which reacts and causes 
more depression, and so on. Thus on the whole the augmentation of tide due 
to elastic yielding is in the ratio of 


Oy ay\* 
142+ () + (Bf) +0 ry —agih 10 ity 

This investigation is conducted on the equilibrium theory, and it neglects 
the curvature of the sea bed, assuming that there is a uniform slope from 
mid-ocean to the sea-coast. The figure shows that this is not rigorously the 
case, but it is quite near enough for a rough approximation. The phenomena 
of the short period tides are so essentially kinetic that the value of this 
augmentation must remain quite uncertain, but for the long-period tides (the 
fortnightly and monthly elliptic) the augmentation must correspond approxi- 
mately with the ratio 


ie i-4£ oe Ue: 1037) 


The augmentation in narrow seas will be small, but in the Atlantic Ocean the 
augmenting factor must agree pretty well with that which I now compute. 

With the previous numerical values we have «/h (which is independent 
of h) equal to 1421, and 1 —a,/h ="8579 = ? very nearly. 


Thus the long-period tides may probably undergo an augmentation at the 


- coasts of the Atlantic in some such ratio as 6 to 7. 
4 
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The influence of this kind of elastic yielding is antagonistic to that 
reduction of apparent tide, which must result from an elastic yielding of 
the earth’s mass as a whole. 


The reader will probably find it difficult to estimate what degree of 
probability of correctness there is in the conjectural value of the rigidity, 
which has been used in making the numerical calculations in this paper. 
The rigidity has not been experimentally determined for many substances, 
but a great number of experiments have been made to find Young’s modulus. 
Now, in the stretching of a bar or wire the compressibility plays a much less 
important part than the rigidity, and the formula for Young’s modulus shows 
that for an incompressible elastic solid the modulus is equal to three times 
the rigidity*. Hence a third of Young’s modulus will form a good standard 
of comparison with the assumed rigidity, namely, 3 x 10° grammes weigh. 
per square centimetre. The following are a few values of a third of Young’s 
modulus and of rigidity, taken from the tables in Sir William Thomson’s 
article on Elasticity+ in the Hncyclopedia Britannica. 


A third of Young’s mod. and rigidity in 


Material terms of 108 grammes weight per sq. cm. 
Stone. ; : : , : About 1:2 

Slate : ; ; : ; : About 3 to 4 

Glass. : : ; F 3 Rigidity 1°5 to 2°4 

Ice . ‘ : : * : ; 4°7 

Copper. : : : ; ; 4 and rigidity 4°6 to 5:4 

Steel : : : : : ; 7 to 10 and rigidity 8-4 


It will be observed that the assumed rigidity 8 is probably a pretty high 
estimate in comparison with that of the materials of which we know the 
superficial strata to be formed. 


It is shown, in another paper read before the Association at this meeting, 
that the rigidity of the earth as a whole is probably as great as that of steel. 
That result is not at all inconsistent with the probability of the assumption 
that the upper strata have only a rigidity a little greater than that of glass t. 


3. On Gravitational Observatories. 


In the preceding sections estimates have been made of the amount of 
distortion which the upper strata of the earth probably undergo, from the 
shifting weights corresponding to barometric and tidal oscillations. These 


results appear to me to have an important bearing on the probable utility of 
gravitational observatories. 


* Thomson and Tait’s Nat. Phil. § 683. 
+ Also published separately by Black, Edinburgh. 
£ [See Paper 9, p. 340 above.] 
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It is not probable, at least for many years to come, that the state of tidal 
and barometric pressure, for a radius of 500 miles round any spot on the 
earth’s surface, will be known with sufficient accuracy to make even a rough 
approximation to the slope of the surface a possibility. And were these data 
known, the heterogeneity of geological strata would form a serious obstacle to 
the possibility of carrying out such a computation. It would do little in 
relieving us from these difficulties to place the observatory at the bottom of 
a mine. 


Accordingly the prospect of determining experimentally the lunar disturb- 
ance of gravity appears exceedingly remote, and I am compelled reluctantly 
to conclude that continuous observations with gravitational instruments of 
very great delicacy are not likely to lead to results of any great interest. It 
appears likely that such an instrument, even in the most favourable site, would 
record incessant variations of which no satisfactory account could be given, 
Although I do not regard it as probable that such a delicate instrument 
should be adopted for regular continuous observations, yet, by choosing a site 
where the flexure of the earth’s surface is likely to be great, it is conceivable 
that a rough estimate might be made of the average modulus of elasticity of 
the upper strata of the earth for one or two hundred miles from the surface. 


These conclusions, which I express with much diffidence, are by no means 
adverse to the utility of a coarser gravitational instrument, capable, let us 
say, of recording variations of level amounting to 1” or 2”. If barometric 
pressure, tidal pressure, and the direct action of the sun and moon, combined 
together to make apparent slope in one direction, then at an observatory 
remote from the sea-shore, that slope might perhaps amount to a quarter of 
a second of arc. Such a disturbance of level would not be important com- 
pared with the minimum deviations which could be recorded by the supposed 
instrument. 


It would then be of much value to obtain continuous systematic observa- 
tions, after the manner of the Italians, of the seismic and slower quasi-seismic 
variations of level. 


I venture to predict that at some future time practical astronomers will 
no longer be content to eliminate variations of level merely by taking means 
of results, but will regard corrections derived from a special instrument as 
necessary to each astronomical observation. 
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INDEX TO 
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Abacus, tidal—an apparatus for facilitating 
harmonic analysis, 216 

Abbadie, A. d’—deflection of the vertical, 416, 
420, 434, 439, 440 

Adams, J. C.—on notation for harmonic 
analysis, 2; confirms numerical values of 
coefficients, 26; fusion of lunar and solar 
K,, K, tides, 43; equivalent multipliers for 
tides of long period, 66; B. A. Reports, 
70, 97; correction to B.A. Report of 1872, 
345 

Admiralty Scientific Manual—paper on Tides 
from, 117 

Airy, Sir G. B,—Tides and Waves, 
changes in azimuth of transit, 417 

Analysis—see Harmonic 

Antarctic tidal observations—reduction of, 372 

Armellini— seismological observations, 435 


156; 


B 


Baird, Col. A. W.—in charge of Indian Tidal 
Survey, 2; auxiliary tables for harmonic 
analysis, 68; Manual for tidal observations, 
156 

Barne, Lieut. M., R.N.—method of observing 
tides on the ‘ Discovery,’ 372 

Barometric pressure—apparent deflection of 
vertical due to, 444 

Bertelli, Prof.—seismological 
431, 434 

Bouquet de la Grye—deflection of vertical at 
Campbell Island, 417, 438; form of seismo- 
meter, 438 

British Association Reports on harmonic 
analysis, 1, 2, 3, 71, 341; on lunar dis- 
turbance of gravity, 389, 430 

Burdwood—directions for reducing tidal ob- 
servations, 121 


observations, 


VOLUME I. 


C 


Christie, Sir W. H. M.—vibrations of the 
ground at Greenwich, 428 


D 


WAbbadie, see Abbadie 

Darwin, Horace—instrument for measuring 
deflections of the vertical, 389; experiment 
on variations of surface soil, 425 

Deflection of vertical—d’Abbadie, Plantamour, 
416, 417; Nyrén, 422, 456 

‘ Discovery ’—antarctic tidal observations, 372 

Dynamical theory of tides, 347, 366 


E 


Harth, rigidity of—estimated from tides of 
long period, 340; Hecker on, 346 
Earth’s surface—changes of level 
elasticity of, 444 
Eccles, J.—on treatment of M, tide, 39 
Kgidi, Prof.—seismological observations, 433 
Elasticity of earth’s surface—changes of level 
due to, 444 
Encyclopedia Britannica, 
the dynamical theory of the tides, 347 
Equilibrium theory of tides—correction for 
continents, 328 


due to 


extract from—on 


F 


Ferrel, Prof.—tidal results of U. S. Coast 
Survey, 70 


G 


Gaillot—changes of level at Paris, 443 

Galli, D. G.—seismological observations, 432 

Glazebrook, R. T.—antarctic tide-curves for 
verification of antarctic reductions, 381, 
386 


462 


Grablovitz, 
434 

Gruithuisen, Prof.—on horizontal pendulum, 
416 


G.—seismological observations, 


H 


Harmonic analysis—see table of contents 
Paper 1, 1; Indian computation forms, 4; 
choice of periods for analysis, 71; com- 
parison with method of hour-angles and 
parallaxes, 78; treatment of a short series 
of observations, 98, 122; of high and low- 
water observations, 157; an instrument for 
facilitating, 216 

Harmonic analysing instrument, 49 

Hecker, Dr O.—rigidity of earth determined 
by horizontal pendulum, 346 

Hengler—fraudulent account of horizontal 
pendulum, 416 

Henry—changes in transit at Greenwich, 417 

Hough, 8. S.—introduction of mutual gravi- 
tation of water in dynamical theory of tides, 
349 


I 


Indian tidal operations—Colonel Baird in 


charge of, 2 


K 

Kelvin, Lord—use of astres jfictifs in equi- 
librium theory of tides, 3; on tidal instru- 
ments, 48; harmonic analysing instrument, 
49; correction of equilibrium theory for 
land, 328; oscillations of rotating water, 
349; tides of long period, 366; instrument 
for measuring deflections of vertical, 389; 
computation of deflection of vertical due to 
the tide, 456; values of modulus of rigidity 
of rock, 458 


L 

Laplace—astres jictifs in equilibrium theory, 
3; theory of tides in Mécanique Céleste, 349, 
367 

Latitude—variations of, 422, 426, 443 

Levels—Plantamour’s observations with, 420 

Levels, Datum—for tidal observations, 97 

Long period tides—equivalent multipliers in 
reduction of, 66; dynamical theory of, 366; 
rigidity of earth estimated from, 340, 371 

Lunar deflection of vertical—Hecker measure- 
ment of, 346; attempted measurement of, 
389; theoretical amount of, 414 


INDEX TO VOLUME I. 


M 


Malvasia, Count—observation as to 
tremors, 432 

Microphone as seismological instrument, 435 

Milne, Prof. J.—seismological observations, 
437 

Mocenigo, Count—seismological observations, 
435 

Monte, Pietro—seismological observations, 431 


local 


N 


Nadirane—d’Abbadie’s instrument, 418, 439— 
441, 456 

National Physical Laboratory—tide-curves for 
verification of antarctic tidal reductions, 
381, 386 

Nyrén—distant earthquakes observed by, 422 


O 


Observations, tidal—harmonic analysis, 1; of 
short series, 98, 122; of high and low water, 
120; Whewell’s treatment of, 120 


1e 


Pendulum, horizontal—Zollner on, 413; sug- 
gestion by Perrot, 416; Safatik on, 416; 
Hengler’s fraudulent account of, 416; 
Gruithuisen on, 416 

Pendulum, form of—devised by Bouquet de la 
Grye for observing deflection of vertical, 
417, 427, 438 

Perrot—suggestion of horizontal pendulum, 
416 

Peters—amount of lunar deflection of gravity, 
414 

Plantamour—variations of level, 416; obser- 
vations with levels, 420 

Poincaré, H,—dynamical theory of tides in 
ocean interrupted by land, 349 

Poiseuille—viscosity of alcohol and water, 406 

Prediction of tides—Kelvin on instrument 
for, 48; from approximate tidal constants, 
104, 141; method of, 258; comparison with 
actuality, 325 


R 


Rigidity of earth—estimated by tides of long 
period, 340; by horizontal pendulum, 346 

Roberts, E.—in charge of Indian tidal pre- 
diction, 1, 36; computation forms, 49; 
correction of the same, 345 

Rossi, 8. M. de—seismological observations, 
431, 435 


INDEX TO 


S 


Safatik—on horizontal pendulum, 416 

Scottish antarctic tidal observations, 387 

Sea-level, datum—for tidal observations, 97 

Sea-level—slow oscillations of, 116 

Seismological observations—Italian, 431; Ja- 
panese, 437 

Selby—reduction of Scottish antarctic tidal 
observations, 387 


Strachey, Sir R.—rules for harmonic analysis, 
101, 125, 132 


4l 
Thomson, James—harmonie analyser, 49 
Thomson, Sir William—also Thomson and 
Tait, see Kelvin, Lord 
Tides—see several other titles 
Tides—distortion of coast due to weight of, 
450 
Tide-table—see Prediction 
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Transit—variation of piers of, 417, 422, 443 
Turner, Prof. H. H.—correction of equilibrium 
theory for continents, 328 


U 
United States Coast Survey—tidal results, 70 


Vv 


Vertical, deflection of—an 
measuring, 389 


instrument for 


Wi 


Whewell, Dr—treatment of tidal observations, 
120 

Wilson, Dr—antarctic observations in sume 
mer, 385 


Z 


Zollner—on the horizontal pendulum, 413 


CAMBRIDGE: PRINTED BY JOHN CLAY, M.A. AT THE UNIVERSITY PRESS, 


i 
Lod 


“2 
— 

a ad 
_ 
-. 
hin 
Se 
4 

- 

* 

Ls “= 

, ’ 
7 

¢ 
: 
ry 

‘ 
-_ 
‘ 
cag 
~~ 


7; 


f 


=< 
Te 0 Stare apy 


a Se 
ee. Ch) 
ow i 
. | me ) 

j " 

—_ 


WO IMA 


520.8 Dee VOL 


QOEI34E43b 


_ 235001 


Sie Oy Bay ee. ey le 


DARWIN G H SCTENTIFIC PAPERS 


INSERT BOOK 
MASTER CARD 
FACE UP IN 

FRONT SLOT 
CF S.R. P'INCH 


_ MASTER CARD 


GLOBE 901144-0 pets 


UNIVERSITY OF ARIZON 
LIBRARY 


. 


sieeeeen apie it tah Bip pas BALE 
i Seta iin athe. ie 


BEY, 


nea 


ie 
he 
m: 
i 
nf 
4 
h 
iE 


pe natcvcamss pols 


sot eens 


case Se Re > : 
SS ty Sec 


ETT I Ne nS 


